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ABSTRACT

Exponential Finite Difference Method For Nonlinear Black-Scholes Equation

Omar, Fathia
M.S., Department of Mathematics
Supervisor : Assoc. Prof. DUmit Aksoy

Co-Supervisor : Assoc. Prof. Dr. Ayhan Aydin

April 2017, 74 pages

In this thesis, we investigate exponential finitéelience method for nonlinear Black-
Scholes equation arising in an illiquid market. Chapter leigotled to the literature
survey with some basic definitions and terminology of theasppricing problem. In
Chapter 2 we review the Black-Scholes model and finiietgnce methods for Black-
Scholes equation. In Chapter 3, an explicit finitdetience method for a nonlinear
Black-Scholes equation is studied with the monotonicigbhgity and consistency re-
sults. In Chapter 4, we apply the exponential finitedtence method to linear and
nonlinear Black-Scholes equations. Moreover, we invetigansistency and con-
vergence of the method. Numerical experiments are perimmeerify theoretical
results. Exponential finite ffierence method is compared with an explicit finite dif-
ference method proposed for linear and nonlinear Black-Bshemuation. Numerical
results show that exponential finiteffdirence method exhibits better performance then

explicit method. Finally, we give a brief conclusion in Chexps.

Keywords: exponential finite ffierence method, nonlinear Black-Scholes equation,

illiquid market
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Dogrusal Olmayan Black-Scholes Denklemicin Ustel Sonlu Fark Yontemi

Omar, Fathia
Y uksek Lisans, Matematik@umu
Tez Yoneticisi : Dog. Dr.Umit Aksoy
Ortak Tez Yoneticisi : Dog¢. Dr. Ayhan Aydin

Nisan 2017, 74 sayfa

Bu tezde, likit olmayan bir piyasada ortaya cikargdesal olmayan Black-Scholes
denklemi icinustel sonlu fark $ntemi calisiimistir. 1. Blum opsiyon fiyatlandirmasi
problemi terminolojisi, temel tanimlar ve litetattaramasina ayriimistir. 2.08imde
Black-Scholes modeli ve Black-Scholes denklemi igin soahk ffdontemleri gzden
gecirilmistir. 3. Bdlumde dg@rusal olmayan Black-Scholes denklemi icin acik sonlu
fark yontemi, monotonluk, kararlilik ve tutarlilik sonuclde birlikte calisiimistir. 4.
Bolumde d@rusal ve d@rusal olmayan Black-Scholes denklemleri igistel sonlu
fark yontemi uygulanmistir. Ayricagntemin tutarhlgi ve yakinsak@ arastiriimistir.
Teorik sonuglari dgrulamak icin sayisabrnekler verilmistir. Sayisal sonucladrstel
sonlu fark yonteminin acik sonlu farkgnteminden daha iyi performans sergifgdi

gostermistir. 5. BIUmM sonug¢ kismina ayrilmistir.

Anahtar Kelimeler:ustel sonlu fark gntemi, d@rusal olmayan Black-Scholes den-

klemi, likit olmayan piyasa
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CHAPTER 1

INTRODUCTION

Partial Diferential Equations (PDEs) are widely used in many impogpaenomena
and dynamics process in the fields of engineering, mechapigsics, chemistry,
biology, etc. Though the study of nonlinear PDEs is very ingoat, many exact
solutions are available depending on the boundary comditiand the nonlinear term
of the PDE under considerations [37]. A variety of powerfudthods, such as Exp-
function method [12], adomian decomposition method [68indar transformation
[40], Inverse Scattering Transform [62], the tanh-sechho@{49, 66], the tanh-coth
method [64], homogeneous balance method [31] and the sisieeemethods [2, 65]
have been widely used to search for various exact solutibnerdinear PDEs. Many
PDEs are modeled by using Cartesian coordinate system watlsatial dimension.
When a PDE is modeled by using atdrent coordinate system or more than one
spatial dimension is used in the model, the analytical smubf the PDE becomes
extremely dificult or impossible. Nonlinear terms may also pose probleifise
numerical methods are the only possibility to understaedt#havior of the solution.
Typically, the ability of the particular numerical methagltested by a numerically
solved problem for which the exact solution is available. Wttee numerical results
are a measure of the confidence, then the numerical metholecased to solve a

problem whose exact solution does not exist or experimeéedgéd are unavailable.

Mathematical finance is a field of applied mathematics whigblias mathematical
methods to the solution of problems in finance. It uses tegles from probabil-
ity and statistics theory, stochastic processes, numeraysis, partial dferential
equations, applied functional analysis and economic th&anks, insurance compa-

nies, industries such as energy, manufacturing and mamciedanstitutions perform



the methods of mathematical finance to financial problemis asderivative pricing,
portfolio selection, risk management, and simulation. éneyal, indeed, mathemati-
cal finance provides and extends the mathematical or nuat@niedels without nec-

essarily demonstrating a connection to financial theory.

In mathematical finance one of the important problems is #ieation of financial
derivatives. In 1900, Bachelier introduced an option pgcmodel in his thesis
“Théorie de la Spculation”(Theory of Speculation) [7] and considered tahmefirst
researcher who introduce Brownian motion and to apply it irdeliag stock price,
[1]. In 1973, Fischer Black and Myron Scholes [15] and indejesrly Robert Merton
[50] introduced the classical model for option pricing inthematical finance theory.
They obtained the so-called Black-Scholes partifiedential equation

o 1, ,0°V oV
= il —— _rV = 1.1
6t+20-8682+r888 r 0, (1.1)

which is a linear second order parabolic partigtetiential equation for the option
valueV as a function of the underlying assgtand timet, and solved explicitly by
transforming it into the heat (flusion) equation. The resulting solution is named
as the Black-Scholes formula which has been utilized by filghanalysts for more
than forty years. In the literature, there are many resuitthe numerical methods
of Black-Scholes equation, such as, binomial approximatibttonte-Carlo methods,
finite difference approximations and finite element method, see ftanos [22, 32,
36, 46, 59].

In a perfect financial market the value of an option can beddunBlack-Scholes for-
mula. In spite of the fact that the Black-Scholes model has b&tensively employed
by academics and by financial analysts, it has been alsoizeiti by its unrealistic and
restrictive assumptions for liquid, complete and idealig®arket, [10, 18]. There are
many studies extending the framework of Black-Scholes modelgeneral situa-
tions. Such extensions are introduced for options on malvp dividend paying un-
derlying assets, and to deterministic functions of vatatg and interest with respect
to time, [22]. Further generalizations can be studied bykeeing the assumptions
of the model. For example, in [45] and [42] the interest ratd the volatility are
not taken as deterministic functions and are modeled abastic, see also [23]. In-

stead of continuous stochastic processes in the Black-&shabdel, jump dfusion
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models using Poisson or compound Poisson processes a@palsmable, [51]. The
assumption on the underlying asset of the option, whichgadomally distributed, is
replaced by several distributions, some of them are the gadistribution, fractional

Brownian motion and &vy processes, see [16, 14, 58].

In recent years, more general assumptions such as existétr@msaction cost, in-
complete or illiquid market have been introduced and séwedels are Gered
which reduce some of the assumptions, see [6, 9, 10, 27, 333347, 48, 55].
These models introduce nonlinear paraboli€udiion equations for the option value
V as a function of the underlying assgtand the time. One of assumptions of the
Black-Scholes model that the underlying stock has a constdatility contradicts to
the observations in real market as many researches sugdes, it is reasonable to
consider a generalization of Black-Scholes model replattisgconstant volatility in
the model by a non constant volatility function. This leadlgtnhonlinear version of
the Black-Scholes partial fierential equation which has the form

+rS—-rV =0. (1.2)

AN A )Y
RS

Despite there are many results on the numerical methodeddimear Black-Scholes
equation and some generalizations [11, 20, 22, 24, 41, 425658, 59, 61, 67]
in the literature, a few results on the numerical solutiomonlinear Black-Scholes
equations (NBSEs) have appeared. An explicit finitéedence method is suggested
in [17] for a nonlinear BSE of the form (1.2) arising in an illigl market. In [5], the
authors present a numerical method based on a nonstandeediifference scheme
to solve the equation (1.2) numerically. For a model assgrtiie existence of trans-
action cost, a semidiscretization technique is proposdd8hand Crank-Nicolson
method is used in [3, 4]. Implicit numerical schemes areistlifbr general type of
equations (1.2) in [39].

The exponential finite dierence method has been widely used for numerical solu-
tion of various nonlinear PDEs. The exponential finitéfetience (EFD) technique
was first proposed by Bhattacharya [13] for one-dimensioaatiaction heat trans-
fer in Cartesian coordinates. It was shown that EFD methoH fer multipliers
performs better than the Crank-Nicolson method [21]. In [B&] method has been

expanded to allow application to two and three dimensionateady heat condition

3



and the Burger’s equation. Several PDEs have been solvedraythe EFD method
in the literature such as the Burgers-Huxley equation [4®,Nonlinear Klein Gor-
don equation [26], Korteweg-de Vries Burger (KdVB) equati@B,[29], Fitz Hugh-
Nagumo equation [30], 1D Helmholtz equation [44], Korteveky Vries equation
(KdV) [8], a nonlinear reaction éliusion equation and modified KdV equation [30].
There have been several higher order EFD method availabterature. Pandey [53]
developed a new EFD method of order four for the numericaltgoi of second or-
der elliptic equation. Pillai [54] proposed a fourth-ordgfD method to solve one
and two-dimensional convectionftiision type diferential equations with constant
and variable convection cfiecients. Up to our knowledge, the method has not been
used in the numerical solution of a PDE arising in finance. difjective of this thesis
is to present, extend and compare the EFD method for the meatheplution of a

PDE arising in finance which is of the form (1.2).

In the following, we give an overview of some fundamental migbns and results

that will be used in further discussions.

1.1 Essential Concepts

In this section, we present some basic definitions and segakd in assumptions of
models for option pricing problem. In the following part, w&rt by presenting some
of the financial terminology used in the theory of mathenaficance. For a detailed

information, see [41, 61, 67].

1.1.1 Options

Stocks, bonds, currencies, commodities, and indices diedassets A financial
derivative is a contract between individuals or institutions whose®ait the maturity
date (or expiry dateJ is uniquely determined by the value of anderlying asset
(or assets) at tim& or until time T. There are three types of financial derivatives:

Options, Forwards and Futures, and Swaps.
An option is the right, but not the obligation, to buy or sell any assedraagreed

4



price within a specified period. Options have a long histaryl first used by the
manufacturers and food producers to cover their risks. Ht®mto buy an asset is
known as a call option and the option to sell an asset is knevenpaut option. Options
on stocks were first traded in an organized market in 197 3ladare traded in many

markets throughout the world.

There are many types of options such as European, Amerighaxatic options. In
this thesis, we will concern with the valuation of Europeatians under certain mar-
ket assumptions. Thus, in the following we present the matdron about European

options. For overview on the other type of options, see [67].

European call option is a contract on which, at a prescrilved in the future, known
as the expiry daté&, the holder of the option may buy a prescribed asset (therunde
lying asset), for a prescribed amougt called as the exercise price or strike price.
European put option gives its holder the right to sell antasisihe expiry datd for

an exercise price&.

On the other party to the contract, which is known as the whs the potential

commitment, must sell the asset if the owner of the call optioose to buy.

The value of a European option is denoted\i{, t). If the distinction is important,
European call and put options are denote€, t) andP(S, t), respectively. At time

t = T for exercise pricde, the payd functions are given by

S(TY-E if S(T)>E
C(S(T), T) = maxS(T) - E, 0} = (1.3)
0 if S(T)<E

E-S(T) if S(T)<E
P(S(T), T) = maxE — S(T),0} = (1.4)
0 if S(T)>E

for the European call and put options, respectively. Fidufdedepicts the payb
diagrams for call and put options for the exercise pice- 50, and maturity date
T =5/12 years.



Figure 1.1: Payfd graphs forlE = 50, T = 5/12.
1.1.2 Brownian Motion and Stochastic Dfferential Equations

In this part, we recall some basic concepts of stochastautied that will be used in
the following chapters, see e.g. [41, 46, 56, 57] and theeat®s therein. The basic
notions of probability theory given in Appendix can be usefbllow the subsequent

descriptions.

Definition 1.1.1 A stochastic processs a family of random variableSX;}it for T C
[0, o) which is defined on the same probability spé@eF, P). { X}t is said to be a
discrete-time process if ¥ Nor T = Ny, a continuous-time process if ¥ [0, c0).

Definition 1.1.2 Brownian motion {W}i~o iS a continuous-time process forx 0
with the following properties.

(a) W, =0,

(b) W — W5 ~ N(O,t —g) forallt > s.

(c) The increments W- W,,, W, — W,,,..., W, — W, _, are independent for ald =

o<ty <+ <,

(d) W, are continuous functions of t.

The probability density function odV; is
1
V2rt
6

=2
ez,

f(xt) =




Definition 1.1.3 An equation of the form
dX = a(X;, t)dt + b(X;, t)dW; (1.5)

where X, t) and X, t) are given, Wis a Brownian motion and s a stochastic
process is called th@to) stochastic differential equation (SDE).

Definition 1.1.4 A stochastic process;$ said to followgeometric Brownian mo-

tion if it satisfies the stochastic fierential equation of the form

whereu (drift) and o (volatility) are constants.

Lemma 1.1.5 (It6 lemma) Let X for t > O be a stochastic process defined by
dX = a(X, t)dt + b(X;, t)dW,

and let f(x, t) be a function for which the partial derivativeg fy, f; are defined and

continuous.

Then, Y:= f(Xt) for every t> O is a stochastic process, and

2 12
_(of  _of baf)dH(bg

Sl i AW o

Jon

holds.

1.2 Outline

This thesis is organized as follows:

In Chapter 2, we review the Black-Scholes model with its oaggssumptions and
the derivation of the Black-Scholes partiaftdrential equation with the boundary and
final conditions for the value of the European call and puioost Black-Scholes for-
mula, which is the analytical solution of these problemsrisspnted. Some of the
finite difference methods are discussed for Black-Scholes equatiosoamel exam-

ples are provided.



Chapter 3 is devoted to the study of nonlinear Black-Scholaatean which models
illiquid market arising in option pricing. Firstly, a bri@fitroduction is given for gen-
eral nonlinear Black-Scholes equation under certain lacksstimptions of classical
Black-Scholes model. Then, a model given by [48] in illiquidnket is outlined and,
following the article [17], an explicit scheme is derivedh dddition, monotonicity,
stability and consistency results are elaborated. Nuraleexamples reflecting the
conditions of the results are presented. In this thesis, seethie MATLAB version

7.9.529 (R2009b) in all numerical implementations.

In Chapter 4, we implement a numerical procedure called exptad finite diference
method to solve numerically the Black-Scholes equation amiimear Black-Scholes
equation arising from European option pricing problem liquiid market discussed
in Chapter 3. Firstly we describe the method in heat equatitmtive stability con-
ditions. Next, the method is applied to the linear Black-3esequation for dierent
choice of initial underlying stock prices. Some numeriedults are compared with

the analytical solutions. Finally, nonlinear Black-Sclso&gjuation with final condi-

tion, is solved by using exponential finitefidirence schemes. Particular examples are

studied and analyzed.



CHAPTER 2

FINITE DIFFERENCE METHODS FOR BLACK-SCHOLES
EQUATION

2.1 Introduction

In this section, we first present the Black-Scholes model w&tassumptions and
derive the Black-Scholes equation, which is a linear secaddrgparabolic partial
differential equation. By defining the corresponding final andndany conditions
for Black-Scholes equation, we introduce European call andptions pricing prob-
lems. Next, the analytical solutions for these problemBedas Black-Scholes for-
mulas for European call and put are presented. Finally, $imite difference methods
are described for these problems. For the sake of compktewe start with a brief

review of partial diferential equations and their classifications.

A partial differential equation (PDE) is a functional equation that dostaoth a func-
tion and some of its derivatives. In mathematical finance,itldependent variables
are usually the timéand a state variabl® in a subset oR" for n > 1. In this thesis,
we are interested in partial féierential equations having unknown functions of two

variables, thus we will review the basic concepts for PDEthiat form.

Let A be a subset dk?, V(S, t) be a function fromA to R. For a given functiorF, the

equation
oV oV "V
F V,—, —=, .., —— | = 2.1
(S’t’ T ot oS’ ’8tkaS') (2.1)
for k,1 € Ng, k+1 = nis called a partial dferential equation itV of ordern. If

9



V : A — Ris anntimes diferentiable function, it is a solution of (2.1) if it satisfies

VN v
ot’ oS’ 7 atkosS!

(2.1) is calledinear if it can be written as

F(S,t,\/, ):0 forall (S,t) € A

s oV
JZ_; aw (S, t)atk—as' = f(S,t)

for some functionsy, k,| € No, j < n,k+1| = j and some functiorf. Otherwise,

(2.1) is calledhonlinear.

In this study, we will be concerned with linear and nonlinsacond-order PDEs. In

the linear case, an equation of the form

oV PV oV oV oV
a a10—— 3 V = f(St 2.2
o + 11(9t(98+a02882+ 1075 +a01(95+a00 (S.1) (2.2)

is calledelliptic if a2, < 4aya02; hyperbolic if a2, > 4ay0a0, andparabolic if a2, =

axo

4asag, holds.

2.2 Black-Scholes Partial Dfferential Equation

2.2.1 Black-Scholes Model and Derivation of Black-Scholes Pgal Di fferential

Equation

In this part, we will present the Black-Scholes-Merton moaligh its assumptions to
use it as a basis to introduce the numerical methods we willider for its nonlinear

version.

The model was introduced in 1973 by Fischer Black and Myronofsh[15] and
previously by Robert Merton [50] to represent the dynamicamfasset price and
price the European options. Merton and Scholes were awdhdetlobel Prize in

Economics for this result in 1997.

The following assumptions were given in the Black-Scholeg@fio

e There are no dividends on the underlying asset.

e There are no transaction costs.

10



e Trading takes place continuously.

e One can borrow and lend cash at a constant risk-free intextest
e One can buy any fraction of a share of stock.

e There are no restrictions on short selling.

e The market is liquid.

e There is no-arbitrage, i.e., there is no instantaneoukesskprofit.

e The stock price follows a geometric Brownian motion given by} with con-
stant expected retugn(drift) and volatility .

LetV = V(S,t) be the value of a European option, for which the partialvdgtives
Vs, Vss andV; are continuous fo6 > 0,0 <t < T. Then, from the b Lemma
(1.1.5), we get

N N 1V L\, OV

Let us consider the portfolio (sometimes called as deltigbegortfolio)
=V -AS

whereA is to be determined. Change in the value of this portfolio attme interval

dt becomes
dIT = dV - AdS (2.4)
wheredS = uS dt+ oS dW Substituting (2.3) into (2.4) gives
dil = dV - AdS

(V1 , ,0%V oV oV
‘(at +50 S 57 Jrﬂs(98 A,uS) dt+(aSaS AO'S) dW (2.5)



holds, the cofficient of dW becomes zero and thus the random part is eliminated.
Then, (2.5) becomes

[V 1, ,0°V
dIl = ( 5 + >0 S GSZ)dt' (2.6)
The no-arbitrage assumption (see for example [41]) gives
dIT = rIIdt, (2.7)
from which it follows that
oV
dil =r(V — AS)dt = (rV - rs%) dt. (2.8)

(2.6) and (2.8) give the equation

ov 1, 262V oV
oYz - —— _rV = 2.
5 +208082+r888 r 0, (2.9)

which is called theBlack-Scholes partial dfferential equation (BSE) It can be

observed that, (2.9) is a second-order linear parabolitabdifferential equation.

To find the unique solution of this equation in the cases ofbpean call and put

options, one needs to give the corresponding boundary aaiccbnditions.

If C(S,1) is the value of the European call option at tineaving strike priceE and
expiry dateT, the final condition of the call option at tinte= T is the payd.

C(S,T) = maxS - E, 0}. (2.10)
If the value of the underlying asset is 0, then the call optioas not worth to be paid,
i.e. the value becomes zero, which can be represented as
C(0,t) = 0. (2.11)

Conversely, if the price of the underlying asset becomedgrarbly large, i.e. a$s —
oo, the call option will have the value asymptotically equeral to the asset value at
timet, that is,

C(S,t)~S-Ee'™) as S - . (2.12)

In the case of a put option, the final conditionR{fS, t) will be the paydr

P(S,T) = maxE — S,0}. (2.13)

12



If S = 0, the value of the European put option will be the discounade of the
exercise pricd at timet which can be expressed as

P(O,t) = Ee"(T (2.14)

with the interest rate. Besides, a$§ — oo, a put option is unlikely to be exercised
and therefore

P(S,t) >0 as S — oo (2.15)

holds.

In the next section, we will briefly outline the procedure tadfthe analytical solution
of BSE (2.9) with the corresponding boundary conditions falf and put, through
the transformation of the problem into an initial-bound&afue problem for heat
equation. Moreover, sensitivities of the option with rege certain variables, which

are called Greeks in the literature, will be defined shortly.

2.2.2 Analytical Solution of BSE and Definitions of Greeks

In this part, we will discuss the analytical solution of Epean call and put options
by transforming the BSE into heat equation by using some ahahgariables. We
first take the problem for European call option.

For the European call optidd(S, t), we have the following equation and conditions:

0C 1 ,,0°C oC

EJFEO- aSZ+rSa—S—rC:O for te(0,T) , Se (0, ), (2.16)
C(S,T) =maxS - E,0} for Se (0, ), (2.17)
C(0,t) = 0, (2.18)
C(S,t)~S-Ee'™) as S for te[0,T]. (2.19)

Consider the following change of variables:

27
S=Ee&, t=T - -l C(S,t) = EMx, 7).

13



Then, we get the following partial derivatives:

ot T 2 or

0C _ iV PC_ e (v _v) oC_ Eo?ov
S~ ox 9S2  E \ox¥ dx

Now, substituting these derivatives into equation (2.1%2g

Ec?0v  o2E, 0%  ov ov
20 2 e o T

Fork = (% and transforming the final and boundary conditions the Yalhg equation

and conditions in terms of(x, 7) are obtained:

o 0V v 5
g = ﬁ + (k— 1)5( — kv for xe (—OO, OO) and 7 € (O, To /2) s (220)
V(x,0) = maxe* — 1,0} for x € (o0, ), (2.21)
v(x,7)=0 as x— —oo for 7€ (0,To?/2), (2.22)
V(X 7) ~ €= €7 as x— oofor T (0,Tc?/2). (2.23)

Using another transformation such as,
V(X, 7) = eFTu(x, 1)

the corresponding partial derivatives become

N _ xapr ou\ OV _ s ou
50 = e’ (ﬁu(x, T) + aT) v e’ au(x, 1) + I

i

Ox2

ou %
OX  Ox?

= @"*hr (azu(x, )+ 20— + —
with
_1-Kk 5= (k4 1)
a = 2 i - 4 E)
so that the following problem for heat equation is obtained:

ou 4
3 = o for x € (o0, 0) and 7 € (0, To?/2), (2.24)
u(x, 0) = maxe“ 2% — ') 0} for x € (—co, ), (2.25)

ux,7) >0 as Xx— —oo for t€(0,To?/2), (2.26)

u(x, 7) ~ e P (e (k+1)r/2)

as X — oo for 7€ (0,To?/2). (2.27)

14



Solving the problem (2.24)-(2.27) see [15], and transfagrthe original problem
gives the formula for European call option. The put-callifyafor the European
options [41], and the solution for the value of a Europearh @ation follows the
value of a European put option. The following theorem givesé formulas.
Theorem 2.2.1 The Black-Scholes formula for a European call option is

C(S,t) = SN(dy) — Ee"TIN(d,), (2.28)

for a European put option is

P(S,t) = Ee"TIN(-d,) — S N(dy), (2.29)
where
AP In(2)+(r+%)(T-1)
r
oVT -t
d=d -0 VT - t,

1 X : : b :
and N(x) = —f e “/2dt is the cumulative distribution function for the standard

normal distribution.oo

2.2.2.1 Greeks

Sensitivities of the price of options to the parameters efdptions are denoted by
Greek letters and they are called Greeks. Measuring thesgtigiies is important

especially in risk management. Most common Greeks are tlosviag:

oV . :
Delta: A = 7S : measures the rate of change of the option value with respect

to changes in the underlying asset’s pri&e

oV : :
Gamma: I' = @: measures the rate of change in the delta with respect to
changes in the underlying asset’s pri&e

oV o . .
Theta: 6 = E: measures the sensitivity of the value of the option to theeti
t.

oV e .
Vega:v = a—: measures sensitivity to volatility.
a
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ov e ,
e Rho: p = a: measures sensitivity to the interest rate

The following section is devoted to the study of numericdliBon of the European
option valuation problem using finite fiterence method. This method will also be

used for nonlinear option pricing problem in the next chapte

2.3 Numerical Solution of Black-Scholes Equation Using Finé Difference Meth-

ods

Finite difference schemes for solving the partigfetiential equation formulation of
European options can be found in [24, 61, 56, 67]. Also, thezanany studies on the
application of finite diference methods in option valuation problems, see for exampl
[20, 19].

In this section, we will present explicit, implicit and Craflicolson finite diference
methods to solve Black-Scholes PDE briefly. For detailedysmalvith several nu-
merical experiments, see [61]. First, we will review finiiéference approximations

to be used in finite dierence methods.

2.3.1 Finite Difference Approximations

Finite difference is a technique where the derivatives of the giventiturseare ap-
proximated by dterences in the values of the function between a given valuleeof

independent variable, and a small increment+ h.

Let f(x) be a smooth function of any order, Then, Taylor’s theoreatestthat
f(x+h)=f(xX)+hf'(x)+ %hzf”(x) + %h3f”’(x) +0o(hh.

If the terms of ordeh? and higher are neglected, the derivativg) can be written as

f(x+ h) — f(X)
h

f/(x) = +0o(h)
or

() ~ = [F(x+h) = F(X)].

Sl
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This finite diference approximation is called a forwardtdience. Similarly,f’(x)

can be written by using
f(x—h)=f(x) - hf'(x) + %hzf”(x) - (—13h3f”’(x) +0(h%.

Solving for f’(x) we get

f(x) - f(x— h)

f/(x) = -

+ O(h),
or
, 1
f'(X) ~ h [f(X) - f(x=h)],
which is called the backwardftierence approximation.
f’(X) can also be obtained by using Taylor seriesffor+ h) and f(x — h):
f'(x) = 2_1h [f(x+h) = f(x=h)] + O(").

Now,

f'(X) ~ L [f(x+h) = f(x=h)]

" 2h

is called the central dierence formula forf’(x). For other finite diference formulas

to approximatef’(x), see for example [61].
Using Taylor’s expansions df(x + h) and f (x — h). We compute

f(x+h) + f(x=h) = 2f(x) + h?f”(x) + O(h*)
so that,f”(x) can be written as

f(x) = h_12 [f(x+ h) —2f(x) + f(x=h)] + O(h?),
or
f7(x) ~ é [f(x+h)—2f(x) + f(x—h)],

which is called the central flerence approximation for the second-derivafiveat x.

Finite difference approximation for partial derivatives can be ddriaea similar way
by using Taylor expansion in two dimension. RoE u(X,y) the approximation for

the partial derivativel(x, y) is

Bxy) = £ [ulx-+ hY) - u(x )] + O

17



and it is called a forward élierence formula fou = u(x,y), whereh = Ax.

Central diference formula for the second partial derivativaiotith respect tax can

be written as
oY) = 1 [U0X+ RLY) — 200x) + U~ h,y)] + O(FF).

The other partial derivatives of any order may be obtaineadsimilar manner.

2.3.2 Finite Difference Methods for Black-Scholes Equation
2.3.2.1 The Grid

In the following, we will present the explicit, implicit andrank-Nicolson finite dif-
ferent methods for solving Black-Scholes equation follayvine discussion in [61],
see also [56, 67] and references there in. We start withetizorg the solution do-
mainS > 0,0<t < T. Let us define the step sizes

Smax e Smin

-
At=— and AS=
M N

for

Snin<S<Snhax and 0<t<T,
and

Sj =Smin+ JAS and t,=nAt,

wherej =0,1,...,Nandn=0,1,..., M andS,,, andSnaxare small and large values
of stock prices for the European options, respectively. &geasent the approximation
of the valueV(S;, t,) ast”, e, V(S ty) =~ Vj”.

2.3.2.2 Explicit Method

Theexplicit method uses the backward fierence approximation for time derivative

and the central dlierence approximations for space derivatives for BSE (26), i

N 1,0V oV ~
ot 50 S e +1Soc —1V =0, (2.30)
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since the call and put problems contain final conditions.t )a

n_\/n-1
‘96_\: N %, (2.31)
NV Via~Via (2.32)
S~ 2AS '
52V N VJT‘+1 — 2VJT‘ + V?_l 5
0?2 (AS)? (2.33)

Substituting the approximations (2.31), (2.32) and (2i8®)the Black-Scholes equa-
tion (2.30) we get

-1
Ml VSN Sl O WP S I (2.34)
At J I 2AS 2" 7 (AS)2 '
This method is of orde®(At) + O((AS)?). Rewriting (2.34) gives
Vit = aVi + BV + Vi (2.35)
where
_ 1 2, S \2 S
CYJ = EAt{O' (E) — FE 5 (236)
S.
Bj=1-At {Uz(ﬁ)2 + r} : (2.37)
_ 1 2 S 2 Sj

foreveryj=1,...,N-1andn =1,..., M. Since (2.35) gives an explicit formula

for an‘l this method is called explicit method.

Defining
Vi
v = | (2.39)
VR
the system (2.35) can be written as
VD - AV bW n=MM-1,...,1, (2.40)
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for which

_ 0 ... O , _
B v1 oV
@ B2 72 0
A 0O a3 B3 ... O 0 o
p 0
-o. PN-2 YN-2
[yn-1VR
0 ... ana ,BN—l_

Using the final conditions
C(S, T)=maxXS—-E,0;, P(S,T)=maxXxE-S,0}
and the boundary conditions

C(Smint) =0,  C(Smaxt) = Smax— E€"(",

P(Smin, t) = Ee_r(T_t) i Smin, P(SmaXa t) = O»

for a European call and put optio®{S, t) and P(S,t), respectively, one can solve
(2.40) directly and find solution for European call and putiea for given exercise
price E and maturity datd .

Stability, Consistency and Convergence of the Explicit Methd

Stability of a finite diference scheme concerns the unstable growth or stable decay
of errors in the arithmetic operations to solve finitéfelience equations. For a stable
finite difference method, errors, in principle, can be made arbitranilall. Stability
analysis depends on the propagation of the roufidroors in the method. A scheme
is stable if the accumulated round @rror is bounded, if it is unbounded then the
method is said to be unstable. Usually, the terms "condiioar "unconditional”

are used to refer to the stability of a finiteférence approximation. A conditionally
stable finite diference algorithms have restrictive bounds on the tempachspatial
step sized\t, Ax, Ay, - - - , above which the numerical solution is unstable and below
which the numerical solution is stable. It is well known thaist explicit finite dffer-
ence approximations are unstable, unless certain congligice satisfied. On the other

hand most implicit approximations are unconditionallyotameaning that there is
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no restrictive bound on the mesh widthg Ax, Ay, --- . These facts are not always
true. For example, DuFort-Frankel method for heat equasam unconditionally
stable explicit finite dference approximation. Experiences indicate that an ullestab
scheme is not convergent. Local truncation errors are measit the error by which
the exact solution of a ffierential equation does not satisfy th&elience equation at
the grid points and are obtained by substituting the exdatiea of the problem into
the numerical scheme. A necessary condition for the coewes of the numerical
solutions to the continuous solution is that the local tation error tends to zero as
the step size goes to zero. In this case the method is saicctinisestent. Consistency
is only a necessary but not afBaient condition for convergence. The relationship
between the stability and the convergence of a finifiectnce scheme is investigated
by the Lax equivalence theorem, which states that for a gireperly posed initial
or boundary value parabolic PDE and a consistent finfiiei@dince approximation to

that equation, stability is the necessary anfiisient condition for convergence.

In the literature, to consider the stability of the methodsatibed for solving BSE,
usually stability is discussed for the heat equation oletinom the transformation of
BSE, see [67]. In this part, we will discuss the stability af txplicit method directly
for the BSE.

Assume that we have twoftirent sets of the valueq and\7}‘, j=0,1,...,N-1of
the approximate solution at timh time level, forn = 1,2,..., M. Then the values of
the (0 — 1)th level, computed according to the explicit finitéfdrence method (2.35)

should satisfy the equation

V?_l - \A/Jn_l = a’j(an_l = \A/jn_l) +ﬁj (an - \7?) + YI(V?+1 - \7jn+1)’ (241)

j=01,...,N—-1. Let |VJT‘ - \7}1| < g, that ise > 0 be the maximal dierence of the

values ofV andV at thenth time level, then
VL= UMY < (ol + B3] + yjl)e

holds forj = 0,1,...,N — 1. Notice that, the cdicientse,8;,y; given in (2.36),
(2.37), (2.38) satisfy

aj+B;+yj=1-rAt
Thus, ifaj, B}, v are all non negative, the maximal error in the<{1)th level that

becomes bounded by @ rAt)e, and so that the errors are not increasing and the
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system is stable. In case of at least one pf3;, y; is negativeja;| + |Bj| + |y;| may
becomes larger than 1 which results in big errors at the eddrenmethod becomes
unstable. Hence, it is important to choose the step $izasdM so thate, 5;, v are

all positive.

For the completeness of the discussions on finitedince methods applied for BSE,
we will present the implicit, Crank-Nicolson afeaveraged methods in the following

part.

2.3.2.3 Implicit and Crank-Nicolson Methods

Theimplicit method differs from explicit method since it uses the forwarfietience

approximation
1
(9V Vn+ V;’I

i Kt (2.42)

for time derivative. As in the explicit method, the spaceiddives are approxi-
mated by using centralflierence approximations (2.32) and (2.33). Substitutingghe
derivatives into the equation (2.30) and rearranging thragegive

a Vi, + bV] + V], = V[, (2.43)

.__At{ -
{ )

cj=-2 s I o (2Ly2
At{ )
, M-

forallj=1,...,N-1andn=0,1,..
and it is of ordeiO(At) + O((AS)?).

where

1. This method is called implicit method

Now, the system of equations (2.43) can be written as a madquation as

BV = D 4 ™D n=M-1,M-2...,0, (2.44)
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whereV® s given by (2.39) and

—b]_ ¢, O - Vn .
—a
Ao b2 Co (1) 0
B 0 a3 bz ... ’ 4D _
0O O 0 ... bN72 Cn-2 Vn
—Cn-—
| 0 0O O ... ay1 bN_]__ LN

To solve the system (2.43) or equation (2.44), an iteratie¢hod successive over
relaxation (SOR) or a direct methddJ-decomposition can be used, respectively.

For detailed information about these techniques, see [67].

TheCrank-Nicolson methodis defined by taking the arithmetic average of the meth-
ods (2.35) and (2.43) which results in

- PV + (L - gVt =V = pVi (L + V) + VL, (2.45)

j+1 +1

where

1 S|V S
= Al =) o 2L
Pi=32 {(’ (AS) rAS}’

_ 1 2 S ?
q; ——EAt{O' (E) +r,,
1 2 Si ’ S
I‘J = ZAt{O' (E) +I‘E

foreveryj=12,...,N-l1landn=M-1,M - 2,...,1 which corresponds to the

matrix equation
cvt D =pO K" pn=M-1LM-2...,1, (2.46)
whereV® is given by (2.39),

[ pa(V) 4+ VD)
0

kM —

0

M- (VR +VR))
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SOR iteration technique.

-1
Vj” — Vj”

From (2.47), we can obtain

:e(rV}‘—rSJ

+(1-9) [rvjn+1 ~ IS

1 i+ -
—5(1—6')[0-28]-2 A

1-0On-2
—Pn-1
1+C]3 0

1+0n-2
Pn-1

become both unconditionally stable, see [25, 61].

For 0 < 0 < 1, the method is defined as

'an+1 - an—l
2AS
o-zszv?” -2V 4+ VI
j (AS)2

j+1

—I'n-2
1-0n-1)
o |

0

0

'N-2

1+ 0On-1]

vl Vj”_‘l1

2AS

vl gyt
J

j+1

24

(AS)?

+ Vn‘l]

Crank-Nicolson method is also an implicit method which haeod((At)?)+0((AS)?).
The system (2.45) or equation (2.46) can also be solved wsindecomposition or

Investigating the conditions for the dieients of the Implicit and Crank-Nicolson
schemes (2.43) and (2.46) for the stability, the Implicdl &rank-Nicolson methods

Remark 2.3.1 Thefd-methodis a convex combination of the explicit and the implicit

(2.47)



¢ the explicit method (2.35) far = 1,
¢ the implicit method (2.43) faf = 0,

¢ the Crank-Nicolson method (2.45) fé= %

25



CHAPTER 3

AN EXPLICIT METHOD FOR NONLINEAR
BLACK-SCHOLES EQUATION ARISING IN ILLIQUID
MARKETS

3.1 Introduction

As we discussed in Chapter 2, Black-Scholes model for the \a&laeEuropean op-
tion V(S, t) is based on some assumptions. Indeed, these assumpgayigar for the
case of complete idealized market and they correspondsnaaeiprice for the op-
tion. We have discussed this unique price analytically amderically in the previous

section.

In reality, the market is incomplete and hence some of themagBons of the Black-
Scholes model may not hold; indeed, Black-Scholes modellgiegomarket mech-
anisms, e.g. transaction costs, market illiquidity, efcthé completeness property
of the market is dropped, several models are introduced dufiferent numerical ap-
proaches, see [6, 10, 33, 35, 47], for example. Changing thienggtions of the
Black-Scholes model leads to nonlinear extensions of thekBatoles PDE. These
equations are known am®nlinear Black-Scholes equation (NBSE)n the literature

which takes the form

2
VAN Y,

2— _ = =

S +1S5g ~1V =0, (3.1)

. oV
[O'(S, t, @

AN
at 2

In different modelsyg- Tunction associates varied kinds of nonlinearity. It carobe
served that, in the case of = o, Eqn. (3.1) gives the linear Black-Scholes equation
(2.9).
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In the literature there are several recent studies on mdaletgption valuation under
the assumption of the existence of transaction cost, woevblatility and market
illiquidity.

The aim of this thesis is to discuss the numerical methodsdolinear Black-Scholes
equation arising from the illiquid market assumption. Efere, in the next section
we will give a detailed literature survey for such modelsthe following, we briefly
discuss nonlinear Black-Scholes equations arising fromafisaimptions of existing
transaction cost underftierent approaches. For the models with the uncertain volatil

ity supposition, see [6].

In the real market, transaction costs arise in trading fimdrassets which are not
considered in the Black-Scholes model. Many studies shotstiwn costs cause the
increase in the option price. Therefore, actual optiongsricecome higher than the
computed value from the Black-Scholes formula. If trangsectiosts are considered,
one of the leading models is the Leland’s model [47], whicsuases that the trans-
action costsAS arises for the assets bought or sold. Hérs the return of the cost
of transaction cost per unit dollar of the transaction And the number of asset that
have been purchased ¢ 0) or sold A < 0) at priceS. Model concludes that the
option price is the solution of the non linear B-S equatiori)3vith the volatility
adjustment:
&2 = (1 + Asign(Vsy)) (3.2)
whereA is the Leland number given by
P LS
T oot
ando is the volatility of the underlying andt is the time between adjustments of
portfolio. Alternatively, Bales and Soner derived a more ptax model [10] by utility
maximization, where
52 = o?(1 + P(€ T Ya?s?Vs ) (3.3)

with the parameter for the transaction costs and risk aveesi= % Here,¥(X) is
the solution of the nonlinear ordinaryftérential equation

Y(x)+1

2Vx¥P(X) — X
for x # 0 with ¥(0) = 0.
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3.2 Nonlinear Black-Scholes Equation in llliquid Markets

3.2.1 A Literature Survey for Option Pricing in Illiquid Marke ts

Most of the financial models in the literature assume thastipply and demand in the
market are perfectly elastic, which means, traders do n@ aay impact on financial
market. In real market conditions, however, the poweradérs having large number
of shares can influence the price of the traded shares by tisirgnarket power in

order to control market prices in their favors.

Perfect liquid market assumption of the Black-Scholes madeth assumes that an
investor can trade large amounts of assets withffiecang its price is accepted as
an unrealistic assumption in the literature, see [35, 55]is hatural to think that
there will be a feedback, and this requires an extensivaresen financial models
to illiquid markets. Indeed, market liquidity is one of theost crucial factors in
investment decisions and derivative pricing. It is belgeWeat, liquidity dfects the
asset dynamics and trading strategies. Especially, ristagement companies highly

concern with the market liquidity issue.

There are recent studies concentrated on the pricing probkeoduced by the market
illiquidity. Frey [33, 34], Scldnbucher and Wilmott [55], Frey and Patie [35], Bank
and Baum [9] and Liu and Yong [48] introduced closely relatextlais.

In [33, 35, 34] Frey at al. discuss the models assuming itliigy of the market and
the following NBSE is derived:
\/ 2Q2 2V \
(?9_t+ oS - ngz+rsg—s—rV:0
2(1-paA(S)%¥)

9s?

wherep > 1 is a constant and(S) > 1 is a strictly convex function. Liu and Yong
[48] extend the Frey model by finding an expressiorpfand they obtain the equation
2Q2 2
ov oS oV S o V=0

— + +r
N 21-a(s.yszy)dST IS

whereA(s, t) is given by

asp =) ST, S<8<5,
0, otherwise
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wherey > 0 measures the price impact per stock trading priceSaaddS represent
the lower and upper limit of the stock price in presence ofieggampact, respectively.
They also found dfticient conditions for existence and uniqueness of solutfdhis

nonlinear Black-Scholes equation under certain conditions

3.2.2 A Model for llliquid Market

In this study, we consider the following problem proposed.lwyand Yong [48]:

ov 2s? PV Y
ot " - 5703 T1S52 —V =0, (S1)€(0,0)x(0T) (3.4
h - 2(1-As sy ISt 9S

V(S,T) = f(S) 0<S <o (3.5)

whereV is the price of the option depending on the underlying aSsatd the time,
o > 0 is the constant volatility, is the interest ratel, is the expiry date for the option,
f(S) is the payd function for whichf(€) is Lipschitz continuous ane”“’mf(e")

is bounded for some > 0. The price impact function(S, t) is given by

{1-e#0), S<S<S,

A(S,t) = _
0 otherwise

(3.6)

for whichy > 0 is the constant price impact d@eient which measures the price

impact per traded shar8,andS are the lower and upper limits of stock price in the
presence of a price impagi,is a constant. In their numerical analysis, Liu and Yong
assumed thgs = 100,S = 20 andS = 80. We will also use this values in our

numerical experiments.

In this study, we concern with the European options whosefpéaynctionsf(S) are
of the form (1.3)-(1.4), that isf(S) = maxXS - E, 0} or f(S) = maxE — S, 0}, in the
cases of call or put respectively, which are piecewise fiaed continuous functions,
see also Fig.1.1. Thus the requirements of the above madibld@aydf function are
satisfied.

In the following an explicit numerical method is studied tbe above problem (3.4)
and (3.5) elaborating the article [17]. Before starting tmstouct the numerical

scheme, the terminal value problem (3.4) and (3.5) is tcansfd into an initial value
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problem via the change of variables: T—t, u(S, ) = V(S,t). The partial derivatives
N__du N _u AV Fu
ot 0r’ S 9S’ 9S? 932

are substituted into the problem (3.4) and (3.5) and thestoamed equation

2Q2 2
ou oS U s -0 (3.7)

ot p(1-AST-7)sZ) IS S

for (S, 1) € (0, ) x (0, T), with initial condition
u(s,0)=1f(S), 0<S<w (3.8)

is obtained.

3.2.3 An Explicit Numerical Scheme

In this part, we present an explicit finiteftirence method studied in the article [17].
In order to compute a numerical solution of the transformedbiem (3.7) and (3.8),
the interval[0, b] is taken as the domain for the asset varigbfer which b is chosen

satisfying 0< S < S < b. Thus, the domain for the approximation becomes
(S,7) €[0,b] x [0, T]
with
Sj=jh, h=AS, 1, =nk k=Ar

forO<j<NO<n<I|,Nh=blk=T.

The numerical approximation of the solutia(S;, 7,,) is denoted b)U?. Let us intro-

duce the approximations of the partial derivatives as:

n+l _ un

ou -
-(Sp.m) = L —L + 0 (3.9)
524 un, —2U"+U"
23(Si. ) = - hZJ "2+ 0(h?) = AYU) + O(h?) (3.10)
ou Uln+1 B Jn—l 2 n 2
75 (Si o) = — == +O() = V(U) + O(F). (3.11)

Taking outside nodeS_; = ~handSy,1 = (N + 1)h, U", andU{, , are obtained by
U, =2Uf - U7, UR,;=2Uy-U,; (3.12)
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for 0 < n < | using linear interpolation. Moreover, using the approxiores for the
partial derivatives give
Ay =AY =0. (3.13)

Now writing all these approximations into the equation J3h& numerical scheme

takes the form

1 2Q2
upt-up oS un, -20m+U",
k 2(1- (S, T - t)S;A7)’ h
un . —uyn
-rS; J+12h Zirur=o

Rearrangement of the terms yields the numerical scheme

k
+1
U? = (1—kr—ﬁﬁT)UT

k . _
+ 5 |8 = IENUT + (8] + inPNUY., (3.14)
forO< j < N-1where
028]-2
n _

with 0<j<N,0<n<lI and

1-ePMAN(U), S<S;<S
0, otherwise
Now, the scheme (3.14) and equalities (3.12) give
Ugt =Ug = ..... = U = 1(0), (3.17)
Upt = (1 + (N = 1)kr)Up, — NkrUg_,. (3.18)
To write the scheme (3.14) in vector formli\'+, denote
u"=[ujur.. URl" (3.19)

and letA, B(n), C, andD be the matrices iR N+D*(N+1) given by

0 0 0 - O
1 -2 1 -0

A= , B(n) =diag@y, - - -,Bn)
0 .- 1 -21
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2 2 0 -0
-1 O 1 -+ 0
C= , D=diag(Q1,2,...,N).
o --- -1 0 1
o -~ 0 -2 2
Then the scheme (3 14) can be written in the vector form as
UMl = (@ -kl + 2E2 B(N)A + %DC un (3.20)

for 0 < n < | -1, satisfying the initial condition
U®=[f(0) f(h)... f(Nh]".

Here, | is identity matrix inRN+x(N+1) - To analyze the gamma Greeks in the
model, the scheme (3.14) can be rewritten for the vesft@u) in RN*! defined by

A(U) = [AJuAlu. .. AR]"

for 0 < n < |. Definitions ofA?U, U" andA"(U) give

A"(U) = iAUn
and thus from the (3.20) it follows that
1 1 k kr
n+1 el _ _ il n
A" (U) = AU = th @QA-knNl+— T —B(n)A+ > DC|U
k kr
— _ n n N n
= (1-knA"(U) + 2hzAB(n)A (U) + 2hzADCU
where
0 O 0 0 0
2 -2 -2 -2 0
-1 4 -2 -4 3
0 -2 6 -2 -6 4
ADC =

(-1 2] -2 -2j j+1

“(N-3) 2N-2) -2 -—2(N-2) (N-1)
-(N-2) 2N-1) —-(N+2) 2
0 - 0 0 0 0
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By (3.13) and (3.14) we have
ATt =A)=0,AN =AY =0 (3.21)
and (3.14) becomes

k
An+1 (1 _ _IB ) 2h2 [(ﬁj 1 (J 1)h2 ) a7t (B?+1 + (J + 1)h2r)AJ+1]
(3.22)
forl<j<N-1.

In the following section, we study the monotonicity, stéapibnd consistency proper-
ties of the numerical scheme (3.14), (3.17) and (3.18). Wedlnice these properties

following [17] in a detailed complete form.

3.2.4 Monotonicity, Stability and Consistency
Before starting with the analysis of the properties of theesoh (3.14), we will give a

lemma giving order property (ﬁ? which appears in the cﬁ"e:ientﬁfj‘ given by (3.15)

by means of/’j‘ in (3.16). Now, let us first introduce the notation

N
Z(n) = Z A,
j=0

By (3.13), we can also writg;(n) = »}'5" A”. Equations given by (3.21) and (3.22)
and the scheme (3.14) imply

D+l = » Ay
N-1 K oman, K a\ ) ,
- ((1 DAY+ 505 |(Ba = (1 = DT ) ATy + (81 + (G-+ D) r)AHl])
K (N2 N
= - (1 hzﬁn)An 2h2 [ZO(ﬁT — thr)AT + Zz(ﬁrj] + Jth)ATJ '
=
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Rearranging the terms gives
N-1 k
dn+1) = Z(l—ﬁ MAT
=1
N-1
+ 55 [ (B8] = *r)A] + BoAG — (Br_y — (N - 1)h2f)ARl_1]

k (& .
* o [ . (B + jhr)A" — (B + hzr)Ag]

> - 2_lr(12 |81+ PPN)AT + (87, — (N = DRPNAY 4|, (3.23)

Lemma 3.2.1 Let r be the riskless interest rate; the volatility andy the impact
factor parameter of the illiquid market given in the equati®.7). Assume that the

payqgf function f in (3.8) is convex, i.e.,
f(axg + bx) < af(x)) + bf(xy) for 0<ab< 1

|f77=7(1—e‘ﬁ7)2(0), Se[0,b],c?>r,0<n<1,

k _(1-pp?
s (3.24)
then
(@ A7>0,0<j<N,0<nc<],
(b) > (n+1)< (M), 0<n<l-1
Proof. Convexity of the functiorf implies that
1 1 1 1
f(SJ) =f (ésj_l + ESJ’H_) < Ef(Sj_l) + éf(SjJrl)
and thus we have
A0 = f(Sj_1) — 21(Sj) + 1(Sjs1) 50 (3.25)

j he
forall 1< j<N-1. By(3.13),A] = A} = 0, and thus\? > O forall 0< j < N.

Assume tha\! > 0 holds for 0< n < 1,0 < j < N - 1. We will prove thatA** > 0
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is true. Observe that,

\%

h?j(c?j-r) >0 (3.26)
for 1 < j < N, by the conditionr? > r. Thus,
Bh—hr(N-1)>0 (3.27)
holds. Now, the relation (3.23) implies
D n+1)< > (). (3.28)
Notice that, by (3.28) and assumptiafi > 0, Vi defined in (3.16) satisfies

0=V < y(1-e™r"
Y- ™M) > (n)

< y(1-ef™r Z(O)
= 1. (3.29)
Relations (3.24) and (3.29) imply
0°S?
n o _ J
0<pj = . V?]Z
Joad o
S Hoo2
[1-7]
h2
< e (3.30)
As a result, the scheme (3.22) implies th@tl > 0. O]

3.2.4.1 Monotonicity

Definition 3.2.2 The scheme (@}) = O, for j,n € No is said to be monotonicity-

preserving if U,, > U} then U''f > UM* holds for all .
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Theorem 3.2.3 Assume that the pagfidfunction f is convexy = y(1 — €#7) 3(0),
Se[0,b],02>r,0<n<1,

% )2
& < (102;7) (3.31)

and k< h?L(h) for ,
L(h) = (L= 1) (3.32)

o2 + (1 - n)?rh2’
Then the scheme (3.14-3.18) is monotonicity preserving fof < N,0<n< .

Proof. In the proof, we will use the induction principle. Let us as&uthat

un, > U (3.33)

j+1 =

holds for 1< j < N-1,0 < n < | — 1. We will prove thatu"! > Un+1 holds.

j+1 =

Let us start with writing the dierenceU]/} — U as

UPrt=Upt = (U = (1 - kU, )+(@-kn)(U],; —UN— (U] = (1-kr)U}). (3.34)

j+1

The scheme (3.14) gives

UM — (@ -knu = ,eju” 2';2 (8] - inr)u, + (8] + jhPr)UT,, |
< _r:(z "+ 2':]2 |3} —jhzr)U”+(,8”+Jh2r)Uj+1]
- (—— b ol g IPOUD + (6] + UL
= 5 [(uJ+l U@} + jh?r)| (3.35)
for 1< j < N-1. Then we have
—(U™t = (1 - knuf) > - [(uJ+1 UM (] + jh’r)]. (3.36)
In the other way, we obtain
UMt - (@1 -knu! > —h—kz,BTU“+2h2[(/3” iUl + (87 + jh2r)ul]
- R S+ oINPT + (60— U
> 2hz(un Ul )8} - jh?r) (3.37)

for 1 < j < N -1, which also may be written as

uml— (1 -knu?

j+1

j+1 = 22 (U]+l n)(ﬂj+1 (J + 1)h2r) (338)
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Now, using (3.36) and (3.38), (3.34) takes the form

n+1 n+1
Uj+l - Uj j+1 j+1 j+1

k Kr
2 (1_ﬁ ?+1+,3?)—E)(U?+1_U?)
forl< j<N-2.If we denote

o2b?

,Bmax: W,

from the condition (3.15) we can write

0'281-2 § o-2b?
(L-n)?%" 1-n)7?

OSﬁ?S :,Bmax

and thus

k kr

kr
1 +IBT) - E 2 i W%max_ E

k
t e
holds. By (3.31) and (3.32) we get

k hP(1-n)
=t = i e
2

h? —

2b2

Multiplying both sides by the positive numbf,\f—)2 we get
-n

E o2b? - (1-n)? o2b?
h2 (1- ,7)2 T o2p2 + %(1 _ 7])2I‘h2 (1- ’7)2,

that is,
—0‘2b2
- > X
el o 1(1 - p)2rh2

k
=1- ﬁﬁmax_ -

(U = (L= knUPL,) + (1= k)(UY,, - UJ) = (U™ = (1 - kn)UY)

(3.39)

. k . . . _ 1 .
Adding 1- Er to both sides of the above inequality and taking B < " gives

k kr o2b? kr
1-— -—=2>1- - — )
hzﬁmax 5 = JETO %(1 — e 2 >0

Now, from (3.39) it follows that

Ul -uit >0

j+1
forall1<j<N-2.
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In the case of = 0, by (3.38) we have

UMt —ugtt = UMt — (1 -kr)Ul + (1 - kr) (U} - UP)

> (UL~ UDB] — 1) + (1 Kn)(U] — Up)
kr

k
_ n_ n _ - pmpn _

k kr
(1 - ﬁﬁmax_ E)(U? - Ug) >0 (3-40)

\%

Similarly, for j = N — 1 we get

. . Nkr [ k kr
Unt —URS > (1+ > - (ﬂﬁmax"‘ E)) (Un-Upd) >0

Thus the proof is completed. O

The following result confirms the positivity of the schemel@.

Corollary 3.2.4 If all the hypotheses of Theorem 3.2.3 hold and also the fifuymac-
tion f(S) is nondecreasing and nonnegative wif®)f= 0, then the scheme (3.14),(3.17),
(3.18) is nonnegative and nondecreasing in variable j fartea, that is,

O0=Ug<Uf<---<UT<U],; <---<Ug (3.41)

j+1 =

forall0O<n<l.

Proof. By (3.17),U7 = (0) = 0. Monotonicity of the (3.14) implies (3.41). O

3.2.4.2 Stability

Definition 3.2.5 The numerical scheme (3.20) in vector form fdt given in (3.19)
is said to be|.||,-stable in the fixed station sense in the donifirb] x [0, T], if for

givent with0 < 7 < T, every partition with k= A7, h= AS witht = Ik, and every N
with Nh= b,

U, <C

holds for some C independent of h .k and N. Hgig, denotes the supremum norm

in RN+1
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Theorem 3.2.6 Under condition of Theorem 3.2.3, the numerical schemé@}3vith
a convex nondecreasing and nonnegative piecewise lineayffayction f is||.||..-
stable.

Proof. Writing j = N — 1 in the scheme (3.14) we obtain
+ k K
URTS = (k= R )UR o+ s8R = (N= DR UR 5+ (8] 1+ (N=D)RPr)UR)
and using (3.18) given by
Upt = (1 + (N = 1)kr)Up — NkrUy_;

we get

k
U - Ul = UR - U, - EARl—l(BRJ—l —h*r(N - 1)) (3.42)

for 0 < n < 1-1 By (3.26) we haves) ; — h’r(N — 1) > 0 and by Lemma 3.2.1
A}_; = 0 holds. Hence, using (3.42) we get

Ut —Up <UR - UR, (3.43)
forO<n<I|-1. Now (3.43) and (3.18) results in
Upt = (1 - kr)UR + krN(UR = UR ) < (L= kr)Ug + keN(UD = U ).
Inductively one can find

Up < (L-Kkn)"UZ + Nkr(U —UQ_ )@+ @ -kr) +---+(L-kn™).  (3.44)

1
= E —kr) = =
ForO<k< o j=0(1 kr) o holds and (3.44) becomes

H

Up < U+ (U = UR_)N. (3.45)
If mis the slope of the last linear part of the piecewise linegofidunction f, then
Ud —UY_, =mh (3.46)

is satisfied. Now, (3.45), (3.46) and Corollary 3.2.4 imply

UMl = UN

IA

Uﬁ + (Uﬁ - Ul(\)l—l)N

UY + mhN= f(Nh) + mhN= f(b) + mb
= C (3.47)

for1 < n<|andC = f(b) + mb which is independent df, k andN. Thus the proof

is completed. O
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3.2.4.3 Consistency
Let us recall the consistency definition.

Definition 3.2.7 A numerical scheme in the form(i) = O is said to be consistent
with a PDE L(u) = O, if the exact solution of the scheme approximates the exact

solution of the PDE as local truncation error
T (u) = F(U]) - L(u])
tends to zero as h— 0, k — 0, where { is the value of the analytical solution of
L(u) = 0 at the corresponding mesh point.
Theorem 3.2.8 The numerical scheme (3.14) is consistent with the Eq.3.7tlaad

local truncation error T satisfies

T](u) = O(K) + O(K). (3.48)

Proof. We write the scheme given in (3.14) as

. Kk Kk . .
ut = (1 kr - AN+ 58] - jh2nu_y + (87 + jheryul, ]
in the form
a1
F(U) = =—— = SB/WANW) - 1S;V](U) + ruf = 0 (3.49)

whereAl, Vi andg] are given by (3.10), (3.11) and (3.15), respectively. Weéstiow
that the local truncation error

T(u) = F(U}) - L(u}) (3.50)
satisfies
T)(u)—0 ash=AS - 0,k=A7r—0 (3.51)
whereu? is the value of the analytical solution of

ou 02S? d%u au
L(u):g— ~ — @2882_r86_8+ru20
2(1-AS, T - 1)S(552)

at the mesh pointgj, ), S; = jh, 7, = nk
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Assume thau has four times continuous partial derivatives with resgec® and

twice continuous partial derivatives with respecttdJsing Taylor's expansion about
(Sj, ma) we have

82
uj+1 = U(SJ’ Tn) + h (SJ’ Tn) hzﬁ(s‘]’ Tn)
+ }h3£(8 ) + — h4—(s ) + O(hP)
6 0S3 VMV T op gAY n

and similarly Writingug‘_1 and substituting them into tH@j1 andA’j‘ we get

ou
Vi) = %(s,-,rn) + hPE}(1)

(3.52)
where
N 106%u
Ei(1) = 6@@1’%), Si-h<4 <Sj+h
which satisfies
[END)| < 2 max (s 7);0<S<b} = 5|w"(1)|
683 2 = 6 max
o°u )
Aj(u) = aSZ(SJ,rn) +h°Ej(2) (3.53)
where
1 0%u
Ej(2) = 1—2@@2,%), Si-h<H<Sj+h
which satisfies
[EN@2)| < - max{ 084(8 );0<S < b} - IW™(2)| -
Also, we obtain
ut—ul Ay .
- —(S,,rn) + kE 3) (3.54)
where
16%u
E}(3) = Eﬁ(sjﬂ')"rn <T<Th
satisfying

1 o°u
[EN3)| < 5 max{ —(S,)|;

Th<T< Tn+1} |W”( )|

max’
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By using (3.49), (3.50) and (3.52) we obtain

Tiw = F@) - L))
ou 1 ou
= Eﬁkq@—ymwwm—6@g+mﬂanuu
- @+ GZSJZ o +rs@—ru
or 2(1_/131.)%082 oS
= KE}(3)-rS;h°E](1)
2Q2
1 oS 62U
- Z|BWAN ) - ’ (Sj.mn) | (3.55)
2(‘ - ASLT - )8 (S, 1) 952 T
where
B - 23 | YA EMINW, $28<S
: [1-v]2" ! 0, otherwise

Note that, by the definition of(S, t) given in (3.6), we can write

O'ZSJ-Z

(1-S;AS;, T - Tn)A?(u))z'

,BT(U) = (3.56)
Define the function

X
(1-AS, T -1)S¥?

G(S,1,X) =

which is continuously dierentiable with respect toin the domaim(S, T —7)S x< 1.

Taking the partial derivative d& with respect tox we get

G  (1-ASR*-2x(1-ASR(-1S)  1+4Sx

X (1 - AS R4  (1-aSX¥¥

Let us defineyy > 0 as it is suggested in [48] satisfying
1-A(S,tuss> 60> 0

so that
2

h
50 - 1_% |Wn(2)|max7(1 - e_ﬁTn) = 6?_ >0
holds for small enoughg > 0.
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2
Takingx = %(Sj,rn) andAx = hZE?(Z) where 0< h < hp andx + Ax = A}(u) and

using the mean value theorem, we obtain:
282
Bj(U)AT(U) —
: : (1- A(Sj, T- Tn)SJ 332 (Sj’ Tn)) 882
282 282

= A" — (Ja Tn)

(1-S; A(SJ,T —AD T (A= AT - 10)S; 24(S), )2 352

(J’)

_ g2g2 X+ AX B X
- @ -SAS;, T - )X+ AX))2 (1= SjA(S;, T - m)X)?
= 0.251.2 (G(Sj,T,X+ AX) - G(S;j, 7, x))

0G(c)
—  2Q2
= 0°Sj X AX (3.57)
wherec € (X, X + AX). Now, (3.55) can be rewritten as
1 0G(c)
— h2 2q2
T}(u) = KE](3) - rS;h°E}(1) - 50 S X A
Denote
W@ = max{ 23 —(S,1)|;0<S < b}
in the further calculations. We take absolute valud@ J’dh) which gives
1 0G(c
T(W)| = KE)(3)| + IrS;h?EN(L) + ‘EO-ZSJ-Z%AX' . (3.58)
Observe that
k
KEY3) < 5 M (3)lmax. (3.59)
rbh2
|I'S hZEn(l)l < — |Wn(l)|max (360)

and forc € (X, X + AX)

1 282(9G(c) x‘ B }azbz 1+ A(S;, T —1)Sjc
2 OX (1—/1(Sj,T—Tn)SjC)3
< o1+ A(S), T - 7,)S;ch’E(2)
250
< Lol ermys, Sj, T — 1) + 6WEN(2 h
- 283 S; (1-e™™) asz( pT =T 2)

where 0< 6 < 1. Let us define

o?b?
12(c7)?

2

h n
cin.h = 1M @)

14 y(1— &) (|W“(4>|max +
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Figure 3.1: Numerical solutions for several temporal stee galue.

Now we have

max

rb 1
70 < 5 W @hnar+ COLDW @] 1+ 5 A,

which gives (3.48). Thus the proof is completed. .

3.3 Numerical Experiments

In this section we discuss the numerical method (3.14) vath7)-(3.18). The

following parameters are used in this test:
E=50r=0060=04T=1S=20S=8038=100y=1h=2

Fork = 1.4273x 10* andk = 7.0698x 1074, the values of the option are shown
in Fig. 3.1. The condition in Theorem 3.2.3 is satisfied Kot 1.4273x 10 and
thus the stability is obtained. In the casekof 7.0698x 10~* however, the stability
condition is not satisfied and numerical solution for thaapprice oscillates. For
the diferent choices of the price impact ¢beienty, the changes in the option price
are demonstrated in Fig. 3.2. It can be seen that, price abpkien increases ag
increases. The case pf= 0 corresponds to the value of the call option which is the

numerical solution of the linear Black-Scholes equation.
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Figure 3.2: Option price for dlierent values oj.

The equation (3.4) contains the ter%sand‘;%ﬁ and it is reasonable to investigate the
sensitivityA of the option price with respect to the price of the undedyasset and
sensivityl” of the A with respect td5. Change in the Greek for several values of

is shown in Fig. 3.3. Change inwith respect toy is shown in 3.4. We observe that
the A grows forS < E and diminishes foS > E asy increases. We also see that,
maximum value of" is reached for smaller values of the asset price as the pggame

v becomes larger.
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Figure 3.4: Hect ofy onT" = 7.
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CHAPTER 4

EXPONENTIAL FINITE DIFFERENCE METHOD

The objective of this chapter is to present, extend and coengb@ EFD method for
the numerical solution of a PDE arising in finance.

4.1 Exponential Finite Difference Method For Heat Conduction Problem

In this section, the exponential finiteftirence method is briefly summarized. The

content of this section is mainly based on [13].

One-dimensional heat transfer in a homogenous materiabeanodeled by the dif-

fusion equation

ou &%
E = Cﬁ’ (41)

wherec is the thermal dtusivity constantu(x,t) is the temperature at the poirt
where-L < x < L and at the time& where O< t < T. The equation (4.1) describes all
kinds of one-dimensional heat flow. Clearly, the temperatijret) depends on the

initial temperature

u(x, 0) = f(x), -L<x<L. (4.2)
We shall assume boundary conditions of the form
u(-L,t)=T;, u(lL,t)=T,, O<t<T. 4.3)

The conditions (4.2) and (4.3) determines the unique swiwf the difusion equation
(4.1).
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We assume that theftlision equation (4.1) has a solution fg, t) of the form
u(x, t) = X(X)T(t) (4.4)

whereX(x) andT (t) are functions ik andt, respectively. For convenience, the initial
condition
u(x,0) = X(X)T(0) = X(x), ie T@0)=1 (4.5)

is imposed. Then we can write

ou oT

i X(x)g (4.6)
and , ,

o°u 0°X

— =T({)—. 4.7

Substitution of these derivatives into the equation (4ilgg

c #X 1 4T
X(X) ox2 — T(t) ot

(4.8)

Note that in (4.8) thex variable is separated from thevariable, that is the left hand
side of (4.8) depends only axand the right hand side of (4.8) depends onlyton
Since (4.8) is true for all & t < T and for allx € (-L, L), we can fixt while varying
X. From this we see that the left side of (4.8) must be cons&intilarly, if we fix x
while varyt, then the right side of (4.8) must be equal to the same cos$iert is

c 6°X 1 0T

X(X) 2~ T() ot

K. (4.9)

Here, we consider the case for cooling whirés a positive constant. This leads to

two equations to solve:

c 0°X
X 92 -K, (4.10)
and
1 0T
TOa - -K. (4.11)
Multiplication of both sides of the equation (4.11) Kyx) yields
X(x)aT
T ar = XK. (4.12)
i.e.
1 ou
—=-K 4.1
u(x, t) ot ’ (4.13)
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which has a solution for non-zero valuewfThe solution of (4.13) for the time step
At can be written as
u(x, At) = u(x, 0) expEKAL). (4.14)

Now multiply both sides of the equation (4.10) B{t) to get

T(t) °X
CWW = —T(DK, (4.15)
i.e. ,
T(t) 0°X
— = —-K. 4.16
u(x, t) 9x2 ( )
At the timet = 0, we obtain by using the equation (4.7)
c &4
- _K. 4.17
u(x, 0) ox2 ( )
Substitution of the valu& from the equation (4.17) into the equation (4.14) yields
CAt 62U
At) = 0 — . 4.18
) = u(x.0) expl o 2| (@18)

In the equation (4.18), a finitefikerence approximation can be replaced for the deriva-
tive % For instance, consider the second-order symmetric digatien at the node
(Xj’ O)

Pu _ U;41(0) - 2u;(0) + uj 1 (0)

e (AX)? '
We denoteu(x;,0) at node {,n) and u(x;, At) at node {,n + 1) by U} and U?”,
respectively. Then from the equation (4.18), we have

(4.19)

Ut — U”exp(CAt U?+1—2U?+U?_1]
T

un (AX)2
which is the exponential finite flerence method for the heat equation (4.1). It may
be noted that the use of (4.19) can be improved by subdivitdiiegnain time stept

into equal subintervals. Suppose that the time intetwak t,.; — t, is divided into
two equal subintervalst], tn.1/2] = [tn, th + 5] and [ty + 5, t.a]. Thus, for the first

subinterval {,, t,.1/2], we have
12 r
Ui = Uf exp(éz?) (4.20)

wherer = cAt/(Ax)?, and

- R
i~ un :
J

(4.21)
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For the second subintervah[y 2, tn,1], we useU?*l/ 2 as initial value and obtain
r
Upt = U2 exp( 5277 (4.22)

where

n+1/2 n+1/2 n+1/2
Zj = i s Wi e (4.23)

n+1/2
UJ'

Note that the temperature valug$;;’* andU{"}’* should be generated for the above

equation (4.23). The valués/ > andU"}’* can be obtained directly from (4.20) as

n+1/2
U = upexp(52)) (4.24)
U?:%/z = U?+1 exp(%ZE‘H) :
Substitution of (4.24) and (4.20) into (4.23) yields
oz _ Ji exp(52].1) - 207 exp(52]) + U7, exp(52].,) (4.25)
i :

U} exp(57))

Thus, we can arrive the temperattlu‘?*l from U in two equal subintervals of length
At/2, by using (4.20) and (4.22) as

Un+1 Un+1/2 exp(%ZT‘”/Z)
J J ]
U exp(527) exp(5Z]**?) (4.26)

Up exp(3 (27 + Z"4)

whereZ? andZJf‘”/ 2 are defined in (4.21) and (4.25), respectively. The procasde
extended if the time step is sub-divided itte 1 intervals. It is shown that the expo-
nential finite diference method with 5 sub-intervals performs better tharCtla@k-
Nicolson method for the heat equation [13].

A practical alternative derivation of the exponential #nitifference method (4.19) is
available in the literature (see [30], and references thereAssume thaf(u) is a

continuous dterentiable function. Multiply both sides of the heat equat{4.1) by
0F(u)

t t
70 0 ge 2
OF(u) ou oF(u) 0<u

— = —. 4.27

au ot < ou ox (4.27)
The chain rule yields
2

OF(u) e 0F(u) 0°u (4.28)

at au oxe’
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We discretize the derivati\@ﬁ—“) by using the forward dierence, and obtain

FU™Y - F(UM AF(u)\" 92U"
At N\ Tou ) e (4.29)
If we chooseF(u) = In(u), we get
In(U™?1) — In(UM) 1\ a9%2U"
At =C m —8X2 (430)
or . ,
um™ 1 9°U"
In( Un ): At cm e (4.31)
We solve foru™! and get
A 21 |n
Ut = gn exp( Jncaa; ) (4.32)

When the derivativé?% is replaced by the second-order symmetric finitéetlence

approximation, we obtain the exponential finit&elience method (4.19).

We note that the choice d¥ is crucial. If we choosd=(u) = exp(), we obtain

logarithmic finite diference method [28]

un

j+1

UM = U]+ In[1+cAt

—2ut+ U,
) (4.33)

(Ax)?
4.2 Stability of the Exponential Finite Difference Method

In this section, the stability of the exponential finitéfdrence scheme (4.19) will be
discussed. There are various methods that have been usibe &tability of a finite
difference scheme, such as matrix stability method, von Neursiaility method
[60]. The conventional stability analysis discusses th@wjn or decay of the "am-
plification factor” ¢ which for the exponential finite fierence scheme (4.19) is the
ratio

f:

Un+1 At yn _2UF‘+UF‘_
- p(c Sy ‘1). (4.34)

un (AX)2 ur
For stability limy_,o |£] must be less than or equal to unity. For the equation (4.34),
this condition is satisfied for

CAt an+1 - 2U1n + an—l

(AX)? Ut

<0
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Figure 4.1: Stability of finite dference schemes for a one-node mddi@l = &Un,
I = cAt/(AX)2

or
< 2U". (4.35)

However the condition (4.35) does not give any relation leetwthe spatial step size
Ax and the temporal step si2¢. Experience reveals that the exponential finitéeat
ence scheme (4.19) remains stable for valuest af 0.52Ax? [13]. Instead, one-node
difference equation is studied by converting affetience equations into equations of
a common form [52]. Following this fact, the equation (4.88h be written as

_oun
&= exp[r n’): exp2r), r
Uj

B CAt
 (A%)?

(4.36)

by puttingU]*} = Ut} = U, = U7, = 0. These substitutions for some other finite

j+1 j+1
difference methods are summarized below for heat equation (4.1)
Explicit Euler E=1-2r,
Implicit Euler E=1/(1+2r),
Crank Nicolson E=A-r)(1+r),
Exponential FirDiff. & = exp(2r)

Figure 4.1 illustrates the behavior of various finitéelience equations in terms of the

amplification factor and the time step functional variablErom the figure it is clear
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that all schemes except explicit Euler remain stableiasreases. On the other hand,

explicit Euler shows conditional stability.

4.3 Order, Consistency, Linear Stability Domain and Convergnce of the Ex-
ponential Finite Difference Method

This section is devoted to the order, consistency and cgawee of the exponen-
tial finite difference method. First we will show how to apply the exponéfitide
difference method to the ODE

dy
5 = fey). (4.37)

Multiplication of both sides by"z yields

dF(y)dy _ dF(y)

—i —=f(ty)
dy dt d
gp( y = IFW¢qy) (4:39)
dt y dy ’y .

Use forward diference approximation for the first-order derivative to get

l:(Yn+1) - F(yn) — dF(yn)
At dy

f(tn, Yn). (4.39)

Now we chooséd-(y) = Iny, and we obtain:

At
INYyn1—1Iny, = y_ f(t, Yn)
n 4.40)
Voa| _ At (
In = —f(th, Yn)
v v (th, Yn)
Thus we obtain the exponential finiteffldrence method
At
Vi1 = Yn exp(y—f(tn,yn)) (4.41)

for the ODE (4.37).

Recall that the local truncation error (or local discref@aterror) T} is the amount
by which the solution of the lierential equation (4.37) fails to satisfy the finite dif-
ference equation (4.41). Therefore plugging the exactisolof (4.37) into the finite
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difference solution (4.41) gives the local truncation error

At
@ f(tn’ y(tn)))
- [y(tn) + Aty (t) + A—t,Y (tn) + O(AtS)]

2
At 1/ At
ATy + 5 (2

St vit) Py(tn)
tn’ y tn ) 3
———— |+ O(At
ORI
which indicates the first-order convergence of the expoakntite difference method
(4.41). The method (4.41) is consistent with th&etential equation (4.37), since the

Tjn = Y(tne1) — Y(tn) eXp(

2 (4.42)
—Y(tn) [1 + f (tn, y(tn))) + O(At3)}

2
- Sy

principal part of the truncation error

At?

0.2 Pl y(0)
Sy )

YA(tn)

vanishes aat — 0.

Let us consider the scalar linear equation

% =2y, t>0, y0)=1, (4.43)

whered € C. We apply the exponential finite fiierence method (4.41) to the linear

equation (4.43) and obtain the sequence of solution
Yo = exphiAt), n=0,1,2,---. (4.44)

Hence
limy,=0 (4.45)

nN—oo

if and only if Re) < 0. Thus we conclude that the exponential finitéfelience
method (4.41) is an A-stable method. In other words, the eeptal finite diference
method (4.41) mimics the asymptotic stability of linear ORihout any need to
decrease the step size. According to the Lax theorem, theothé4.41) is convergent

since it is consistent and stable.

In order to show the accuracy and the expected rate of coeneegof the exponential
finite difference method (4.41), we perform some numerical tests. @anrtbie initial

value problem
dy 1

dt ~ Vx+2
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Table 4.1: Thd.., andL, errors and convergence rate at time 3.

At Lo order| L, order
0.1 0.00534699 — 0.00343760 —
0.05 0.00265630 1.009 0.00165271 1.056
0.025 | 0.00132389 1.004 0.00080993 1.028
0.0125| 0.00066088 1.002 0.00040087 1.014

The equation (4.46) has the exact solutyft) = Vx+ 2. Lety, be denote the nu-
merical solution at, of the equation (4.46) by using the exponential finitéedtence
method (4.41). Assumgt,) is the exact solution at the mesh padint

The rate of convergence for the scheme (4.41) is calculatied the formula
log [E(At)/E(At/2)]

order= °90) (4.47)
whereE(At) is L., andL; errors given by
Lo = 1@}% |y(tn) = Ynl,
N (4.48)
Lo = A[AUD (¥(tn) = Yo)?
n=1

Table 4.1 shows the errors and the rate of convergence otliegre (4.41). From the
table we can see that first-order accuracy of the scheme isvach This verifies the

theoretical results (4.42) that the scheme (4.41) has fidgr@ccuracy.

4.4 Exponential Finite Difference Method for Linear Black-Scholes Equation

In this section we will address the linear European optiocimy problem (2.30), i.e.

2Q2

Vi+ T2 Vs +1SVs -1V = 0. (4.49)

Although the exponential finite flerence method will be used in the next section for
the nonlinear Black-Scholes model, we check the method loetéé linear case be-
cause the exact solution of the linear model is known. Fiesstwould point out one
problem that may arise in the denominator of the exponertierekponential finite
difference method. When the final condition becomes 2&(8,(T) = 0) the denomi-

nator of the exponent in the exponential finit€elience method ensures the problem.
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This problem is not encountered in physical models such asd€piation and Burger
equation, but encountered in financial model because the \wlEuropean call op-
tion C(S, t) and the value of European put optiB(S, t) at some = T value are zero

(see Fig. 1.1). To overcome thidiiculty, we define transformation
V(S,t) = a - V(S,1), a <0, (4.50)

substitute into (4.49) and obtain

0282 _

> Vss—ISVs —r(a-V) = 0. (4.51)

-V(S,t) -

For the case of European call option for instance, the finaditmn and the boundary
conditions are transformed into

C(S,T) = — max{S - E,0}, (4.52)
E_(Smax, t) = a—Spax+ Ee (Y, (4.53)
C(Smin, t) = Q.
Now following Sec.4.1, we multiply both sides of (4.51) b@%v) and get
\/\ A\/ \/ 2Q2
aF—Q/)a—V :—aF—(_V){‘T S Vss+ rSV3+r(a—V)} (4.54)
oV ot oV
or . . pes
oF(V oF(V) [0S = — —
m_F { s+ 15Vs + r(a—V)} (4.55)
Now let
F(V) = InV,
then .
oF(V) _ 1
N OV

Using the backward Euler method for time derivative and #®ad order central

difference for space, we get the finitéfdrence representation of (4.49) as

—n —n-1 —n —n  —n —n —n
F(Vj) - F(Vj ) _ _i 02852 Vj+1 - 2Vj + Vj—l . rSVj+1 - Vj—l et
At vl 2 AS? 2AS J
J
(4.56)
or usingF(V) = InV
—n —n  —n —n —n
—n —n-1 At [02S2V,1 =2V, +V, Vii—-Vi, —n
In(Vy) = In(V; ) = —=5 | — J* ASJZ = 4rs J+2AS = tra-r1V|.
i
(4.57)
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The property of the logarithm Ir{y) = Inx— Iny leads to

In = —— +rS +ra—-rVv.|,
v V)| 2 AS? 2AS j
J
or equivalently
i eXp —_—h 2 ASZ +r SAS +ra—r j .
j j

Thus, we get the explicit exponential finiteftdirence scheme

Vj_l =V { exp f—ﬁ
Vi
(4.58)

for the European option pricing problem (4.49). The finalditan (4.52) and the

—n —N —nN —n —Nn
’S Vi =2V Vi + rSVj+l Vi tra—rV,
2 AS? 2AS A

boundary condition (4.53) will be used for thetdrence scheme (4.58).

4.4.1 Numerical Results

In this section we will check the properties of the numergeteme (4.58) for the
linear Black-Scholes equation (4.51). Notice that undersi@mationV = a — V

in (4.50) the auxiliary variable: appears in the final condition (4.52) and boundary
conditions (4.53) of the transformed equation (4.51). &fare one may expect that
the choice ofe may change the solution. We run the scheme (4.58) fiberdinta
values withAS = 2, At = 1/1700 and see that theffirent choice ofr values does
not yield significant change in the solution. For this we ¢desthe European Call

option so thatf (S) = max$S — E, 0} with the following parameters:
E=500=04,r=01T=5/12 Snyin=0, Snax= 150

For these parameters the exact vali{§, 0) in (2.28) of the linear equation (4.49) is
C(S,0) = 6.11508 The explicit finite diference solution (2.35) yields the solution
C(S,0) = 6.100815 with absolute error.@5693 Table 4.2 yields exponential finite
difference solution (4.58) for the same set of parameters. Hrertable we see that
the best choice of parameteris @« = —0.029 For this reason, otherwise stated, this

value ofa will be used for the further experiments. In addition we $eg €xponential
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Table 4.2: European Call option val@£S, 0) for variousa values.

a Co |Error|
-1 6.104209| 0.0123
-0.1 6.109050| 0.0075
-0.02 6.126925| 0.0011
-0.029 | 6.116384| 0.0001
—-0.0299| 6.115930| 0.0006
-0.03 6.115883| 0.0006

Table 4.3: Comparison of the exponential finitéelience scheme (4.58) (EFD) with
the explicit finite diference (Explicit FD) method (2.35) atfiiirent current stock
prices.

So Exact Explicit FD EFD

40| 1.600448 | 1590457 | 1.602728
50| 6.116508 | 6.100815 | 6.116384
70| 22512829| 22508751 | 22514371

finite difference scheme gives smaller error than the explicit finfferdince scheme
(2.35) for all choice ofr in Table 4.2.

Table 4.3 represents a comparison between the exponential difference scheme
(4.58) with the explicit finite dierence method (2.35) atftkrent current stock prices.
From the table we see that approximation to the current v@&{8e0) of the exponen-

tial finite difference scheme is always better than the explicit schem&)(2.3

Fig 4.2 represents the absolute error between the exadioso(@.28) and the expo-
nential finite diference method (4.58). The following parameters are use)id.E

E=50;0=04;r =0.1;T =5/12;Spin = 0; Spmax = 150;AS = 2.

We see that error in the current value European call opticnedses as the temporal
mesh size decreases.

To indicate the convergence rate in space of the proposeénmahscheme (4.58),
we perform some numerical experiments for various valueASfand fixed value

of At. In these experiments we chooae = 1.0 x 10 to ensure that the temporal
error is negligible. Furthermore, we make the calculatiemder the assumption that

the method is a convergent method in space. The rate of genves for the scheme
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Figure 4.2: Numerical solutions for several temporal stee.s

Table 4.4: Rate of convergence of the exponential finifieddnce method (4.58) for
At=10x10%atT = 5/12.

AS Leo order
10 | 0436028 —

5 0.093979| 2.214
25 10.021377| 2136
1.25 | 0.003599| 2.570
0.625| 0.000 996| 1.853

(4.58) is calculated using the formula

l0g[Lo(AS)/Le(AS/2)]

o) (4.59)

order=

whereL,, error is given by
L = max|V(S;, tn) = V]l (4.60)
<]J<

The errors and the rate of convergence is tabulated in thie fiadb. This verifies the
second order convergence in space of the scheme (4.58, wsbave used second

. . aZV
order central diference approximations f(§§ and?z.

Figure 4.3 represents a double logarithmic plot of the errBrom the figure, we see

that the exponential finite fierence method (4.58) is second order convergenge in
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Figure 4.3: Double logarithmic plot of error versus spa&p §, indicating second
order convergence i8 of the exponential finite dierence scheme (4.58).

4.5 Exponential Finite Difference Method for Nonlinear BSE

In this section we will consider the nonlinear Black-Schagsation (3.4)-(3.6), i.e.
the illiquid market problem

\ 252 2V v
i”’ _— j2+5i—N:Q6ﬁe@@x@n (4.61)
ot 2 (1 _ /l(S, t)S BZV) 0S 0S

9s?

V(ST)=1(S) 0<S<w (4.62)
with the price impact function(S, t) > 0 is given by

I(1-e#TY), S<S<S
A(S,1) = =

(4.63)
0, otherwise

whereV is the price of the option depending on the underlying aSsatd the time,
o > 0 is the constant volatility, is the interest ratel, is the expiry date for the option,
f(S) is the payd function (see Sec.3.2.2). We consider the numerical solwf the
problem (4.61)-(4.62) by using the exponential finitdatience method. We will use

the same mesh points with the Sec.3.2.3.

60



Since the domain of the problem (4.61) is unbounded in thetyidg asset variable
S, we consider the finite interval for the numerical solutiowl g&akeS € [0, b] for the
asset variabl& for which b is chosen so that @ S < S < b. Thus, the domain for

the approximation becomes
(S,t) € [0,b] x [0, T].
We consider the equally spaced mesh points
Sj=jh, h=AS, t,=nk k= At

with 0 < j < N,O0 < n < I,Nh=bandlk = T. The numerical approximation of
the solutionV(S;, t,) is denoted by\/j”. We use the following approximations of the

partial derivatives

N+l _ \VAL

(9V . _ j ]
£ (Sj.ta) = — i + O(K) (4.64)
52V VY =2V + VD
25z(Si-th) = ‘ hZJ =+ 0(h?) = A”(V) + O(?) (4.65)
ov Via— Vi 2 n 2
g(sj,tn) = oh +0(h) = Vi(V) + O(h"). (4.66)
At the external nodeS_; = —h andSy.1 = (N + 1)h, the approximation¥"; and
VQ\,, are obtained by
VY =2V —UD VR, = 2VR - VR, (4.67)

for 0 < n < | by using linear interpolation. Moreover, using the appneiion (4.65)
we get
Ay =AY =0. (4.68)

We know from the finite dierence equation (4.58) that, exponential finit€edence
scheme dfliers from the zero starting value. In order to avoid thigiclilty, as we

have done in Section 4.4, we introduce a parametand substitute into (4.61)
V(S,t) = a - V(S,1t) (4.69)

and obtain
_ 0252 _ _ _
Vi + ——Vss+1SVs — 1V +ra = 0. (4.70)
2[1+(S.1)SVss|
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Then we multiply (4.70) by?';LvV) and get

\/\ A\/ \/ 2Q2
FV)NV __IFV) TS Ves+1SVs — 1V +ra}.  (471)
ov ot N | 2[1+A(S.H)SVs]
To obtain the exponential finite fikrence method, we choose
F(V) = In|V|
for which .
oF(V) _ 1
N OV

Substituting them into (4.71), and using the backward Ewulethod for time variable

t and central dference for variabl&, we get the finite dference method

i —n-1 — — —
FVD-FV, ) 1 2S? Vi -2V, +Vi,
- 2 2
. Vil [1+ A(S).t)S; _,ﬂ_zv il h
—n —n
V...—-V._ _
+rSj—'+12h I e - rV?
(4.72)
UsingF(V) = In|(V)| we have
_ ol k 0'252 V. —2V + Vr.‘_
In(V) - In(V; ) = -= I — !
Vj [1+/l(SJ,tn)S &
—n —n
Vi,—-V._ _
+rSj—’+12h = ira -1V
(4.73)
The property of logarithm In(/y) = Inx— Inyleads to
. Vil o« o?S? Vig -2V +V,
—n1| T~ TN 2 h2
j Vil2 [1 + A(S). )8 L2V
—n —n
+rsj% +ra—rv;
or equivalently
—n 2 2 —nN —N —nNn
n-1 7 2 2
j Vil2|1+ A4S t)s, —'“ sl h ,
—n —n
Vi,—-V._ _
+rS,-—'+12h 1 e - rV? }
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Figure 4.4: Numerical solutions for several temporal stee.s

Thus we obtain the exponential finiteffidrence scheme

VA Vi o?s? V-4V
} — } k j 17 eViTVi-1
Vi Vi exp{v.; L 1+A(Sj.tn)S VT+1*2V?+V?—1]2 h
p)Sj =7 ——
- hvn (4.74)
j+1 7 Vij-1 —n
+1S;— = tra -1V,
2h

for the generalized Black-Scholes pricing PDE (4.61) thatHe case where interest

rate f > 0) and the reference volatility(> 0) are constant.

45.1 Numerical Results

We consider the European call option, (so thé8) = max{S - E, 0}) for an illiquid
market with strike pricde = 50. The asset variabl8 is chosen so th& = 20< S <

80 = S. The following parameters are used in this test:
r=006 0c=04T=1 a=-01 8=100 y=1 h=AS=2,

Fig. 4.4 shows the stable and unstable cases for the opticingpralue. The tem-

poral step sizé = At = 8.976x 10 is a sufficient value for stability. However, for
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k = At = 12976x 10 the stability condition is broken appearing spurious d¢ecil
tions in the numerical solution. We note that the explicitimoel (3.14) was unstable
for k > 7.0698x 10~*. But exponential finite dierence scheme (4.74) gives stable so-
lution for the value ok = 7.0698x 107*. In the following tests, we consider the same

stability step size requirement but with several price iotgadficienty. Figure 4.5
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Figure 4.5: Variation of the option price with the parameter

represents thefkect of the price impact céicienty for option priceC(S,t) at time
t = 0 with the temporal step siz&t = 1.976x 10-*. From the figure we see that the

grows in the value of yield the grows in option price.

Figure 4.6 shows that when the value of the price impacffi@enty is increasing,
the hedge ratia\ is increasing forS < E. On the other hand whe& > E it is
decreasing iry. This indicates that lower liquidity spreads out the hedira We
notice in Fig. 4.7 thal takes its maximum value for smaller valuesés illiquidity

increases. Moreover, asgrows maximum value of Gamma diminishes.
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CHAPTER 5

CONCLUSION

In this thesis we investigated finiteffirence methods for the valuation of European
options. We first reviewed the derivation of the original Blgcholes partial dif-
ferential equation and analytical solutions of the coroesiing terminal-boundary
value problems for the European call and put problems. d-tiiference methods for
the original Black-Scholes partialférential equation which is a linear second order

parabolic equation are presented briefly.

Next, we studied an explicit finite filerence method for a nonlinear Black-Scholes
partial diferential equation arising in an illiquid market given in theticle [17] in
detail. Monotonicity, stability and consistency propestiof the explicit scheme is
analyzed in a complete manner. Numerical experiments aferped confirming the
stability conditions and behavior of the solution in ternighe change in the price
impact codicienty. Variations of sensitivity of the option price and with resp

to the change of the current price of the underlying stagkand Greel™ are also
investigated. It is seen that, the price of the option ineesaasy increases and
grows for the price of asset smaller than the exercise pridedaninishes otherwise,
asvy increases. We also see that, maximum valuE isf occurred for smaller values

of the asset price as the parametdrecomes larger.

Chapter 4 is the main part of the thesis. We introduced therexgal finite difer-
ence method for heat equation following [13] with some diigbiesults. Then we
applied the method for the linear and nonlinear Black-Sahetpations. We investi-
gated order, consistency, linear stability domain and eayence of the method. For

the linear and nonlinear problems discussed in Chapter 2 aagtét, we found nu-

66



merical schemes as a result of the implementation of therexa@l finite diference
method. We analyzed the performence of the method by congisisolution by the
analytical and numerical solution obtained from explicithrod for the linear BSE.
We have shown that approximation to the current value of tin@jean call option

of the exponential finite dierence scheme is always better than the explicit scheme.
To show the convergence rate in space of the proposed nwahsciceme, we have
performed some numerical experiments for various valuesSand fixed value of

At and verified the second order convergence in space of thengchidoreover, nu-
merical experiments are performed to investigate the tian@f option price in terms

of the price impact cdécienty. We have seen that, all results are similar to ones in
the literature. Indeed, we have seen that, exponentiat filifiterence method gives a
stable solution for the choice of a time step value where pda@t method given in
[17] gives an unstable solution.
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APPENDIX A

Appendix

In this part, we recall some definitions (see e.g. [46] andréierences therein) in
probability theory.

Definition A.0.1 LetQ be a nonempty set, and l€t be a collection of subsets ©Of.
We say tha# is o-algebra provided that:

(i) the empty sey belongs toF,
(i) whenever a set A belongs 10, its complement Aalso belongs toF, and

(iif) whenever a sequence of sets, A, ... belongs tof, their unionu? A, also
belongs toF .

Definition A.0.2 LetQ be a nonempty set, and €t be ac-algebra of subsets @3.
A probability measuré” is a function that, to every set A ¥, assigns a number in
[0, 1], called the probability of A and writteR(A). We require

(i) P(Q) = 1, and

(i) (countable additivity) whenever,AA,, . . . is a sequence of disjoint setsi#n then

P(UpsA) = D P(AY).
n=1
The triple(Q2, 7, P) is called a probability space.

Definition A.0.3 Let (Q, ¥, P) be a probability space. A real-valued function X de-
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fined onQ is called random variable if the sets
X< = {we QX(w) < X} = XH((~c0, X])

are measurable for all x R. Thatis{X < x} € .

Definition A.0.4 For x € R the (cumulative) distribution function() of a random

variable X is defined by
F(x) := P(X < X).
satisfying

Iim F(X)=0 and ImF(x)=1
X—+00

X——00
Forall x e R if f(X) > 0and

F(X) = f "t

then f is called a probability density function.

If X has the density f, then the expectation or mean of X isekbby

u=E[X] = Im x f(x)dx

and the variance is given as

o?:=Var[X] :=E[(X - p)?] = fm(x — w)?f(x)dx

Definition A.0.5 (Normal Distribution) X is normally distributed with expectation

u and varianceo? and denoted by X N(u, o) if its density is

1 _1 X;IJ)Z
Puo2(X) = ——=€2'¢ for —oo< X< 0.

o V2r

Definition A.0.6 (The Standard Normal Distribution) The normal distribution with
mean0 and variancel is called the standard normal distribution.

The probability density function of the standard normatritsition is
f(x) = ie‘é for —o0 < X< oo,

Vr

and the cumulative distribution function is

X
1
N(x):f \/—Ze‘?2 for —oo< X< o0,
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