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ABSTRACT

PROJECTIVE LINEAR QUADRATIC CONTROL OF DIRECT CURRENT
MOTOR UNDER DISTURBANCE TORQUES

ISMAIL ZUGLAM
M.S., Electrical& Electronis EngineeringDepartment
Supervisor: Assoc.Prof[Rek at ¥zg¢r Doruk

JANUARY 2017 62 pages

Projective control is a method of control based on output feedbadatml a linear
system. The main objective of this research is to design an output feedback controller
for obtaining a DC Motor position and speed tracking coleirohnd analyzeéhe
stability of closed loop against exogenous disturbartcequesusing input-to-state
stability theory. The control algorithiis implementedy using pole placement and
Linear Quadratic Regulator asreference full state feedback controller amuke
applies ortbgonal projection of full state space to output state sfacdtain the

output feedbackontroller The overalldesignsare demonstrated by MATLAB based
simulations.

Keywords: DC motar Projective control, Linear Quadratic regulator, Speed and
Position Control, Inputo-State Stability, Disturbance Torque, MATLAB.
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CHAPTER 1

INTRODUCTION

The Direct Current Motors may appear in almost all applicationsuinworld.
Practically every mechanical movement that you see around is a result of the action
of a DC Motor. A DC engine is a machine that converts electrical energy into
mechanical energy when supplied by a DC power source. The motors are accessible
in various sizes. Large engines, which can carry loads more than 1,000 horse powers
are used in industriahpplications .The are several types of DC MotoiBhe
operationof whichare basically based on the same principles

A brushedDirect Current Motor consistof coil, called ( armature windingjor
roter), inside permanent magnet¢called stator). Applying a voltage to the coils

results a togue in the armature, producingotion.

DC Motor can be controlled directly by implementing analog circuitry (amplifiers,
integratorspower drivers). The parts except power circuitry can be implemented as

software routines on a microcontroller.

The performance requirements BXC motor controkystem designmay require the
implementationof linear quaratic control techniques wheeespecific control cost
function is minimized The usage of a full state feedkacontrolle may not be
applicabledue topractical limitations. The most important limitati@the shortage

of directly measurable variable$he linear quadratic methasl known toprovidea
betterperformance andobustness than classical techniquéts results can be used

as a reference for the subsequent desigttsvever every compensator design
method desnot provide low order products with acceptable results. In the last 30
years, there are researches conducted for solving the problemd kvikke the
unavailability of states and approximating the linear quadratic full state feedback

controller method by using only output feedback.



The linear quadratic full state feedback degigQSF) is used to obtain a reference
solution, which calledeigenstructure, for projective control design technique. The
quadratic design is in fact a simple optimization procedure in which the cost is

defined as a function of state and input vectors.

1.1 Aim and Scope

In this study, the projective control methoduislized to develop speed and position
controllers using linear quadratic and pole placement based full state feedback

methods as a reference.

The aim of this study is to desigm control systemthat have possible uses in
practical applications. The control system shoulast obtain feedback fronihe
available information. It should be possible for the designer tormséhodological

design techniques withonecessityof complex computationallgorithms.
1.2.0utline of the Dissertation

Chapter 2 is the literature survey, which introduces what have been done so far in the
same field Chapter 3ntroduces the dynamical modeith mathematical equations.
Chapter 4, presents the theoretizaformation aboutthe mentionedfull state
feedback techniqueghe projective control method and inptg-state stabilitytheory
together with its motivation in disturbance rejection analydapter 5 demonstrates

the application of the theory preseshten Chapter 4 to D&Motors. Chapter 6
presents numerical and graphical results of the position and speed cinGl
motors, presented in Chapter &hapter 7we will add comparison of DC motor
controllers based on projective and backsteppimgtrollers In Chapter8, we will

have a summary and discussion of the overall results.



CHAPTER 2

BACGROUND INFORMATION AND LITERATURE SURVEY

Direct Current Machines are widely utilized torque transducers in mechanical
systems the applications wfich range from automotive, robotics, pneumatic and
hydraulic systems and different biomedical engineering implementation. The
simplest version of a DC motors involve a permanent magnet rotor and (stator) an
armature windingvhich is often the case wheme has a brushed DC motor [1,2].
These can benodelled according to the fundamental circuit theories and often
available in control systems textbooks such as [3]. The brushless DC motors which
have a permanent magnet stator but a wound rotor is actwaCamotor. It will
require a dedicated driver circuitry to be operated from a DC supply [4]. The
dynamical characteristics of brushed or brushless DC motors are similar [5]. A
proper and beneficial DC motor application will require a position speed
cortroller so that the desirggerformancesre obtained (constant or tracked speed
and/or position)They are also a well established class of mechanical systétad

for control system development and numenasearches are available in literature.

Concerning the control approaches one can note that regardless of targeting position
and speed most of the motor controller designs involves proportional+ integrator
+derivative group (PID or PI) of controllers. Some related examples can be found in
[6114]. The PID group of controllers are structured control laws that can be tuned
according to various methodologies suchZesgerNichols charts [11], optimization

[8, 13] and even neuroadaptive [12] techniques. Some other control related studies in
the literature are about fuzzy logic based motor controls [9], a Kalman Filter based

example [15pnd another application using optimal state feedback [16].

Almost all control approaches need to implement a feedback from all or part of its
state variables (pasn, angular velocity/speed, armature current etc.). Depending

on the application some of the state variables may or may not be available for
measurement. Factors affecting this availability may be the cost, the feasibility of the

usage of certain instruents such as tachometers, encoders, current or torque sensors.

3



In the literature, there are sensorless control approaches such as [15, 17, 18]. These
aim at the control of motor dynamics without the employment of a position or speed
sensor. Such approachgsnerally require the utilization of an observer [3] such as a
Kalman Filter [1922]. Elimination of an observer/filter means employment of a
static output feedback approach which is lack of a profound systematic knowledge.
However thanks to [225], theflexibility of a full state feedback control can be
reflected (or projected) to an output feedbackabgimple orthogonal projection
operation from the state space of the full state feedback to the state space of the
output only feedback. This approach famerly used in aerospace applications
[26,27], some process control applications [28,29] and also as a Dynamic PI Control

tuning helper [30].

In this research, we will utilize the approagiiesented in [23] t®@c motor control
assuming that théeedback from the armature current is not available. This is a
practically possible situation as the measurement of a current through a sense resistor
followed by an signal amplification might lead to accumulation of unwanted noise.

In this studywe will present a position and a speed control application which have a

feedback only from the speed/position tracking errors.

Motors are often subject to disturbance torques when operated at harsh environments
such as nowniform fluid flows over the propellerrdad lubrication of the bearings

etc. The level of disturbance torques might be a threat to the stability of the closed
loop control system. The last part of this research is to deal with the effects of the
available disturbance torques. The disturbararguies can be considered as an
exogenous input to the closed loop system and thus the notion oftorgtate
stability [31, 32] can be considered as a useful analysis approach. The disturbance
decoupling concept [335] is an extension of inpiib-statestability property which
analyses the disturbance quenching capability of the closed loop control system. In
this research, we will try to assess the conditions of itgpatate stability treating

the disturbances as inputs to the closed loop.

The maincontribution of this research to the literature can be summarized as follows:



U Application of Projective Control Approach to the design of electric motor
control systems

U Analysis of the disturbance handling capabilities of a closed tndput
feedback motor control system through the utilization of inpoxstate

stability.

The demonstration of the results will be performed by numerical simulation of the

designs. MATLAB is the maioomputational environment in this study.



CHAPTER 3

MATHEMATICAL MODEL OF THE DIRECT CURRENT
MOTOR

In this Chapter, we will give a summary of how a DC Motor is modelled using
linear differential equations. The order of the models will be different for position

and speed controllers.
3.1Mathematical Model of DC Motor

The equivalent electrical circuit of a DC motoistsownin Figure @.1) . Itis driven

by a voltage source (Va) across the coil of the armature. The electrical equivalent of
the armature coil can be described by a resistance (R) withdaotamce (L) in
series with a voltage (Vc) which opposes the voltage source. The voltage is
produced by the rotation of the electrical coil through the fixed flux lines of the
permanent magnets. This voltage is regularly referred to as the back etdisteom
force[1].

kS oa(t)

+ L “iscous
friction

N DC Inertial
=mf Motor Load .J

Tt

Torgque

w(t)
Angular velocity

Figure(3.1) courtesy of [38] Representation of a©Motor.



The physical parameters of the DC motor
ElectricArmatureRe si st ajnce, R ( q
ElectricArmaturelnductance, L (H)

Electromotive Force Constaify//rad/se¢ (0 )

Moment of Inertia of the Rotognd the load.J (Kg&x )
( Viscous friction coefficient ) of rotor bearing8 (N.m.9
3.2System equation

Generally, the torque produced by a DC motor is proportional to the armature current
and the strength of the magnetic figR]. In this case we will suppose that the
magnetic field is constant dnthus, the motor torque is just proportional to the
armature currentl by a constant factor ikasshownin the equation below. This is

referredto as an armatureontrolled motdi5].
T=Ki
The back electromotive force , is proportional to the angular velocity of the shaft by

e=Kg H,w

Where U is the angular velocity (rad/s) of motor and Q is its position(rad)

a constant factorK,).

In the case of the motor torque and back of electromotive force (emf) constants are
equal, K= K, ; therefore, we will use K to represent both the back @nstant

and motor torque constant .

From the figure above, we can find the followidgnamicalequations based on

Kirchhoff's voltage law and Newton's 2nd law.
Jg+b g=i

di . :
L—+RI &/ K
dt 7



3.3.State-Space

The differentialequation model of thgproblem from above can also be expressed
in statespace form by choosing the motor speed, motor position and armature
current as the state variables. Also, the rotational positi@epeeds chosen as the

outputandthe armature voltage is treated as ithput.

The direct current electrical machines generally involve the dynamics of the shaft
position d (ot rpdiarfs) amd adneaiyire everad(t) (in Amperes) and
angular velocityr (t) (in rad&ec)or (degree / sedp].

6'7 - (1a)
W: a22 W-|823ia \ﬁ-l_[ (1b)
i.a = aSZW _a':%sia béva (1c)
where
_ B K| Ky R._ 1
Ao = ——, 83 T ,33, ——,8g3 __’bs o~
nd J J L, L, La
1
V= —
J

In Table 3.1, one can see the definitions and nominal values of a particular DC

motor. In state space form one will have the following equations:

&g 60 1 0 g ® & © (2a)
e. Ué (] & ) A )

L X B Y Vg N

ga Hg) 3, 933 H.8 % € ¢

ew geéa,, a, gl Be gV (2b)
,_. ~ s \. ’+"Va ~ 4+ [

& U, a; e HE 00 "

In equation (2) there are two subsectidite state space representation in (2a) is

intended for positinoin control where as (2b) is intended for speed cofféiol



Table 3.1:DC motor parametgiTaken from [39] )

Definition Symbol Value
Inertia of the Load J 001 kg .a
Viscousfriction B 0AN.m.lI Q..
coefficient

Armature Resistance Ra 1Y
Armature Inductance La 05H

Torque Constant K; 0.01 N.m/A
BackEMF Constant K, 0.01 V/rad'sec

The termt  symbolize the load or disturbance torques due to certain restrictive
factors. These may be due to aerodynamic factors in a propeller or an unpredictable
friction on the shaft etc. The closed loop of the motor model in (1) will still have the
disturbancdorque t as input. Because of that we will make use of the Hiput

state stability approachesay be referencfsuch as Sontag 1995]to analyze our

motor controller under the disturbance torques.

Considering the control approaches there are vadtiematives as stated in chapter

1. The main issue about the full state feedback techniques is that some state
variables can not be measured difficult to measure In these cases either an
observer [Luenberger an&alman filters] should be used. In DC motor models such
as (2), the armature current which determines the torque through the rel&tion

0O Q may not be easy to sense continuously. Though devices such as low
resistance sense resistors are often usedirrent measurement, their utilization in
control requires amplification (such as @MPS or Instrumentatiomplifiers)

which may bring noise and offset adjustment requirements. Thus, a control approach
that does not need current feedback may befrefih being free of those issues.
Apart from these, lower number of instruments will be required which is a cost

reduction measure.



CHAPTER 4

CONTROL THEORIES APPLIED IN THIS WORK

In this chapter we will introduce a methodologpglled as projective control which
can be applied to design an output feedback controller. Classical control techniques
based on transfer function and compensation approaches will not be considered here

as they are well established classical methodologies.
4.1: Pole placment.
4.1.1: General Discussion

Pole placemenin general is a technique used in feedback control system theory to
place the closetbop poles of a plant in prdetermined locationgn the complex
plane{eigenspectrumiPlacing the poleto the desired locations are critical because
they determine the characteristafghe closed loop [3].

In the closed loop input and an output transfer function can be displayed by a state

space equation as

T
X = Ax +Bu
©)
y=Cx +Du
where:
C =1 * n constant matrifgRow vector} B = n * 1 constant mtax { column}
A =n * n constant matrix{square} u = control signa{ scala
y = output signal (scalar) X = state vectofn-vecton

Then these poles of tleystem are definitely the roots of the characteristic equation

given by
| sl-A =0

Full state feedback is utilized by feeding back by a signal which is a function of state

vector x . This can be proportional {or a linear function } to x as shovawbe

u =-Kx (4)
10



Here the control signal u is determinedthg instantaneousalue of thestate. The

0 0 O 8333Q is (1xn) is named the state feedback gain .We suppose
that all of state variables are available for feedback. In the next analysis we suppose
that u is unconstrained.he block diagram associated with the pole placement full

state feedback control is@hn in Figure @.1).

This closedoop system does not have inpulhe states of a stable closed loop
controller should converge to zerélowever due tdhe disturbances that might be
present, the output will deviate from zero .The nonzero output will be returned to
the zero reference inputdue to feedbackfrom states[3].A system where the

reference input is every time zercceled asa regulator system.
substitutingequation (44) to (43) yields :
w=(=T [|[L)e(t) «=(FDK)e
The solution of this equation is given by:
x(1) =" "9'X0) (5)

where X (0) is theinitial values of state vector x { at time t=0The transient and
stability response characteristics are resolved by the eigenvalues of mBiKxTAe

roots of full state feedbacystem is givenbhy d§ O 0 6 U0S

D |

Figure4.1 courtesy of Ogata[3]

Closed loop control system witk L o
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4.1.2 Pole placement design for servo systems:

The design procedure

suppose that the plant is defined by

X = Ax +Bu (6)
y =Cx

Where:(A,B) are complete state controllablegB AB AB ..A'B IS
of full rank.

As seen earlier, one can suppose that both the control signand the output
signal w are scalarQuite often one can see cases where outpuéquals to one of

the states. If & op one can write the following knowing that

~

0 Qo
W,
r‘(%ll
0 nTQ Q880 '+ Qi o (7)
118r1
wo U
Q i
N 0088

Suppose that the step function (reference input ) is applied at T@n, for t > 0,
the system dynamics become:

& Ax+Bu £ A BK x Bk (8)
Now will design the type (1) servo system such that the cls®aipoles are located
at desired positions. The designed system can be an asymptotically stable system,
y(D) will approach to r,u(®) will approach ta@ero. wherdr) is the reference input

modelled as step functian

x@) =Ax Bu (A BK X ) Bk ) ©)

Noting that r(t) is a step input, we hav®)}£ r(t) = r(constant) for t>0. By

subtractingequation (9) from Equation (8), we obtain

12



1 1
x®- x93 €A BKIX) X-)] (10)
X(H-x(9 =9

Then Equation (1)ecomes

é:(A -BK)e (11)

Whichrepresent the error dynamjed the system.

The design of the type 1 servo system here is changed tdettign of an
asymptotically stable regulator system such as e(t) approachesstagtimg from
e(0). If the process defined by Equation (6) is absolutely statérollable, then, by
appointing the desired eigenvalues * 8 8  for the matrixA - BK, matrix K
canbe calculated by the pofgacement method presented in Equation 4. The steady

state values of(t) andu(t) can be found as follows:

u@) = Kx( )ak# O (12)
X(P) can be determined as
x@@) = (A BK) Bkr (13)
Also, u(Pb) can be obtained as

u(@) = K )ak# 0 (14)

. 1
0 Some time the plank= Ax +BU has no integration. In this case the plant

shown by the general state equations

X= Ax +Bu (15)
y = CxX (16)
should be augmentday the following:

21 01 0w
andthe controlu can bedefined by

6 Lo v, 17)
Where output of the integratoy determined by

13



, L1 o 1 6dQ0 (18)

Where r=reference input signal
Suppose that the step function (reference input ) is applied at t=0. Then, for t>0, the

system dynamics can be described by using equation

(15) and (98):
éﬂ(t) \ 1
! \ )
€ O MW 044 Ty (19
én 6 m, o0 T p
ex(t)

We desire tabtain an asymptoticallgtableclosed loop system so that(D), (b),
and up) approach constant values, respectively. Thesteatdy state, (t)=0 and
we obtainy(b)=r.

Notice that at steady state we have

é'ﬂ
X(2) 6 m @b o . m,
gﬂ 5 b L 0P plE) (20)
ex(a)
Noting thati B 1 0 i(constant) for t>0.where®)is a step inputSo when

subtracting Equation (21) from Equation (20), we obtain

ex(t)- &9

Define:
e 4 oD L
, < , B <
0« 0D O «

If ub)=0° 6 6
if u(H) is not known one cannot calculate u, so no control action is available

Then Equation (2) can be written as

14



xe(t) ueA 0 @(e(t) o g Bé

e
: G (22)
é1 &C 0 &t U ogh
eXe(t) B)(e() u e u
Where 6 0o bw O Q, 0o (23)
By define a newn+1)h-order error vectoe(t) ,the Equation (2) becomes
x0Q 06 (24)
where
6 % ™ & ©°
0 1 T
and Equation43) becomes
0 0 (25)

where

The state error equation can be obtained by substituting Equaijoint®
Equation (2):
Q 0 6uvQ
Calculation of the gain matrix is similar to that of (L1) but we obtain a) having

(n+1) elements instead of (n)

4.2. Linear Quadratic Regulation (LQR).

Linear Quadratic Regulator methogglds a linear feedback control law through a
simple optimization with equality constraints.other words, themethod minimizes

a quadratic performance indelong the trajectories of the linear system {plant} in
consideration. This is often an advage, because one will get rid of pre
determination of closed loop eigenvalues. This Wwélp one to implement a faster
design process when the system order is too large which makes the determination of

15



desired eigenvalues a cumbergotask. In additionthe resultant eigenspectrum will
usually be better than the most manually planned set of desired eigenval

Optimal design of the controllers are also an advantage as the proper selection of the

cost function might lead to robust controllers.

Mathematical formulation.

Assumethat the space model is

1
X= Ax +Bu

with ON'Y IO 8V 'YRD N 'Y @& &N Y . Theinitial condition is x (0).
Assume that we have sensors to measureritiee state and that we use a controller

(regulator) 0 VI

that aim to drive the state to zero.
we use the LQR method tevaluatethe gain K . In this casel.et the cost function

be defined as
J= P (& Qx+6 RU)QO (26)

Where Q is a matrix ofweighting factordor the states whictshould be gositive
semidefinite matrix, andR, (is also positive definite matrixXor scalar ) for a

matrix weighting of controlction

To design the LQR controller, the firseeptis to choose the weighting matrices Q
and R. The value R weight inputs more than the states while the value of Q weight
the staé more than the inputs. Théime feedback K can be computedeTclosed

loop system responses can be found by simulation.

The LQR controller is given by:
0 0 ® (27)

16



where K isa constant feedback gaimatrix /vector obtained fronsolution of the
continuousalgebraic Riccati equation. The gain matrix K which solve the LQR
problem isgiven by:

0 Y 00U (28)

Where 0 is the unique, positive semidefinite solution to the Riccati equadigfined

by:

AP+ PA -PBRY B P Q0 (29

4.3. Projective control.

Projective control is a technique of retaining the most dominant eigenstructure of a
full state feedback design using output feedback, where the optimal full state
feedback control is used to form the reference eigenstructure. The controller might
be in orm of a static gairfull state closed loogstatic projective control) or a
dynamic compensator (dynamic projective control). The number of eigenvalues and
eigenvectors retained from the reference eigenstructure depends upon the number of

outputs availale, for feedback.

Static pojective control isan output feedback design technique used to obtain a
partial eigenstructure of a state feedback contrglier K x, x R+, u R using
dynamic ad/ or static output feedback.For static output feedback

(u= Ky y R), n eigenvalues and associategenvectors of afull state

feedbackclosed loopcan be retained

Consider the problem of designing output feedback regulators for a-fimear

invariantsystem described by
1
x= Ax +Bu
w 0w
The basic advantage of the projective feedback controller is the use of an output

feedbackinstead of the state feedbachlso the projective controller hasther

17



advantage of being a lewost feedback controller, which uses the output

measurements without requiriagtate estimation.

ﬂ —
x=(A -BK) x (30)
Thespectraldecomposition ofA-BK)) is described by
(A- BK)V = (31)

Where L is a diagonal matrix, which contains the eigenvalugd\eéBK] andV
is a matrix containing the associated eigenvectofa-&K ].

When one applies the following output feedback

u= -K% Where @ 06 @

Then: u= K"Cx 32)

~

el _ r .
x= (A BK°Q)x 33)
the spectral decomposition of A - BK°C ) is
given by,
O, —_
[A-BKClV, =V,L, (34)

If the output feedback controller is to retain the dominant eigenvaluessfrasi

andif its corresponding eigenvectase(from V asV, ).

one shouldalsobe able to write the following:
[ A-BK]V, = VL,

as theV, and L ; are subsets of andL respectively.

So one can equate the above to (34) as:

[A-BK]V, = [A-BK °Q V,

18



It will be easy to solve the above equation tor using basic matrix inversion.

So one can obtain the output feedback gainas:

K° = KV, (CV,)* a5

The number of eigenvalues to be retained is equal to the dimension of output
feedbackwhich isr: { @w~ 'Y }.

44. INPUT-TO-STATE STABILITY

In this part, we will illustrate the inpdb-state stability concept and present its
applicability in theanalysis of the comprehensive stability of the closed loop motor
controller against disturbance torques. Before continuance it will be beneficial to

providesome definition$40].

Definition 1 (Class K Functions) These are a class of all functiogsl ©
satisfying the following conditions:

1. (0)=0

2. () is continuous

3. () is strictly increasing.

Definition 2 (Class) Functions), 0 will be of class ¥ if (.) is of class K and
, 0 O Ppwhenn© B8

Definition 3 (Storagé-unctions) The function Wb :

P O p withwN P issaidto be a storage Lyapunov function if it satisfies

the following conditions:
1. W is continuously differentiable

2. W is radially unbounde@W @ © B whenw© b.

3.W is a positive definite functiof®Bw m TOEQ @ NI M&n T
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Theorem 1 (Stability of an autonomous system)
Suppose that a system defined by the following differential equation:

» Qo (36)

and alsosuppose thai®0) = 0. The equilibrium pointw = 0 will be stable in the
sense of Lyapunov, if a function \dj(satisfying the properties given in Definition 3

and:

—Qw ‘B (37)

where ‘ % is a class I© function.
Theorem 1is valid when the system has no exogenous inputs. When the system in
(36) has exogenous or normal inpuég ne needs to take it into consideration. In

this case we will need to define an i&gapunov functionSee the definition below:

Definition 4 (ISS-Lyapunov Functions) An ISS- Lyapunov function W§) is a type
of storage function which satisfies the properties given in Definition 3 and the one

shown below:

—oif C gE —®s (38)

where' 8 and—{.) are clas® B functions.

Theorem 2 (Input-to-State Stability (ISS)) A system defined by the following
general differential equation:

~

® Qb (39)

will be input to state stable (ISS) if there exist ac)\gatisfying the properties in

Definitions 3 and 4 for the system iB9j.

In general, the above case can be associated with the dissipation conc8pisaa (3
dissipation inequality with the storage function dV(and the supply function

, o —Ps B

20



Input-to-state stability can be viewed as a disturbance to state stability when the
closed loop formed by applying a feedback of the foom Qw to a general

system with a exogenous disturbance irgput :
® "Qafoke (40)
and when the feedback is applied the above system will becoméQah Qao FE

. Thus, the closed loop can be thought of a system with énpiihen the input to

state stability condition in @ can be rewritten as:

— Q' g —€s (41)

with the definitions of| h—are same as that of§8 The above condition is calle

Disturbanceto-State condition.
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CHAPTER 5
CONTROL OF DIRECT CURRENT MOTORS

An appropriate and beneficial DC motor application wikedspeed angbosition
controller. This is required to attain both the desired operation and performance
Position and speed control of direct current motors may require different
configurations.For example position dynamics in (2a) involve a natural integration
which helps irthe elimination of any steady state error. The speed (angular velocity)
dynamics (2b) on the contrary does not have any natural integrator which may lead
to a steady staterrer. In order to overcome this issue one will need to add an
artificial integrator to (2b). In this section, we will present the speed and position

control of the DC motors with the aid of projective control approach

5.1.Speed Control of DC Motors by FPojective Control

In speed control, the aim is to hold the speed at the desired value and keep it at the
desired value even if there are disturbing effects.

As noted in equation (2b) we do not have any natural integration in speed dynamics.
This means that we haveitdegrate the tracking error asownbelow.

e = w o w

where w, is the desired angular velocity andwis theactualangular velocity of

the motor shaft.So the state space representation of the motor speed control will be

obtained fronthe combinatiorof theabove equation

and (2b) as:

ee g0él 0 @e0g €0 g -1¢ @)
é. uné e é

g 0ga am WiRON & § 6.

6. HO0ga, a; i,ye,y O 4 Oe

According to[3] if the reference velocityn, is constantor slowly variable the

difference between the state variableso i 6 h'Q 6) and their steady state
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values e(a), wo),i( gwill not involve reference speed w,() .This is also a

known fact from some mechanism theory.

So we can writéhe following:

ee, &0 1 O peg De
e. ué u_e e
& TL 2 2 %6 +§é
& e a, a; gyeg the

Where & =&(1) - € e, W

Then, The control law can be written as:

<
I
A
X
Il
(DD
~
~
ST
s
(D \ N (D7
PE° B

for the full state feedback,
ee,

V,= K°Cx =gk°k £

for output feedback control. 14%) and @6)

Cea 109=L( )-

e=[e, &, €,

In (46) the output matrix C can be written as:

© A
p= =

This means that, warehaving a feedback fromee and eW .

(44)

(45)

(46)

(47)

From equation44) and (%4 ) the closed loop dynamieghen full state feedback in

(45) is employedgan be writteras:
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eé=(A -BK)e (48a)

A- BKF a, A, (48b)
ok & K, & 5K

The next stage is to apply projective contrsingequation 85). In the speed control

of DC motors by projective control approach, we only will have two feedback
variables as understood from4{). This means that we can only retawo
eigenvalues fronthe closed loop spectrum of8b). Due to thefact that thesize of
(49b) is an odd number.if there are two complex eigenvaluese has to choose
them as the retained eigenvaluésill the eigenvalues are real the two dominant

ones shoulde preferrd as retained eigenvalues. After the applicabbr§35) one

have to check the closed loop eigenvalues ofaput feedbackevaluatethe
following:

é=(A -BKQ¢ (49a)
é, 0 1 0
o~ £
A- BK”C % 0 a, & (4%)
8‘ ng 3, by kow A3

To check the overall spectrum of closed loop formed by output feedback.

5.2. Position Control of DC Motors by Projective Controls
In (2a), the position dynamics has

integ ati on of t he (taogond doas not lealecadiany wortof ¥

artificial integratorsOne should rewrite the dynamical model for position control to
proceed:

&g 80 1 O g ® & @ elg
e. Ué 0 @& U 4 ) 5
2 ERSH N ETE ¥ (0
8 U@ a, a; .8 b € @ LU
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where g, is the desid reference positionThe dher variablesin the above

equation are the same as that of (43Pne shouldobserve that,50) and @3) are

totally the same except the error integral variabh i c h i s Substitut
and the reference velocity variaple that is replaced by, . Because of that, the

details given in Sectiob.1 canbe directlyappliedto the problem, in theondition

that the designer is careful abaime state variables. The errdgnamicsof the

position control problem will have the same matrices [A,B]. Qhby state vectors

should be modified properly:

g

>, 90 1 0 geg @
. Ug 0 _e é
Cw bé &, &3 u% +§é\£ (51)
. U8 & a; geg e

Thusthe control equationgl$) and @6) will be:

D>

\

(_Df?x

ee,
Vo= K'e =gk" kK ge, (52)
&s.
with regardto situation of full state feedback. As oresto have the feedback from
the speed and positiateviation (from steady stat@lueg e, and ¢, the feedback

matrix should be similaio thatof (47) (first two elements of the state vector).

~

o, €e
V,= K°Ce =gk°KS g" (53)

a

Sothe closed loop dynamidsr full state feedback position control can be rewritten

as:

e=(A -BK") € (54a)

25



é, 0 1 0
e
A- BK" % 0 %, %; (54b)
Eok & K, A 5K
Similarly for output feedback.
e=(A -BK°Q ¢ (55a)
& 0 1 0
o e
A-BK'C % 0 a, C (55b)
8’ b3k§ A, by kOW A3

5.3. Disturbanceto-State Stability for DC Motor Control .

In this section, one will bable to see howhe theory developed in Section 4.5 is
applied to the analysis of stability against the disturbance torques exerted on the DC
motor shaft and load. To achieve this goal one should first take the closed loop
dynamics in 49) or (65). However, referring to quation 43) or (50) one should

modify the closed loop dynamics to include the disturbance tofguEhat is:

Q 5 80 6Q O (56)

where 'O 1 0 1 . Beforeproceedingsome additional information should be

presented.

Definiton 5 (Quadratic Forms) For any symmetric matrix0 ¥ p h the
form & 0 cwill be called as a quadratic form.

Theorem 3 (Lower and Upper Bounds)For any quadratic form defined in

Definition [ 5] one can define the following lower and upper bounds:

> 000 P00 o 0O (57)
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where 2 0 AT A 0 are the minimum and maximum eigenvalues of the

matrix 0 respectively

Now considering the storage function concept in Sectidnode can define the
following as a quadratic storage function:
wQ -Q0Q (58)
and one can also write the rate of change of W(e) along the trajectories of e as:
®wQ —0Q (59

o 2o Pao
¢ G

and substituting from56) one will be able to obtain:
wQ Q 06 6L O6Q T
=Q 6 60 6 Q QT (60)

wWQ -Q0 66 Q -Q0d6 60LO6Q - 0OQ -0t

Notice that transposition of a matribdoes not change the eigenvalues

~

_ -0 0 _ 0 .Knowing this fact and using (57) one can obtain the

following
Using Theorem 3, one can convert the above to an inequality as:

GQ _ b 606 QO (61)

In order to go further, we will need to deal with the te@iCr |t js pretty obvious
that
Q G Q G Tt
we canexpand this term as shown below:
Q G Q o
QQ QOtdt0Q Tt O0C m (62)

Compiling the right side of the equation:
QQ t0C Q' t0Q (63)
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whent is a scalar as in equation (Xp ' T "0Q

So one can write the following:

QQ t'O0C ¢QC (64)
and
- QQ tO0'C™r QC (65)
By using equation@b) one can rewrite equatiofl) as:

& Q 5 606 & -Q0Q -tOC (66)

As it is known thatQ'Q <3 in the sense of norms, the above inequality can

be rewritten as:

GO _ b 606 - -tod (67)

The first two term®f the above can be combined as:

O - 5 806 B -t0OC (68)

Finally using Definition 3 once again, the above inequality is finalized as:

o - 5 606 € -_ "O0ss (69

Looking at 69), one will easily note that it resembled). The inputto-state
stability theorem (Theore?) dictates that- _ 0 0L O
mTweEQ 00 18

One can now state thellowing theorem:

28



Theorem 4 (Stability Against Disturbances)The closed loop controlled DC motor
modeledby equations43) or (50) with the control law presented in6) or (53) will

be disturbanc¢o-state (f 0 € Q) stable if the followingconditions are satisfied:

0 0L 06 - (70a)
‘D0 m (70b)
One should note that, Theorem 4 is a sufficient condition not a necessary one. The
"0 "0 matrix is evaluated as
‘00 0 (7D
which is a scalar and ‘00 v T So condition T0b) is alwayssatisfied.

The condition in (@a) requires numerical analysis which is to be done in the next

section.

29



CHAPTERG
NUMERICAL RESULTS AND ANALYSIS

In this chapter we will demonstratair derived control laws for a DC motor by

using the parameters given in Tafel).

6.1. Speed Contral
When the parametric values in tab&1{ are substituted to equation (43) one will

obtain:

061 0 oo 0 &

e. U €

Vg 0g 20 1 0% 4Gt B (72
6. 4 08-002 21,42y e0H ©

When we suppose that the disturbance torgueegligible(t = 0) and the reference
speed is a constan is a step function). The equation will be simtia(44) with

the system matrices similar as in aboVée linear quadratic fulstate feedback
control can be obtained by implementing in the "MATLAB cbmmand
Igr(A,B,Q,R) with Q, R being the matrices in the quadratic performamex (26).

In this model they are taken af)=ql,, and R = 1. When one invokes the
MATLAB's Igr tommandor the given system in/@) with g = 50, the resultant

full state feedback control gai&” in 6 K" A (where e iglefined in Section

.5.1) is found as:

KF=[7.071 0903 6.204 (73)

Theabove will yield the following closed loop spectrum:
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¢ 0 1.0000 0

A :g 0 10.0000 1.0000 (74a)
614142 -1.8269 -14.40¢
€-0.098538 0 0

Le =5 0 14211 0 (74b)
& O 0 - 10.099

& 0.71399 -0.016255 -0.09806
V. =£0.070355 0231  0.99034 (74c)
g 0.69662 - 0.97282 - 0.09801

Where A- = A -BK,, L /€ A.)andV, is the eigenvectors

corresponding to each elementlof given in the order. Froni’2) we will realize
that the available state variables are the steady state errors of the integral of the

velocity tracking error e (f)=e&(t) - € ¥ and the velocity itself

e, () =mt) - ¢ X This means that the output feedback matrix C is:

C= f; g (75)

T
P
We have to also notice from the above equation that the number of available
feedback lines is equal to two therefore the number of eigenvalues that are to be
retained from the closed loop full state feedbapectrum in{4) is alsoequal to

two. One has no antrol over the location of the third eigenvalue. In order to
minimize the risk of an unstable mode, the desired retained eigenvalues amongst
(74b) should be the two dominant ones@. Looking at 74b), we can easily notice

that the dominant poles tfe full state feedback closed loop are:

TMtoPuvoytn

£ = T p Bl WW

(76)
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and their corresponding eigenvectors are:

T POoOWWBITOYTET
W=TBIX TO U UBOWT O T (77
T WEPCMBIOYNPT

So when one applie8R), the output feedback gain Ko will

be found as:

L TR WO YED G P wX (78)

The above gain will yield an output feedback closed loop

eigenvalues as shown below:

mtoPvoy TU Tt
Z Tt pggmcu TI (79
Tt Tt p BlWW

So only the second eigenvalue is different from the full $egdback equivalent
whichis p ® p pHowever,we obtained a stable output feedback based DC motor
speedcontrol system. In Figureg6.1 ,6.2 ,6.3) one can see the simulation results

obtained when the control law with gairgj is applied.
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Figure 6.1. Speed variation of the DC Motor parametrized in TaBl&)( under the
control law defined by the output feedback gain 8).(The reference speedom =
2000 degusec
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Motor Torque
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1500
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1000

e
— . 1
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Figure6.2Variation of the torque generated by the DC Moparametrized in
Table @.1) under the control law defined by the output feedback gain8n The
reference speediom= = 2000 deg UuUsec
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Control Voltage

350

300 /
250 /
200 {

Va (Volts)
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Figure6.3Variation of the armature voltage required by the DC Motor
parametrized in Table3(1) under the control law defined by the output feedback
gain in (). The reference speed isom= 2000 degsec

When one has a disturbance torque effective on the motor $hafoije will note
the results presented in Figu@s4, 6.5 , 6.6). Analysis of the results show that, the
closed loop is working stable agairise modelleddisturbance torques. This might

be seen as a violation of the Theorem 4. However, we have here to stress that
Theorem 4 is a sufficient not necessary conditibis. also a conservative inequality

as itis transformed from Lyapunov equationOf6by using upper/lower bound
theorems (B). Because of that, choosing8j7which satisfies Theorem 4 will
guarantee disturbande-state stability but this does not mean that poles positioned
near to'Q) axis will lead to instability under disturbance. One can see the simulation
results in Figuresvhen the eigenvalue nearest@a x i s i s shifted to

&8 These results are obtained whén is replaced by:
0 T8 T X@NCWT WW (80)

The above will yield the closed loop eigenvalues as:
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&) L1 L1
Z T PR TP T (81)
L1 L1 p Bl WW

The seconctigenvalue is not placed as expected but it does not violate Theorem 4.
The evaluation of the gain in@is performed by applying the orthogonal projection

equation (3) to the full state feedback spectrum obtained from a pole placement

design whichre@lces t he eigenvalue violating The

md). Here pole placement is applied to change the location of one poleTtwely.
other two are at the same locations obtained from LOQR mettmaever this will
result in the loss of optimality provided by the linear quadratic regulator
(suboptimal/near optimal controller). It should also be noted that, there is a very little

change in the simulation results.

The simulation based analysis oftllisturbance torque effects are based on the
repeated runs of the closed loop controlled model witbrenally distributedandom
disturbance input. The disturbance torqué) is considered as a random variable
with zero mean and a certain level ofigace which is chosen to be less than the

p 1t f the maximum value of the torque obtained. This exogenous input will affect
the angular velocity of the motor and thus its position. In order to see the actual
situation, the randomness of the disturbandefaice one to repeat the simulations
several times with the normally distributed disturbance torque active on the model. In
this study, the number of repeats is choseth as= 200 (200 times repeatingYhis
approach called as Monte Carlo methodiotés The numerical details of the
disturbance torques for each group of simulation are either written in the figure
captions or in the parts of the text referring to the illustrations.
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Figure .6.4.Speed variation of the DC Motor parameterized in Tableunder the

control law defined by the output feedback gain @).(The reference speed)is =

2000 degusec . I n this simulation, di s
distributed randonvariable with meari 1t and variance, =200 mN.m
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Figure6.5.Variation of the torque generated by the DC Motor parameterized in Table

3.1 under the control law defined by the output feedback gain8in The reference

speedi3 = 2000 deg usec . Il n this simulati
Gaussiardistributed random variable with mean 1 and variance, =200 mN
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Control Voltage
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Figure.6.6Variation of the armature voltage required by the DC Motor
parametrized in Tabl&8.1 uncer the control law defined by the output feedback gain

in (78). The reference speediis= 2000 degusec . Il n this
torque is present as a Gaussian distributed random variable with meam and

variance, =200 mN
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Figure.6.7Speed variation of the DC Motor parametrized in Tabte under the

control law defined by the output feedback gain 8).(The reference speed|is =
2000 degusec . I n this si mul &aussnn , di s

distributed random variable with mead and varianced = 200 mN. Here the
control gain at (8) is generating the control law.
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Figure .6.8Variation of the torque generated by the DC Motor parametrized in

Table3.1 under the control lawlefined by the output feedback gain iB)(7The

reference speedis = 2000 degusec . Il n this simul

present as a Gaussian distributed random variable with mearrt and variance

, =200 mN. Here the control gain atdBis generating the control law.
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Figure.6.9Variation of the armature voltage required by the DC Motor
parametrized in Tabl8.1 under the control law defined by the output feedback gain

in (78). The reference speedjis = 2000 degusec . I n this
torque is present as a Gaussian distributed random variable with meam and

variance, = 200 mN. Here the control gain atQBis generating the control law.
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6.2.Position Control
In position controlthie numerics are mostly the same. Only some of the details on the

state equations will differ. First of allfZ) will be replaced by:

%, 00e 1 0 egedo ¢0g

e. u e e

¢ Og 10 1 g0V, 0G4 @
g, gy 0g-002 -2 i,4e22y goy

where Q — — with — being the desired/reference position of the DC motor.

The measured state variables in the above configuratio® ar@nd w Thus the
output feedback mapping matrix is the same as thaZdfi@addition, as the system
matrices of (82) are numerically the same as that aj, (the controller gains (74),
(78), (80), closed loop spectrum 4y, (76), (77), (79) and (&) will be same for
position control problem provided that the quadratic performance coefficients are

samedl N0 with g=50and R =1.

In Figures(6.10 ,6.12 ,6.13) one will be able to see the position tracking simulation
under noise free environment when the control law defined by the)gaiim (78) is

applied as:
© 0 Q7 (83)

Using the same configuration that resulted Figui@40 ,6.11, 6.12 ,6.13bhe
simulation in a noisy environment (with disturbance torque) yields the results shown
in Figures(6.14 , 6.15, 6.16, 6.17r) this case, a disturbance torque is effective on
the motor shaft and it imodelledby a Gaussian distributed source wagtro mean
and variance, 8t @ Oa 8As we have done in the case of speed control, we
will present the results of the simulation when the smallest eigenvalue at

T8t w Y v is poved to_ @ in Figures (6.18, 6.19, 6.20, 6.21)

The examples given in this section are to demonstrate the approaches presented in
chapter 4 which is the linear quadratic projective control approach. The purpose is to
present the methodology such that, interested readers can replicate the procedure.

Thus given a single reference position or speed (final target position/speed) we
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presented the simulation results. For testing our controllers under noise due to the
disturbance torques we presented repeated trials where the disturbance torque
appears as a noally distributed random variable. In each run the disturbance profile
will be different due to its randomness so one can reflect those analyses as Monte
Carlo methods [36] which rely on repeated samples of random data to obtain the
performance of an algthm when there are parameters withcertainty. With this

view, one can also treat this approach as a robust stability test. Nevertheless, the
theoretical stability discussion (Theorem 4) a better approach which is considered a

general methodology regaeds of the type of the disturbance torques.

Motor position
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Figure.6.10.Variation of the position of the DC Motor parameterized in T&ldle

under the position control law defined by the output feedback gairB)niich is

utilized as given in (83). The reference positiordss 2 0 0 A

o
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Motor Speed (deg/s)
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Figure 6.11.Variation of the speed of the DC Motor parameterized in Ta&dle
under the position control law defined by the output feedback gairBjnfTich is
utilized as given in (83). The reference positioPss= 2 0 0 A

Motor Torque

30

25 \
20

’g \
s
£ 15
HE
10
5
0 10 20 30 40 50 60 70 80 90 100

t (sec)

Figure 6.12.Variation of the torque generated by the DC Motor parameterized in
Table3.1 under the position control law defined by the output feedback gai®)n (7
which is utilizel as given in (83). The reference positionis= 2 0 0 A

41



Control Voltage

3.5

Al

Va (Volts)
I/IHI,I

1.5

1 \
0.5

S

R

P .

0] 10

Figure.6.13.Variation of the armature voltage required by the DC Motor
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parameterized in Tabl8.1 under the position control law defined by the output
feedback gain in @ which is utilized as given in (83). The reference position is

—=200A
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Figure .6.14.Variation of the position of the DC Motor parameterized in Table
under the position control law defined by the output feedback gairB)n(iich is
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utilized as given in (83). The reference positioRss= 2 0 0 A

performed under the applied disturbance torques
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Motor Speed (deg/s)
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Figure 1.Variation of the speed of the DC Motor parameterized in Taldlander

the position control law defined by the output feedback gain8nv{fich is utilized
as given in(83). The reference position is-= 2 0 MHére, the simulation is
performed under the applied disturbance torques

Motor Torque
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Figure.6.16Variation of the torque generated by the DC Motor parameterized in
Table3.1 under the position control law defined by the output feedback gai®)n (7
which is utilized as given in (83). The reference positioa-iss 2 0 0 A Her e,
simulation is perfoned under the applied disturbance torques
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Control Voltage
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Figure.6.17Variation of the armature voltage required by the DC Motor
parameterized in Tabl8.1 under the position control law defined by the output
feedback gain in @ which is utilized as given in (83). The reference position is
—=200A Here, the simulation is perfor me:
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Figure 6.18Variation of the position of the DC Motor parameterized in T&ble

under the positiortontrol law defined by the output feedback gain i) @hich is

utilized as given i{83). The reference positionis=2 0 0 A Her e, t he s
performed under the applied disturbance torques. All the poles are satisfying
Theorem 4.
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Figure 6.19Variation of the speed of the DC Motor parameterized in T8de

under the position control law defined by the output feedback gairB)niich is

utilized as given in (83). The reference positior-is 2 0 0 A Her e, t he s
performed under he applied disturbance torques. All the poles are satisfying

Theorem 4.

Figure.6.2QVariation of the torque generated by the DC Motor parameterized in
Table3.1 under the position control law defined by the output feedback gai®)n (7
which is utilized as given in (83). The reference positiors 2 0 0 A Her e,
simulation is performed under the applied disturbance torques. All the poles are
satisfying Theorem 4.
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