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ABSTRACT

SOLUTIONS OF INITIAL VALUE PROBLEMS OF CAUCHY TYPE IN
BANACH SPACES

Abbas, Usman Yakubu
M.S., Department of Mathematics

Supervisor : Assoc. Prof. Dr. Ugur Yiiksel

April 2014, 57 pages

This thesis consists of five chapters. The first chapter is devoted to the historical

background and introductory concepts.

Partial complex differentiations in the classical sense and in the sense of Sobolev,
generalized analytic functions, associated differential operators, associated spaces and
interior estimates are introduced in Chapter II. The interior estimate for holomorphic

functions in the supremum-norm is also obtained.

In Chapter 111, first, the concept of scales of Banach spaces are presented. Then the
proof of the abstract Cauchy-Kovalevskaya theorem for the existence and uniqueness
of the solutions of initial-value problems of Cauchy type is presented by the method

of successive approximations in the scales of Banach spaces.

In Chapter 1V, initial value problems defined by Son and Tutschke [25], in the space
of functions satisfying the Cauchy-Riemann system, for a system of linear first order
partial differential equations for two unknown real-valued functions in the plane is
considered. After rewriting the initial value problem in complex form, the solution of
the corresponding problem is obtained by applying the abstract Cauchy-Kovalevskaya

theorem in the space of holomorphic functions.

v



In the last chapter, an initial value problem for a first order evolution equation defined
by N. Q. Hung [13] in the space of generalized regular functions in Quaternionic
Analysis is discussed. Hung has proven only sufficient conditions for the related
differential operators to be associated. We have obtained not only sufficient but also
necessary conditions for the underlined differential operators to be associated [1].
Further we have corrected a mistake made in the calculation of the interior estimate

in that paper.

Keywords: Abstract Cauchy-Kovalevskaya theorem, initial value problems of Cauchy
type, associated differential operators, method of associated spaces, generalized ana-

lytic functions, quaternionic analysis.
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CAUCHY TiPi BASLANGIC DEGER PROBLEMLERININ BANACH
UZAYLARINDA COZUMU

Abbas, Usman Yakubu
Yiiksek Lisans, Matematik Bolimii

Tez Yoneticisi : Dog¢. Dr. Ugur Yiiksel

Mart 2014, 57 sayfa

Bes boliimden olusan bu tezde ilk boliim giris i¢in ayrildi.

Ikinci boliim klasik anlamda ve Sobolev anlaminda kompleks kismi tiirevlere, genel-
lestirilmig analitik fonksiyonlara ve i¢ kestirimlere ayrildi. Ayrica holomorf fonksiy-

onlar i¢in bir i¢ kestirim supremum normunda elde edildi.

Ugiincii boliimde 6nce Banach uzaylari skalalar1 tanitildi. Sonra Cauchy tipindeki
baglangi¢ deger problemlerinin ¢6ziimlerinin varlik ve tekligi i¢in soyut Cauchy-Kova-
levskaya teoremi Banach uzaylari skalalarinda ardisik yaklasikliklar metodu yardimuy-

la kanitlandi.

Dordiincii boliimde Son ve Tutschke [25] tarafindan Cauchy-Riemann sistemini sag-
layan bilinmeyen iki tane reel-degerli fonksiyon icin tanimlanan, birinci basamaktan
iki lineer kismi tiirevli denklemin olusturdugu sisteme iliskin baslangi¢c deger prob-
lemleri ele alindi. Bu problemler 6nce kompleks formda yazildi. Daha sonra kargilik
gelen problemin ¢oziimii soyut Cauchy-Kovalevskaya teoremi yardimiyla holomorf

fonksiyonlar uzayinda elde edildi.

Son boliimde N.Q. Hung [13] tarafindan quaterniyon analizinde genellestirilmis regii-
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ler fonksiyonlar i¢in tanimlanan birinci basamaktan bir evrim denklemine iliskin bas-
langi¢ deger problemi incelendi. Hung bu probleme iliskin diferansiyel operatorlerin
es olabilmesi icin sadece yeter olan kosullart kanitladi. Biz s6z konusu operatorlerin
es olmasi i¢in sadece yeter olan degil ayn1 zamanda gerek olan kosullar1 da elde ettik
[1]. Bundan bagka s6z konusu makalede ic¢ kestirim hesaplanirken yapilan bir hatay1

da diizelttik.

Anahtar Kelimeler: Soyut Cauchy-Kovalevskaya teoremi, Cauchy tipinde baslangi¢
deger problemleri, es diferansiyel operatorler, es uzaylar metodu, genellestirilmig

analitik fonksiyonlar, quaterniyon analizi.
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CHAPTER 1

INTRODUCTION

The development of Complex Analysis was from the very beginning closely con-
nected with the theory of partial differential equations. One of the highlights of these
interactions was the development of the theory of generalized analytic functions [41],
because it tied complex-analytic and functional-analytic ideas. Whereas the theory of
generalized analytic functions is mainly aimed at solving boundary value problems,
initial value problems can also be solved by using complex methods. The classical
Cauchy-Kovalevskaya theorem is the first fundamental result in this direction. The
functional-analytic approach to that theorem, started by M. Nagumo’s [19] ideas, led

to an abstract version of the Cauchy-Kovalevskaya theorem.

The purpose of the present thesis is to solve initial value problems of type

ou = F(t,x,u,0,u) (1.1)
u0,x) = up(x) (1.2)

where ¥ is a first order differential operator acting with respect to the spacelike vari-
able x, and ¢ is the time. On the one hand, in view of the famous Lewy example
[16] there are even linear differential equations of the form (1.1) with infinitely dif-
ferentiable coefficients such that no solution exists (see also F. John’s book [15]).
This implies, especially, that no initial value problem is solvable for Lewy’s equa-
tion. On the other hand, in view of the classical Cauchy-Kovalevskaya theorem the
initial value problem (1.1), (1.2) is uniquely solvable by a power-series provided the
right-hand side of the equation (1.1) and the initial function u, possess power-series
representations. Since the power series can be interpreted as holomorphic functions
in the framework of the complex analysis initial value problems of type (1.1), (1.2)

can be solved within the framework of the complex analysis. This makes it possible
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to solve the initial value problem not only for holomorphic initial functions but also

for more general initial functions such as generalized analytic functions [29].

Clifford-Analysis is the transfer of the methods of complex analysis onto higher di-
mensions. Holomorphic functions of the plane correspond to the so-called monogenic
functions of the Clifford-Analysis, and one can similarly solve initial value problems

with monogenic initial functions (see [4, 43, 44, 45], for instance).

The problem (1.1), (1.2) is equivalent to the integro-differential equation

u(t, x) = up(x) + fT(T, X, u (7, x),0,u(t, x))dr (1.3)
0

(see [19]). Therefore the solutions of (1.1), (1.2) can be constructed as fixed points of

the operator

U(t, x) = ug(x) + fT(T, x,u(t,x),0,u(r, x))dr. (1.4)
0

It is well-known that the classical Cauchy-Kovaleskaya theorem gives a unique solu-

tion to the problem (1.1), (1.2) considered in the case of complex analysis

F(t,z,w,0,w) (1.5
wo(2) (1.6)

ow

w(0,2)

provided 7 (¢,z,w,d,w) and wy(z) are holomorphic functions in its variables. The
complex-valued solution w(t, z) of (1.5), (1.6) is holomorphic in z and uniquely deter-
mined. Lewy [15, 16] proved that this problem has no solution if ¥ is not holomor-
phic. He constructed infinitely many differentiable functions f(z, x,y) such that the
equation

2i(x +iy)Ow = dw +i0yw + f(2,x,y)
has no solution. Therefore he showed that the integro-diftferential equation (1.3) has

not always a solution even if ¥ (¢, x, u, 0,,u) and uy(x) are infinitely many differentiable

functions.

However the concept of associated spaces [29, 30] leads to conditions under which
equation (1.3) has a solution. This concept is originated from complex analysis: In

the holomorphic case (1.5), (1.6) the associated space is the space of holomorphic
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functions and the right-hand side ¥ (¢, z, w, d,w) transforms the space of holomorphic
functions into itself. In order to apply a fixed-point theorem, the operator (1.4) has to
be estimated in a suitable function space whose elements depends only on the space-
like variable x. This can be done by the so-called interior estimate for the associated
space. Such an estimate describes the behaviour of the derivatives near the boundary.
In the case of holomorphic functions, such estimates can be obtained by the Cauchy
integral formula. Similar estimates can be shown in the framework of Clifford anal-
ysis. This makes it possible to solve initial value problems with monogenic initial
functions [13, 43, 44].

Regard the differential equation

where G is a given differential operator. A second differential operator ¥ is called
associated to G if F transforms the set of all solutions to the differential equation
Gu = 0 into itself, i.e., if

Gu=0=GFu) =0

(see [29]). Then the function space containing all solutions to the differential equation
Gu = 0 is called an associated space to ¥. According to the method of associated
spaces, an initial value problem of type (1.1), (1.2) is solvable in case the initial func-
tion 1, belongs to an associated space of the evolution operator F on the right-hand
side of (1.1). The only condition on the associated space is that its elements have to

satisfy an interior estimate of type

const
||<9x,-u||g, < ISty 907 o] gyrr

where dist(€", 0Q") is the distance of the domain Q' from the boundary 0Q)” of a

larger domain Q" [30].



CHAPTER 2

THE METHOD OF ASSOCIATED SPACES

2.1 Introduction

This chapter deals with the important basic tools for this study such as partial complex
differentiations in the classical sense and according to Sobolev, generalized analytic
functions, associated differential operators, associated spaces and interior estimates

(see [10, 29, 30, 11, 32, 34]).

2.2 Partial complex derivatives in the classical sense

Let Q be a given domain in the z-plane, z = x + iy. Assume, further, that w = f(z) is a
(complex-valued) continuously differentiable function defined in the domain Q. Take
any point zp = xo + iy belonging to Q. Then the linearization fof f with respect to

7o is defined by

F@) = f(z0) + e1(x = x0) + 2y = y0) .1
where
c = %(xo,yo) and ¢, = g—ij(xo,yo).
Since
(z—z20) = (x = x0) + i(y — Yo)
and
(2= 20) = (x = x0) = iy = o),
we have

X=X = %((Z—Zo)“‘(Z—Zo)),
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and .
y=3=35(C=w-G-w).

Substituting these expressions into (2.1), we obtain

_ 1 - A
Fo = fe+als(@-w+@=w)|+e|s (@@ -c-)
0 1 N 0 _
= f(zO)+a—i(zw[i((z—zwﬂz—z@)) +—f<zO)[ (@ - c-)
110 0 0 0 e
= f(zO)+§ %(ZO)—ia—J;(ZO) (z—zO)+§ %(Zo)ﬂa—;t(z())] (z = 20)
or
F@) = f(z0) + di(z - 20) + da(z — 20)
where
dy = %[a—f(Zo)—l f(Zo)] and
0
dy = z[l(zo)+ —f(Zo)]

The coeflicients d; and d, are called the partial complex derivatives of f with respect

to z and Z at the point z, and are denoted by

0 0
a—JZC(ZO) and G_JZC(ZO)’

respectively. Thus the partial complex derivatives are defined by

or _Lior, or 2.2)
0z 2|o0x ay
and
0 0 0
or _1for_or] 03
0z 0x Hy
The last two formulae allow us, further, to express the derivatives
0 8 0
f o Of O of

Ox ay Y a7 Uz

The partial complex differentiations d/07z and d/0z defined above satisfy the well-
known rules about the derivative of linear combinations, products and so on, too. For

example, the derivative of the product f; f, with respect to 7 is given by

f . Ofi

—<f1f2> - fla + 52



The composition g o f of two differentiable functions w = f(z) and W = g(w) is

differentiable, too, and the chain rule may be written in the form

0 _0gow 0gow

58N D=5 Y e ar
and

0 _0gow Ogow

8o ND=5 o Y amar

Note, finally, that

hold.

Suppose that f = u + iv is holomorphic. Then the real part  and the imaginary part v

of f satisfy the well-known Cauchy-Riemann system

ou Ov Ov ou

— =, = =, 2.4
ox 0Oy Ox ay 24)
Thus holomorphic functions satisfy the relation
o _ou g v e (ou o0 or
ox Ox Ox dy Oy ady Oy ay
In view of (2.2) we get, consequently, the relation
af
— =0 2.6
07 (26)

for any holomorphic function f. It may be added that the last equation (2.6) is nothing
else than the Cauchy-Riemann system (2.4). Further, in view of (2.3) and (2.5), we

conclude for any holomorphic function f that

of _ df
8z dz
_ 1[of of
B 5[5_167]
_ l[_ﬁ_f_,-a_f]
21 dy dy
_ U
dy



or

of _ df

o d_z
_ 1jor _.of
) [5_ 5]
_ Ljor of
B 2[6x 6x]
_ 9f
= oo

2.3 Partial complex derivatives in the sense of Sobolev

If the (real- or complex-valued) function 4 is continuously differentiable in the closure

of a domain G with a smooth boundary dG the Ostrogradski-Gauss integral formulae

ff a—hdxa’y = fhdy 2.7)
ox

G 0G

f f @dxdy - f hdx (2.8)
dy
G

G

are well-known in the case of the plane. Multiplying (2.8) by —i and adding the

resulting expression to (2.7), in view of the definition (2.2) and the relation

dy —idx = —i(dx + idy) = —idz

ff —dxdy = — | hdz. (2.9
6G
ff —dxdy = —— fhdz, (2.10)

by subtracting the equation (2.8) after multiplication with i from the equation (2.7) if

one gets

Analogously, we obtain

one takes into consideration the definition (2.3) and the relation

dy + idx = i(dx — idy) = idZ.

Assume that f is a given continuously differentiable function defined in the domain G

of the z-plane. Assume, further, that ¢ is any test function, that is, ¢ is a continuously

7



differentiable function in G which is identically equal to zero outside a compact subset
of G. Therefore ¢ and f¢ vanish everywhere in a neighbourhood of the boundary dG
of G. Seth = f¢. Applying the complex form (2.9) of the Ostrogradski-Gauss integral

formula to h, we get

0

f 2 (fdxdy =0
Z

G

ap of _
ff(fa—z+a—z¢)dxdy—0 2.11)
G

for each test function ¢. Denote the derivative df/0Z by g. Hence we have

ff (fa—‘? + g¢) dxdy = 0 (2.12)
0z
G

for each test function ¢ if g is the derivative of f with respect to Z.

or

Definition 2.3.1 ([33]) Let f be any (integrable) function not assumed to be continu-
ously differentiable. If there exists an (integrable) function g such that relation (2.12)
is satisfied for each (continuously differentiable) test function ¢, then the function g
is said to be the derivative of f in Sobolev’s sense with respect to 7 and denoted by

0f /07 like the classical derivative.

By comparison of (2.11) and (2.12) we observe immediately that the classical deriva-
tive df/0z, in the case of its existence, may be interpreted as derivative in Sobolev’s

sense, to0o.

Starting from the Ostrogradski-Gauss integral formula (2.10), one defines the deriva-

tive g = df/0z in Sobolev’s sense analogously by the relation

ff(f(;—(: +g¢)dxdy:0
G

which has to be satisfied by every test function ¢.

These derivatives are also known as generalized derivatives, distributional deriva-

tives or derivatives in weak sense.



Let f be an arbitrary holomorphic function in G, i.e. the equation (2.6) holds. In view

of (2.12) the function f satisfies the relation

fffa—?dxdy =0 (2.13)
0z
G

for every test function ¢.

Conversely assume now that f is any (integrable) function satisfying (2.13) for every
test function ¢. Then the famous Weyl lemma states that f is necessarily a holomor-
phic function in the ordinary sense (an elementary proof of Weyl’s lemma provided f

is continuous is given in [28, 33], for instance).

2.4 Generalized analytic functions

Let Q be a given domain in the z-plane and a = a(z), b = b(z) be two given functions

defined and continuous in Q. Then every solution w = w(z) to the differential equation

6_»11 = a(@w + b(zx)w (2.14)
0z

is called a generalized analytic function [41]. Remark that the derivative 0w /dZ may
be understood in Sobolev’s sense. To simplify matters we assume that w as well as
Ow/07 are continuous and require, consequently, that the differential equation (2.14)
is satisfied pointwise at each point of Q. If the coefficients a(z) and b(z) are equal to
zero at each point z of Q, then the equation (2.14) passes into dw/dz = 0, and w turns

out to be a holomorphic function.

2.4.1 Pompeiu Integral Operators

Definition 2.4.1 ([41]) Suppose G is a domain in C. Also suppose that F(z,() is a
bounded function for each z, { in G. Then

F(z,0)
& -2"

is called a kernel with a weak or strong singularity depending on whether a < 2 or

O<ax?

K(z,0) =

a = 2, respectively. The operator

Tow(@) = f f K(e.Ow(Odédn, ¢ =€+ i
G

9



is called the corresponding singular integral operator.

Definition 2.4.2 ([41]) Let G be a domain in C and let f € L'(D). Then the operator

T defined by
déd
Tef(z) := ——fff(f) 3 T zec,

is called the Pompeiu operator. By T we denote
d
Tof() = —— f f fO= ¢ cec

Thus the Pompeiu operator 7 is a weakly singular operator.

Theorem 2.4.3 ([41)) If f € L' (D) then T¢f has the derivative in Sobolev’s sense

with respect to Z equal to f, i.e.,
0
—T~f =
7 of =f
holds.

Theorem 2.4.4 ([41]) If f € LP(D), p > 1, then T f has the derivative in Sobolev’s

sense with respect to 7 equal to Il f, i.e.,

O] dédn
5 Tof = Tlaf = ﬂ[ff({)@_z)z, zeC

holds.

So the integral operator I is a strongly singular operator.

Notice that, according to the Theorem 2.4.3, the differential operator 0/97 is the left-
inverse of Tg. Let us additionally remark that the operator T satisfies the differential

equation
OTef=f
az G - )
analogously.

10



2.4.2 The Holder space C* (M)

Definition 2.4.5 A function h is said to be Holder-continuous with the exponent (or

index) a, 0 < a < 1, if there exists a constant C such that
|h(z1) = M(z2)| < Clzy — 20" (2.15)

for any two points z;, 7o belonging to the set in which h is defined. Notice that the
constant C may depend on the choice of the function h. Provided (2.15) is satisfied

with a = 1, the function h is said to be Lipschitz-continuous.

Let M be a bounded subset of the z-plane. The space of all (complex-valued) functions
defined in M and Holder-continuous with respect to the exponent @, 0 < @ < 1, is
denoted by C* (M). This space equipped with the so-called Holder-norm
h(z1) = h(zo)l
Ihllceqary = max {sup Ih(2), sup ————22
M 0#22 |Z1 - ZZl

turns out to be a Banach space.

Theorem 2.4.6 ([41]) The Ts-operator is a linear and bounded operator mapping

Cc (6) into itself, where G is a given bounded domain in the z-plane.

2.4.3 The Lebesgue space L, (Q0)

Let p be a given real number with p > 1. The Lebesgue space L, (G) consists of
all f defined in G for which |f|” is integrable in Lebesgue’s sense. The space L, (G)
equipped with so-called L, (G)-norm

1/p
||f||Lp(G) = { |f|p]
I

turns out to be a Banach space (see [2], for instance).

Theorem 2.4.7 ([41]) The Ts- and Ilg-operators are linear and bounded operators

mapping L, (G) into itself if p > 1.

11



2.5 Method of Associated Spaces for Solving Initial Value Problems

Regard a differential equation

Gw =0

where G is a given differential operator. Then a second differential operator ¥ is called
associated to G if ¥ transforms the set of all solutions to the differential equation
Gw = 0 into itself, i.e., if

Gw=0=G(Fw)=0.
The space H of all holomorphic functions defined in a fixed domain may be charac-

terized by the differential equation

0

=—w=0
Gw BZW
(cf. (2.6)). Since the derivative %—VZ” of a holomorphic function w is holomorphic again
we have
0 ow
—(—)=0.
62( 0z )

Thus ¥ = d/0z is associated to G = 0/07%.

Now consider the case of generalized analytic functions and assume that Gw = 0 is

identical with the differential equation (2.14), i.e., consider

Gw = ?9—;} —a(z)w — b(z)w = 0. (2.16)

In the special case that a(z) and b(z) are equal to zero everywhere we know already
that ¥ = 0/0z is associated to G. In the papers [29, 30] W. Tutschke obtains sufficient

conditions on the coefficients of the first order operators of the form
Fw:=Cow+ Cy(2)0-w + A(z)w + B()w,
for which the space of generalized analytic functions defined by (2.16) is associated.

More generally, let F be a differential operator acting with respect to spacelike vari-
ables. Then a function space X is said to be an associated space to ¥ in case ¥
transforms X into itself. There are two basic problems in the theory of associated
spaces: The direct problem is aimed at the construction of associated space X to a
given operator ¥, while the inverse problem determines operators ¥ to a given space

X such that X is associated to F (see [30]).
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Initial value problems of type

ou

F(t, x,u, 0;u)
u(0,x) = wup(x)

can be solved by the method of associated spaces in the space of functions satisfying

a differential equation

Gu=0

with coefficients depending only on the spacelike variable x provided the following

conditions hold (see [29, 30]):

e ¥ is associated with G.

e The initial function u, belongs to the associated space of # that contains all

solutions to the differential equation Gu = 0.

e The elements of the associated space satisfy a first order interior estimate of

type
< const ” ”
. u 17
o= disg(QY, Q) e

where Q' is a subset of Q" having the distance dist(€2’, Q") from the boundary
0Q" of Q.

[|6,u

2.6 Interior estimates

The simplest interior estimate can be obtained from the Cauchy Integral Formula for
holomorphic functions. Suppose @ is holomorphic in the bounded domain € and
continuous in Q. Consider an arbitrary point z in Q. If ¢ is less than the distance

dist(z, 9Q2) of z from the boundary 9Q of €, then the Cauchy Integral Formula for @’

V() = —— f ®© 4
|

2mi —z7|=6 (év - Z)z

Thus carrying out the limiting process 6 — dist(z, 02) leads to the interior estimate

implies

1
@’ <——||®
V@ < G g 10l

13



where ||-||o means the supremum norm in Q. If Q’ is a subdomain of Q”, this interior

estimate can be written also in the form

@’ ) < ||D|p -
19" (2)lloy < BS990 1Dllo

Note that similar interior estimates for holomorphic functions are also true in other

norms (such as the Holder- and .L,-norms, see [29], for instance).

Since generalized analytic functions can be represented by holomorphic ones, interior
estimates for holomorphic functions lead also to interior estimates for generalized
analytic functions. The main tool for getting such estimates are the well-known T-

and I1g-operators (see the Section 2.4.1). Now introduce the auxiliary function
® =w—Tqlaw + bw). (2.17)

Since
0:0 = 0w — (aw + bw) =0
the Weyl lemma implies that @ is a holomorphic function. Differentiating (2.17) with

respect to z, it follows that
o.w =@ +Tlg(aw + bw).

Using the boundedness of the To- and Il,-operators (see Theorems 2.4.6 and 2.4.7),
and using an interior estimate (in any norm) for holomorphic functions, the last for-
mula leads to the desired interior estimate for generalized analytic functions. Notice,
however, that the Ilg-operator is not a bounded operator in the supremum-norm.
Therefore no interior estimates for generalized analytic functions is available in the

supremum norm, but there are such estimates of type

C
6 ’ <— ’7 2.18
l0:wllg < ) Wlla (2.18)

in the Holder norm and in the £,-norm as well (see [29, 41]).

Similarly interior estimates (also in the supremum norm) can also be obtained in case
the associated space is defined by a higher order differential equation. Suppose, for
instance, that the associated space is defined by the Laplace equation Au = 0 in R".
Note that the Poisson Kernel for a ball of radius ¢ centred at x is given by

1 62— |x— xof?
wnd. |§_ xln ’
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where w, means the surface measure of the unit sphere in R”. This leads to an interior
estimate of the form (2.18) with C = n in the supremum-norm (see the Section 5.4,

for the proof in case n = 3).

2.7 Associated spaces in quaternionic analysis

The field H of quaternions
X = Xpep + X1€] + x2e3 + x3e3, where xg, x1, X2, X3 € R (2.19)

is a four dimensional non-commutative R-field generated by four basis elements ¢, =

1, e; =i, e; = jand e; = k with the multiplication rule
ei=es=e5=-1, eej+eje;=-25; fori,j=1,2,3 (2.20)
where ¢, ; is the Kronecker symbol.
A function f defined in a bounded domain Q c R* and takes values in H is a map
f:Q—-H

and it can be represented in the form
3
F) = hix) + D filoer.
k=1
Its conjugate f is defined as

3
FG) = fo0) = ) e,
k=1
where the components f(x) are real-valued functions of x = (xo, X1, X2, x3) € Q.

The Cauchy-Fueter operator D is defined by

D= ¢,

3
J=0

Clifford analysis replaces the Cauchy-Riemann operator d; of the complex plane by

the Cauchy-Riemann operator
n

D= e,

J=0

15



of R"*! whose coordinates will be denoted by xo, X1, ....... X,. As usual, one has e? =-1
and e;e;+eje; = =20 ; (fori, j = 1,2,--- ,n). While classical complex analysis solves
initial value problems with holomorphic initial functions, Clifford analysis constructs
solutions of initial value problems whose initial functions are (left-)monogenic, that

is, they are solutions of the Cauchy-Riemann equation Du = 0 in R"*!,

It is also possible to solve initial value problems with generalized monogenic initial
functions. A generalized monogenic function is a solution of a differential equation of
the form Du = F (x, u). Explicit interior estimates can be obtained, for instance, for
generalized monogenic functions which are solutions of a differential equation with
anti-monogenic right-hand sides. This class of generalized monogenic functions is
introduced in the paper [39] of U. Yiiksel and the W. Tutschke. It generalizes the
concept of generalized analytic functions w(z) which satisfy a differential equation

with anti-holomorphic right-hand sides, that is
0w = b(w.

Such functions have the property that Aw is a linear combination of w and w. Analo-
gously, a generalized monogenic function u satisfies a differential equation with anti-
monogenic right-hand sides. Au is a linear combination of the real-valued components
of u. The paper [35] of Nguyen Thanh Van and Wolfgang Tutschke proves interior

estimates for such generalized monogenic functions in the supremum norm.
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CHAPTER 3

ABSTRACT CAUCHY-KOVALEVSKAYA THEOREM

3.1 Introduction

Scales of Banach spaces are certain families of Banach spaces depending on a real

parameter. Such scales allow the initial value problem

dw
= = Tawo) (3.1)
w(0) = wy (3.2)

to be solved by the method of successive approximations also in the case of differen-
tial equations of type (3.3). In this way one gets an abstract version of the Cauchy-
Kovalevskaya theorem (see [10, 29, 11, 27, 21]). The proof of the abstract Cauchy

Kovalevskaya theorem is given in the Section 3.5.

Using the Cauchy-Kovalevskaya theorem initial value problems of a more general

type
ow
= = F(t,w(t,-), Dw(t,-)), (3.3)
w(©,) = @, (3.4)

can also be solved. Differential operators D involved on the right-hand side F of (3.3)
are not bounded, in general. That is why in a fixed Banach space the initial value prob-
lem (3.3), (3.4) cannot be solved by using the method of successive approximations.
On the other hand, differential operators may be interpreted as bounded operators if
they are regarded not in a fixed Banach space B but in a suitably chosen family B; of

Banach spaces.
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An important example for such interpretation is given by holomorphic functions since
their derivatives may be estimated by the Cauchy integral formula. Starting with an
estimation of the derivatives of holomorphic functions we will elaborate the concept of
scales of Banach spaces for solving initial value problems in case of partial differential
equations by the method of successive approximations in the Section 3.2. The basic
idea of this approach is the following: A partial differential equation can be replaced
by an operator equation with bounded operators mapping a scale of Banach spaces

into itself.

3.2 The behaviour of the derivative of a holomorphic function in compact sub-

sets

Let Q2 be a bounded domain in the z-plane. Let, further, H be the space of all complex-
valued functions w = w(z) defined and continuous in Q and holomorphic in Q2. The

space H equipped with the supremum norm

lwll = sup [w(z)| (3.5

zeQ
turns out to be a normed space. The limit function of a Cauchy sequence of functions

belonging to H is continuous since convergence with respect to the supremum norm
means uniform convergence. In view of the Weierstrass’ convergence theorem, more-
over, the limit function of a uniformly convergent sequence of holomorphic functions
is holomorphic, too. Thus the space H is proved to be complete, i.e., H is a Banach
space. Now let Q' be a further domain whose closure Q' is contained in the given
domain Q. The closure &' is, consequently, a compact subset of €. Denote by ¢ the
(positive) distance of ' from the boundary of Q. Then every closed disk centred
at a point zo of Q' belongs entirely to Q if its radius r is smaller than 6. Applying
the Cauchy integral formula, the value of the derivative dw/dz at the point z, may be

represented by the integral

dw 1 w(z)

z) = — dz.
20 = o C—2R "

lz=zol=r

Since the definition of the norm in H implies that |w(z)| < ||w|| everywhere in Q, one

obtains the estimate

1wl

dw 1
- B Y
e (20) 5 = [Iwll

S_
2
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This inequality holds for each r < ¢. If r tends to o, one gets for each z, belonging to
) that
< lwll. (3.6)

’_(ZO)

In the same way as H corresponds to Q, the space H’ is defined as the space of all
complex-valued functions holomorphic in €’ and continuous in &’. Then the space

H’ equipped with the supremum norm
Wlle: = sup [w(z)| (3.7)
Q/

turns out to be a Banach space, too. In order to distinguish the norm (3.5) in H from
the norm (3.7) in H’, the norm in H will be denoted by ||-|| instead of ||-||, if necessary.

Using these notations, it follows from (3.6) that the estimate

dw

dz lla

1
< 5 [l

holds. In this way we have obtained the following statement:
Theorem 3.2.1 ([29, 10]) The complex differentiation is a bounded operator map-

ping H into H' whose norm can be estimated by

‘ d 1

h S —. 3 . 8
dz (38)
3.3 Definition of scales of Banach spaces

)

Regard once more the two Banach spaces H and H’ introduced in the Section 3.2.
Not only the complex differentiation diz may be interpreted as bounded linear operator
mapping H into H’ but also the restriction to Q’ of a function w = w(z) belonging to
H may be interpreted as such an operator. Denote this restriction by I. Then Iw is
holomorphic in Q' and continuous in Q' if w = w(z) belongs to H. Equipping both H

and H’ with the supremum norm, we get the estimate
[Wllor = sup [w(z)| < sup [w(z)| < [wllq
o Q

i.e., I is proved to be an operator whose norm is not greater than 1, ||[I|| < 1. We
know, further, the following property of a holomorphic function: If a holomorphic

function defined in a domain € vanishes identically in a subdomain €', then the given
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holomorphic function must vanish identically in the whole domain Q. Therefore, two
holomorphic functions must be identical in the whole domain Q if they coincide in
a subdomain €)’. The restrictions Iw; and Iw, to " of two holomorphic functions
wy and w, defined in the whole domain Q are identical, consequently, if and only if
w; = wy in the whole domain Q. Thus the equality Iw; = Iw, of the restrictions to
)’ implies w; = w;, in the whole domain €. Notice that an operator is said to be
injective if two different elements possess images different from each other. Hence
we can say that the restriction I mapping H into H’ is injective. Summarizing these

considerations. we have proved the following [29, 10]:

Lemma 3.3.1 The restriction I has the following three properties:
a)lis linear.
b) 1is a bounded operator whose norm is not greater than 1.

c) Lis injective.

In the following we will regard not only two domains Q and €’ but a whole family
of domains €2; where s is a real parameter varying in an interval 0 < s < 59, where
s 1s a given finite number. Strictly speaking, if Q is a given bounded domain in the
z-plane, we choose a family of subdomains Q;, 0 < s < s, satisfying the following

conditions:

1. the closure Q is a compact subset of Q; if only §" < s,

2. the distance of Qg, from the boundary 9€Q), of Q; can be estimated by
dist(Qy, 0Q,) > const - (s — 5) 3.9)
where s < s and the constant is independent of s” and s.

3. every point of Q is contained in €Q; for sufficiently large s.

Example 3.3.2 Let Q be a disk centred at zy with radius r. Then a family Qg of
subdomains, where s varies in the interval 0 < s < 1, is given by Qg = {z : |z — 20| <
sr}. This family satisfies the three conditions formulated above. The constant entering

into (3.9) is equal to r.
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Using this definition of an injection, we can say that the Banach spaces H;, 0 < s < s,
form a family, where each Hj is injected into each space Hy with s’ < 5. Finally we
introduce the concept of a scale of Banach spaces. A family of Banach spaces B;,
where s varies in the open interval 0 < s < s is called a Scale of Banach Spaces if
every By is injected into each space By with a smaller s’. If a scale of Banach spaces
is given, then we have not only a family of Banach spaces B;, 0 < s < 59, but at the

Ix,s'

same time also a family of linear and injective operators I, ; with the norms | <1

mapping B; into By, 0 < 5" < s < 5.

The family H; is a special scale of Banach spaces.

3.4 Differential equations in scales of Banach spaces

In order to explain the concept of differential equations in scales of Banach spaces,
we start with a simple but typical example. We look for a complex-valued function
w = w(t, z) depending on both a real variable ¢ and a complex variable z. Assume that
this function depends holomorphically on z for each 7. Regard the partial differential

equation
ow _ ow

—_— = — 3.10
ot 0z ( )

where the differentiation a% means the ordinary complex differentiation with respect
to the variable z. Such interpretation is possible because w = w(t, z) is supposed to be
a holomorphic function in z. Now regard the scale H, 0 < s < 50, of Banach spaces
of holomorphic functions introduced in the Section 3.3. Then the right-hand side of
the differential equation may be interpreted as an operator mapping each H; into Hy,
if s < 5. Since we look for solutions holomorphic in z for each + we may interpret
the solution as an element of every Banach space H; for each fixed r. Summarizing
these interpretations of both the right-hand side and the solution of the differential
equation (3.10), we get the following concept of differential equations in scales of

Banach spaces:

Let B, 0 < s < s, be a given scale of Banach spaces. Let, further, ¥ (¢, w(¢)) be an
operator mapping each By into each By if 5" < s and ¢ is fixed. Then we look for a

function w = w(t) belonging to each B, for every fixed ¢ and satisfying the differential
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equation (3.1), where the derivative dw/dt is defined in every Banach space B, of the
given scale. If we interpret w(¢) as an element of By, then ¥ (¢, w(t)) belongs only
to By . Therefore, also dw(t)/dt must be interpreted as an element of By. Properly
speaking, the left-hand side dw/dt of (3.1) must be replaced by IS,S/‘;—V[”, where I ;v 1s
the injective operator connecting By with By. For short we will use, however, the

simplified denotation dw/dt.

In the Section 3.5 we shall look for a solution of this differential equation satisfying
the additional condition (3.2) where wy is a given element belonging to every Banach

space of the given scales By.

3.5 The Abstract Cauchy-Kovalevskaya theorem

Initial value problems of type (3.1), (3.2) can be solved using an abstract Cauchy-
Kovalevskaya theorem. Here one starts from scales of Banach spaces, i.e. one has
a family of (abstract) Banach spaces By with norms || - ||, 0 < s < s9, which are
embedded into each other. The latter means that By is a subspace of By if 0 < §" <
s < 8o, where ||w||y < ||w||;. In this case embedded means nothing but the restriction

of a function in €, to a smaller domain Q.

The classical Cauchy-Kovalevskaya theorem is based on the fact that the derivative
of a holomorphic function is holomorphic, again. Generalizing this property of holo-
morphic functions to the case of generalized analytic functions, one gets the concept

of associated differential operators.

The Cauchy-Kovaleskaya theorem states that the initial value problem (3.1), (3.2) is
solvable in an abstract scale of Banach space By, 0 < s < ¢, provided the linear
operator # has suitable properties in the given scale if the abstract operator equation
comes from a partial differential equation. In many cases the operator # acts in a so-
called associated space defined by a differential equation Gw = 0, that is the operator
¥ is mapping an associated space into itself, where the space B, can be defined as the
set of all solutions of Gw = 0, in a family of subdomains € exhausting the domain £

in which the initial function wy is given.
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In the sequel we will prove that the initial value problem (3.1), (3.2) is solvable by the
method of successive approximations in the scale By, 0 < s < s¢ (see [10, 29, 27, 21]).
To introduce the required symbols, the usual case of a linear operator # acting in a
fixedly chosen scale of Banach spaces B;,0 < s < 59, equipped with norm || - ||,.
F(t,w(1)) is a given linear and continuous mapping from B, into By for each ¢ with

0<t<T,where (0 < s" < s < s9. Suppose further that the conditions

||‘7:(t7 W) - ¢(t’ v)”s’ <

lw = vlls (3.11)

s—5
and

IF (2, wo)lls <

(3.12)

So— §
are satisfied, where C and K do not depend on w and v, and again s’ is an arbitrary
positive number being less than s. Then define the sequence w®(¢) as the following

successive approximations
t
w (@) = wo + f F (@, wh(@)dr, k=0,1,-- (3.13)
0
where w© = wy,.

Theorem 3.5.1 ([10, 29, 27, 21]) Suppose the conditions (3.11) and (3.12) are satis-
fied in a scale of Banach spaces B, s € (0, sy), and let wy € By for all s € (0, sp).
Then the initial value problem (3.1), (3.2) is solvable by the successive approxima-

tions (3.13), i.e. the sequence w**V(t) is convergent for any given s € (0, sy) on the

S0—S
Ce

interval t € [O, ) and limit function w,(f) = I}im w®(t) on this interval represents a

solution of the initial value problem (3.1), (3.2).

Proof. Let us commence by proving the inequality

K k+1
) - wOo), < K ) VkeNseOs)  (4)

Cet
Ce

by induction, where C and K are positive constants in the conditions (3.11) and (3.12)

above.

For k = O:

w() = wy + f?’(r, wo(7))dT,
0
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A

WD) —woll, < f IF (z, wo())llsdT
0

t

K
f dr
So— §

0
K

So— §

<

-t

So the inequality (3.14) is true for k = 0. Now assume as induction hypothesis that

(3.14) is true for any k. Then we will show that (3.14) is true for k + 1, i.e. that

K k+2
||W(k+2)(t) _ W(k+1)(t)||s S N ) s Vk S N, s € (O, SO) (3'15)

Cet
Ce

So— S

holds.
Fork — k+ 1:

k) (t) - wkD (1) = f [7:(7.’ w(k+1)(T) - ¥ (T, W(k)(T))] dr,
0

!
W 20 = w Pl < f IF (. w** V(@) - F (@ (D)l dr,
ot :
< f = W @) = wO )| dr
OC t
< , f WP - wO@)lldr
S— 8 0
C K '( Cet )k+1
< S dr
s—8 Ce Jy \so—s
k+1
< c 5( Ce)+ftrk“dr
s—s Ce \sp—s 0
C K| Ce "' #
< =) (3.16)
s—5 Celsg—s k+2
where 0 < s < s < 9. Suppose, for 0 < §" < 59, that
, So—
=5+ , k=0,1,---.
T T2
Then we have 1
1 1+ =
= — (3.17)
So— § So— S
and
1 k+2
= (3.18)



Substituting (3.17) and (3.18) into (3.16) one gets

k42 K(Ce1+ﬁ)

-5 Ce So— 8

k+1
lk+2

k+2

w20 -wDlly < €

1 k+2 K
< c( ) C— (Cet e 2
Ce

so — 8
which implies, in view of
1 1
<

—_ D)
So—8 Sp— S

that

W 2@ - w Dol < —
Ce

Carrying out the limiting process s — s in (3.19) leads to the inequality (3.15). Thus

k+2
K ( Cet ) . (3.19)

So— S

we have proved by induction that the inequality (3.14) is true.

Provided ¢ is restricted to the interval 0 < t < g°g", where ¢ is any number with

0 < g < 1, the inequality (3.14) leads to
(k+1) (k) K
W @) = w2 @lls < cd Vk e N, 5 € (0, s9).
e

Let w=(¢) = 0. Then

i [w(")(t) _ w(k_l)(t)] - }E{‘o an [w“‘)(t) _ w(k_l)(t)]
k=0 k=0
= lim w"(1)

n—00

= w.(0). (3.20)
In view of the successive approximations (3.13) we have

lHmw™(7)

n—oo

w.(t)

= lim

n—-o0o

t
wo + f F (T, w(”_l)(r))dr
0

or

w. () = wo + f F (r,w.(1))dT,
0

which leads to the initial value problem

dw,
5 F(t,w,)
w.(0) = wy
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by the help of the Leibnitz rule. So the limit function is a solution to the initial value

problem (3.1), (3.2).

On the other hand, it follows from (3.20) that

(o8]

w0y = ) [wP - w0

k=0
or that
w@ll, < - IO —wt Dl
=0
< lim 3" w00 - w P,
n—oo =0
K [s]
< — -1 k
< golim) g
k=0
K 1
= —- < o0,
Ce 1—g¢g
This shows that w.(f) € B,. This completes the proof of the theorem. U

Under the same restriction made for 7 in the proof of the Theorem 3.5.1, we will prove

now that the error made at the k" approximation can be estimated by

K 1
(O =W, < =g ——
lw.(£) = w (DI ! =4

For this end consider first

(9]

Do = wm )

m=k

lim Z [w D) = w™ ()]
m=k
= lim [w"() - w0

= w.(0) - w®(@).

Then apply the norm in B; to the both sides of the last equality to obtain

n
w0 = w0l ggg Z w00 = W™ @l

IA

IA

o ,langqm“

k+1 : m
= — - lim
Ceq n—>oomZ:0q
K k+1 1

- e l-qg
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CHAPTER 4

FIRST ORDER DIFFERENTIAL OPERATORS ASSOCIATED
TO THE CAUCHY-RIEMANN OPERATOR IN THE PLANE

4.1 Introduction

This chapter deals with initial value problems of type

6_w
ot
w(0, )

= Fw
()]

where ¢ is the time and ¥ is a linear first order differential operator acting in the

z-plane. In case of the classical Cauchy-Kovalevkaya theorem, ¥ w has the form
ow
Fw ;:A(t,z)8—+E(t,z)w+G(t,z) 4.1)
%

and the initial value problem is solvable provided the coefficients A, E, and G and the
initial function ® are holomorphic. On the other hand, the Lewy example [16] shows
that there are equations of the above form with infinitely differentiable coefficients not
having any solutions. We will construct, conversely, all linear operators F for which
the initial value problem with an arbitrary holomorphic initial function is always solv-
able. In particular, we will see that there are equations of that type whose coefficients

are only continuous (see [25]).

Consider the linear first order system
Ot = a10,u + andyu + a0,V + andyv + ciu + crv + ¢3 4.2)
0v = b110.u + b120yu + by 10,V + b0y + diu + drv + d3 “4.3)
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for two desired real-valued functions u (¢, x,y) and v (¢, x, y) , where ¢ means the time
and (x, y) runs in a (bounded) domain in the x, y-plane. The coeflicients are supposed
to depend at least continuously on 7, x and y. On the one hand, in view of the classical

Cauchy—Kovalevskaya Theorem the initial value problems
u(0,x,y) =0 (x,y) 4.4)

v(0,x,y) =¥ (x,y) 4.5

are solvable provided the coefficients of (4.2), (4.3), and the initial functions ®©, ¥
possess power-series representations (in x and y). The present chapter formulates
sufficient conditions on the coefficients of (4.2) and (4.3) under which each initial
value problem (4.4) and (4.5) is solvable provided the initial functions @, ¥ satisfy
the Cauchy—Riemann system. We will see that four coefficients of (4.2) and (4.3)
can be chosen as arbitrary continuous functions. This result will be reached by the
technique of associated differential operators applied to a complex rewriting of the

initial value problems (4.2)-(4.5) (see [25]).

4.2 The Complex Rewriting of the Given System

Let us consider the complex variable z = x + iy and w = u + iv. Then we have

dw = %Kau+aﬁ+z( dyu)|.
dw = %K¢u+@ﬁ i(0.v - dyu)|.
dw = %Kmu—@0+z@w+amﬂ,md
ow = %K@u—aﬁ i(0.v+ dyu)|.

Thus the derivatives of u and v with respect to the real variables x and y can be ex-

pressed by the partial complex derivatives of w with respect to z and 7 as follows

1 _ _
Ou = 5(6W+8Zw+ﬁzw+azw),

@u:—@w d.w = 0w + Dow).

2 __ (4.6)
8xv:§( 6Zw+6zw—62w+82w), and
(9xv:%(8w+6w o-w — 6w)
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Multiplying (4.3) by i and adding the resulting expression to (4.2), in view of (4.6),

and 0,w = 0,u + id,v one can express the system (4.2), (4.3) in complex form as

ow=Fw 4.7

where
Fw := Adw + Bo.w + CO:w + Dd-w + Ew + Fw + G, (4.8)

and

2A = (ay — b+ by +ax)+i(by +anp —ay + by) (4.9)
2B = (ay + b — by +ax)+i(by —an +ay + by) (4.10)
2C = (aj +bip+ by —axn) +i(by —an — ax — by) (4.11)
2D = (ay1 —bip — by —ap) +i(byy +an +ax — by) (4.12)
2E = (c1+dy) +i(d) —c)) 4.13)
2F = (¢ —dy) +i(d;) + ) 4.14)
G = (c;+id3). 4.15)

Since

u,x,y) +iv(0,x,y) = ®(x,y)+i¥(x,y) or

u(0,z2)+iv(0,z) D (z) +i¥Y (2),

the complex rewriting of the initial conditions is

w(0,2) = wy(2)

with

wo () =D () +i¥Y(2).

Therefore the initial value problems (4.2)-(4.5) can be written in complex form as

ow = Fw,

w(0,2) = wy(z).



4.3 Necessary and Sufficient Conditions for associated pairs

We formulate necessary and sufficient conditions on the coefficients of ¥ defined by

(4.8) under which ¥ is associated with the Cauchy-Riemann operator G := 0, i.e.
Gw=0= G(Fw)=0.

Assume now Gw = 0, that is w; = 0. Note that for any continuously differentiable

function w the properties

w: = @ and

W):

WZ
hold. Applying G to Fw, as a consequence of the product rule, we get
(TW)Z = Azwz + A(WZ)Z + Bzwz ar B(WZ)Z + Ezw r EWZ + sz + F(W)Z + GZ

or

(Fw): =A:w, + B-w, + Bw_ + E:zw+ F-w + Fw_ + G-. (4.16)

Thus G(F w) will vanish if all the coefficients in (4.16) are equal to zero, i.e.

TR

~ o0
Il Il

Q LR
1 Il
Q (@) (e} (e} (e} (@) (@»)

Z

Therefore we obtain the following sufficient conditions for ¥ and G to be associated:

1. B and F are identically equal to zero.

2. A, E and G are holomorphic functions.

In the sequel we will prove that these conditions are also necessary. For this end,

assume that #w is holomorphic if only w is so. In order to obtain the conditions on
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the coefficients of the operator ¥, we will choose special functions from the associated
space, in this case special holomorphic functions, and obtain the conditions implying
that #w is holomorphic for those functions. So choosing the holomorphic function
w = 01n (4.8) we have

Fw=@G.

Since £ w must be holomorphic as an image of the holomorphic function w = 0, G

has to be holomorphic, and term G: can be omitted in (4.16).
Choose now the holomorphic function w = 1. Then, by means of (4.8) we obtain
Fw=E-1+F-1

and, thus

must hold. Choose, similarly, the holomorphic function w = i. So

Fw = E-i+F-i

(E-F)-i

and, thus,

(Fw)=(E:=Fi=0 (4.18)

has to be satisfied. Equations (4.17) and (4.18) imply that E and F' are holomorphic

functions necessarily.

Similarly for w = z, it follows from (4.16)
(Fw): = A-(1) + B:(1) + BO) + F(1) = 0

or

A2+B2+F:O. (4.19)
For the choice w = iz, we get
(Fw): =A:() + Bs(-i)+ BO) + F(-i) =0

or

A:-B.—F =0. (4.20)
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Adding (4.19) to (4.20) yields A: = 0, showing that A is holomorphic. Subtracting
(4.20) from (4.19) implies
B:-+F =0. (4.21)

So far we know that A, E, F and G are holomorphic. It remains to choose w = 722 in

(4.16) to get

Fw:=B-w,;=B-2=0

or

B=0.

Taking into account B = 0 in (4.21) yields
F=0.

Summarizing the above considerations we have proved the following lemma:

Lemma 4.3.1 ([25]) Suppose A, B, E, F and G are continuously differentiable with
respect to z and 7. Then the operator (4.8) is associated to the Cauchy—Riemann

operator if and only if the following conditions are satisfied:

1. B and F are identically equal to zero.

2. A, E and G are holomorphic functions.

4.4 Permissible Coefficients

The above Lemma determines all complex equations (4.7) to which the Cauchy-—
Riemann system is associated. In the sequel we characterize the corresponding real
systems (4.2) and (4.3). In view of (4.13), (4.14) and (4.15), the coeficients c¢; and
dj, j = 1,2, are uniquely determined by the real and imaginary parts of two arbitrary
holomorphic functions. Let A; = 2R(A), A, = 23(A), B; = 2R(B), B, = 23(B),
Ci = 2R(C), C; = 23(C), D; = 2R(D), and D, = 23(D). Then splitting up the

equations (4.9)-(4.12) into real and imaginary parts, one gets the following 8 linear

32



equations for the 8 coefficients a;;, b;; where i, j = 1,2:

ayy — by + by +axp
by +ain —ax + by
ayy + by — by +ay
biy —ap +ay + by
ap + by + by —ax
biy —ap —ax — by
ayy — by — by —axy

by +ap+ay — by

This system can be written in matrix form as follows:

(1 -1 1 1 0 0 0

0O 0 0 O 1 1 -1

The determinant of the coefficient matrix of this linear system is 256, i.e. nonzero,
and therefore the a;; and b;; are uniquely determined in case the coefficients A, B, C
and D are given. Observe, however, that C and D are completely free for systems

to which the Cauchy—Riemann system is associated. In other words, for the desired

o 1l

1

A
Ay
B,
B,
Ci
C,
D,

D,.

ap

by
an
by,
ap

ary

| b2 |

associated operators 4 of the 8 coefficients can be chosen arbitrarily.

Notice that A must be holomorphic and B must be identically equal to zero in view of

Lemma 4.3.1. Thus

B,

B,
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bll —dap + an +b22 =0




which implies
a» = —bp + byy —ayy, and
22 12+ 021 11 (4.22)
a1 = —byy — by +ay.

So, taking (4.22) into account, we have

2A (@i — by + by +axn) +i(by; +an —az + by)

[a11 — bio + by + (=b1a + byy —a)] +i[by +ap — (=biy — by +ay) + bl

= 2(=bia + byy) +2i(by + b2p),

showing that
A= 2%(14) =2 (_b12 + b21) and

(4.23)
Az = 23(14) = 2(b11 + b22) .
Considering (4.23) together with (4.22) we obtain, finally
ay = —A; + ap;
a»n =A7—a
2~ (4.24)

by = AT + bip
by = Aj — by;

where A7 = A;/2 and A} = A,/2. To sum up we have proved the following statement:

Lemma 4.4.1 ([25]) Suppose ay,, a2, by, and by, are arbitrarily chosen. Then per-
missible coefficients are given by (4.24) where A} + iA} is an arbitrary holomorphic

function.

Note that 4 of the 14 coefficients of the systems (4.2) and (4.3) are completely free,
whereas the remaining 10 coefficients depend on the choice of 3 arbitrary holomorphic

functions. The 4 free ones need only to be continuous.

4.5 Solution of the initial value problem

In order to solve the initial value problems (4.2)-(4.5), consider an exhaustion of the
(bounded) domain Q by a family of subdomains Q;, B; 0 < s < s, satisfying the

usual condition dist(Q,,, 0Q,,) > const - (s, — s1) if and only 0 < 51 < 55 < 5. Let

34



H; be the Banach space of functions holomorphic in € and continuous in ﬁs. Then
the H;, 0 < s < 59 form a scale of Banach spaces. Rewrite the complex version
of the given initial value problem as abstract operator equation in the scale H;. The
necessary interior estimate for the complex derivative of a holomorphic function is
obtained by means of Cauchy’s Integral Formula (see Section 2.6). Therefore the ab-
stract Cauchy—Kovalevskaya Theorem (see Chapter 3, see also [21, 27]) is applicable.

Consequently, the following theorem has been proved:

Theorem 4.5.1 ([25]) Suppose the coefficients of the systems (4.2) and (4.3) are given
in accordance with Section (4.4). Suppose, further, that the initial functions ® and ¥
in (4.4) and (4.5) satisfy the Cauchy—Riemann system. Then the initial value problems
(4.2)-(4.5) is solvable. The solution exists at least in the time-interval 0 < t < a,(so—s)
if a. is sufficiently small and (x,y) belongs to Qg (where the subdomains € form an

exhaustion of Q).
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CHAPTER 5

NECESSARY AND SUFFICIENT CONDITIONS FOR FIRST
ORDER DIFFERENTIAL OPERATORS TO BE ASSOCIATED
WITH A DISTURBED DIRAC OPERATOR IN
QUATERNIONIC ANALYSIS

5.1 Introduction

In the paper [13] N. Q. Hung has solved the initial value problem

3

ou ; Oou
5 = Lu= ;A()(t, x)a_x,» + B(t, X)u + C(t, %) (5.1)
u0,x) = up(x) (5.2)

using the method of associated spaces in the space of generalized regular functions

in the sense of quaternionic analysis satisfying the equation D,u = 0, where
Du:=Du+au, aclk

and

is the DirAc operator, and ¢ is the time variable. The author has proven only sufficient
conditions on the coeflicients of the operator £ under which £ is associated with the
operator D,, i.e. L transforms the set of all solutions of the differential equation
D,u = 0 into solutions of the same equation for fixedly chosen . We will prove
necessary and sufficient conditions for the underlined operators to be associated. This

criterion makes it possible to construct all linear operators £ for which the initial
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value problem with an arbitrary initial generalized regular function is always solvable

(see [1)]).

5.2 Preliminaries and notations

Let H be a real quaternion algebra with the units ey = 1, e; =i, e, = jand e; = k
of (real) quaternion algebra H. Suppose that Q is a bounded and simply connected
domain of the Euclidean space R®. A function f defined in the bounded domain

Q ¢ R3 and takes values in H is a map
f:Q-H

and it can be represented in the form
3
F) = i) + D filoer.
k=1
Its conjugate f is defined as

3
F&) = H0) = ) fi@es,
k=1

where the components f;(x) are real-valued functions of x = (xy, x, x3) € Q.

The Dirac operator D is defined by

where 0; = 9/0x;, and acts on f (on the left-hand side) as follows

3

i 2. (0if) eser

j=1 k=0

Df

The conjugate of D is
3

Z_) = - Z eja,-.

=1

J

We denote the space of continuous or k-times continuously differentiable functions

defined in Q and taking values in H by C (Q, H), C* (Q, H), respectively.
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Lemma 5.2.1 ([5, 8]) Ifu,v € C' (Q, H) then

3
D(u-v) = (Du)-v+a-(Dv) =2 ) u;- . (5.3)

=

Definition 5.2.2 ([5, 81) A function f € C'(Q,H) is said to be (left) regular if it
satisfies Df = 0in Q.

Note that if u and v are regular functions then
3
Dw-v)= —ZZuj -0y
=1

holds.

For further definitions concerning quaternions and regular functions we refer the

reader to [5, 8].

Now we introduce the generalized regular function:

Definition 5.2.3 ([13]) The disturbed Dirac operator is the operator which is denoted
by D, and defined as

Dou := Du + au, 5.4)

where a is a real number.

Definition 5.2.4 ([13]) A function u € C' (Q,H) is called a generalized regular func-
tion if it satisfies Dou = 0 in Q.

Next we will prove three lemmas that will be used in the next section.

Lemma 5.2.5 ([1]) Ifu,v € C' (Q, H) then
0;(u-vy=0u-v+u-oyv, Vi e{l,2,3}.
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3
> Ve, € CH(Q,H) and i € {1,2,3}. Then

n=0

o;i(u-v)y = 0; [i uiey - i vnen]

3
Z 0; (urvy) exey
k,n=0

3

= Z (Oittg - vy + Uy - O1vy) ey,

3
Proof. Letu = ), uger, v =
k=0

k,n=0
3 3 3 3
= 0 (Z ukek] . Z Vpen + Z ugey, - 0; [Z v,,e,,)
k=0 n=0 k=0 n=0
= Ou-v+u-ov.
d
Lemma 5.2.6 ([1]) Ifu,v € C' (Q, H) then
3
Dy () = (Dgtt) v+ - (Do) =2 > -y = (@-v). (5.5)

j=1
Proof. Taking (5.4) and Lemma 5.2.5 into account we obtain

Do(wu-v)y = Dw-vy+a(u-v)
3

Ze,@i(u-v)+a/(u'v)
121
- Zei(aiu-v+u-6iV)+C¥(u'V)

i=1

3 3
= [Ze[&-u)-v+ Ze[(u-&-v)+a(u-v)
i=1

i=1

3
= Du'v+au'v+Zei(u-6,-v)

i=1
3

= (Dyu)-v+ Ze,-(u-ﬁ,-v).
i=1

After an easy calculation one can show that the summation in the last equality can be

represented as

3
e,-(u-aiv):ﬁ-(Z)av)—ZZuj-ajv—a(ﬁ-v).

=

3
i=1
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Thus the proof is complete. 0

Note that if # and v are generalized regular functions then

3
Z)a(u-v):—2Zuj-6jv—a(ﬁ-v).

j=1
Observe, further, that in case @ = 0, D, = D and the formula (5.5) is reduced to the
formula (5.3).

Lemma 5.2.7 ([1]) Ifu € C?(Q,H) is generalized regular then any first order deriva-

tive of u is also generalized regular.

Proof. D, (0;u) = 0; (D,u) =0, Vie {1,2,3}. 0

5.3 Necessary and sufficient conditions for the associated differential operators

Definition 5.3.1 ([29, 30]) Let F be a first order differential operator depending on
t, x, u and on the first order partial derivatives 0;u, while G is a differential operator
with respect to the space variables x; with coefficients not depending on time t. Then
F is said to be ’associated’ with G if F transforms the set of all solutions to the
differential equation Gu = 0 into solutions of the same equation for fixedly chosen t,
ie.

Gu=0=GFu) =0.

The function space containing all solutions to the differential equation Gu = 0 is

called an associated space of  (see also Section 2.5).

Next we consider the operator £ defined by
3
Lu:= Y APt )0 + B(t, x)u + C(t, ), (5.6)
i=1

having the quaternion-valued coefficients with real-valued components

3

Ax) = Y al e,

k=0

3
D bult, e,
k=0
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and C(¢, x), and determine the conditions over these coefficients guaranteeing that £

is associated with D, i.e.
Du=0=9D,(Lu)=0.

The equation

Du=0 (5.7)
implies

Owu= ) eej0ju+aeu, (5.8)

3
=2
which shows that the derivatives of u with respect to x; can be expressed in terms of
the derivatives of u with respect to x; (j = 2, 3) and u itself. This formula leads to the

equality

= eiej00ju + ae Oru, Yk € {1,2,3}. (5.9

3
=

Applying D, to Lu and taking Lemma 5.2.6, Lemma 5.2.7, (5.7), (5.8) and (5.9) into

account it follows that D, (Lu) can be expressed as

3 3
D, (Lu) = (-2P) - Drd5u+ »(-20;) - B+ Y " Ri-du+ S - u+ D,C,

j=2 i=2

where
P = |(a+da?)eies +(af +a) erer + (af +af’) o
Q; = |(@V -a)eo+(a +a})ere)].
R = [(D.AV - aAD - 2b)) 1+ (5.10)
DAY — aAD = 20 (a” + a’) e; - 2b;].
S = |(DuAD - aAD) e, + DyB - aB +20%a ey — 2abie, |.

After an easy calculation one can show that D, (Lu) is equivalent to the following
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linear combination

(-2)[(af” +
(=2) [( @ _ @
(-2) [(a(3) (1)

(—ey) (a(;) + a(13)) esz + (a(32) + a(;)) eo] 0,03u +

)
)eo (ag) + a(lz)) 3] 6%14 +
")

ey — (agl) + a(13)) 2] (')gu +

[(A(2)+A(”e3)+ ((2) (”)e+

Q’Cng) )

) —
3

-2 (a/a(;) + bz) eo] oL u +

)+2a( 3 _ m)e +

aas’ +b )ez +2 (a/a2 bg) eo] osu +

2(

[ ((3 AW,
2(aa,
(5

[Z) + a/A“)el) +2a (a/a(;) + bz) e, — 2 (a/a(zl) b3) 63] u+

D,C.

(5.11)

Therefore the operator £ is associated with the operator D, if the coefficients of this

linear combination vanish identically, i.e. if the conditions

hold.

D (B + aA(”el) +2a (aa(;) + bz) e, — 2a(

a(l H_ @ _ 3)

=4, 5
(1) _a(lz)
@ _ 3)

a; =—a,

2) _ 3)
a; =-—a,

(A(Z) +AWes) + 2a( @ _ (1)) e+

(cxagz)
(00(23)

e +2 (oza2

D,C=0

Now we will prove the following statement:

e3 — (aa3 + bz) e =0

)
b)

(A(3) A(l)ez) +2a ( O - a(ll)) e3+
b)

b3)€0 =0

(w(;) b3) e3=0

(5.12)

(5.13)

(5.14)

(5.15)

Theorem 5.3.2 ([1]) Assume that A9(t,x) € C*(Q,H) (fori = 1,2,3), and B(t, x),
C(t,x) € C' (Q,H) for each t € [0, T]. Then the operator L is associated with D, if

and only if the conditions (5.12)-(5.15) are satisfied.
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Proof. Assume that u is generalized regular. Then it is obvious in view of (5.11) that

ZLu is also generalized regular in case the conditions of the theorem are satisfied.

Now assume, conversely, that Lu is always generalized regular if only u is so. In order
to obtain the conditions on the coefficients of £, we will choose special functions from

the associated space, in this case special generalized regular functions. Note that
u=v-exp(axep)

is generalized regular provided v is regular. Choose, especially, # = 0. Then (5.11)
passes into D, (Lu) = D,C. Since Lu is generalized regular as image of the general-
ized regular function u = 0, we conclude that (5.15) has to be satisfied. Thus the term
D,C can be omitted in (5.11). Next we choose u = 1 - exp (@x;e;). Then D, (Lu)

becomes
[Z) (B + aA(l)el) + 2« (a/agl) + bz) e — 2 (aa(zl) — b3) 63] exp (axiey)
and, thus, the condition (5.14) must hold. For the choices
u = (—x1e; + xpe;) - exp (axey),

and,

u = (—xje; + x3e3) - exp (axe;),

we conclude, in view of (5.11), that the two conditions (5.13) have to be satisfied,

respectively. Finally choosing

1
u = E(xg — x%)el + xlxzez) -exp (axieq),
u = z(x% - x%)el + x1x3e3) -exp (axe;), and
» 1,
u = |(xx3+ x5 — zx))e; + x1x3e2 + (X1x2 + x1x3)e3 | - exp (axjep)

2 2
in (5.11), we obtain the conditions (5.12). This completes the proof of the theorem.
OJ

Example 5.3.3 Suppose that a is any real number, C(t, x) € C' (Q, H) is any general-
ized regular function, and AV (t, x) € C* (Q, H) is any quaternion-valued function for
each t € [0, T]. Suppose, further, that A?(t, x) = —AV(t, x)e3, AP (1, x) = AV(t, x)e,,
and B(t, x) = —aAY(t, x)e,. Then all the conditions (5.12)-(5.15) are satisfied, and L

is associated with D,,.
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Remark 5.3.4 Note that the coefficients in Example 5.3.3 does not satisfy the (suffi-
cient) conditions formulated in N. Q. Hung’s paper (see [13], Theorem 2), and there-
fore, the criterion in that paper gives no information whether L is associated with D,

or not, in this case.

Example 5.3.5 Consider the following example given in [13]: Suppose that a = 1,
AD(t, x) = f(t,x)e; (fori =1,2,3), B = f(t,x)ey, and C(t,x) = 0, where real-valued
function f(t,x) is in C*(Q) for each t € [0, T). Then all the conditions (5.12)-(5.15)

are satisfied, and L is associated with D,,.

Note 5.3.6 Setting Z := aa(23) +b, T := oza(zl) — b3, and W = aa(;) + by, in view of
(5.12), the conditions (5.13) and (5.14) turn out to be

zﬂm”+Am%)—2@@+“@@:O
D(A(3) — A(l)ez) +2(Zey +Tey) =0

and

Z)(B + aA(l)el) +2a (Wey — Tez) =0

respectively.

5.3.1 Special case of @ = 0

In case @ = 0 the operator D, coincides with the operator 9 and the conditions

(5.13)-(5.15) are reduced to

D(A(Z) + A(1)€3) - 2(b1€3 + bZeO) =0 (5 16)

Z)(A(3) — A(l)ez) + 2 (b1ey — bsep) =0 |
DB - 0 (5.17)
D=0 (5.18)

respectively. Thus we obtain the following statement as a corollary of Theorem 5.3.2:

Theorem 5.3.7 ([1]) Assume that AY(t,x) € C*>(Q,H) (for i = 1,2,3), and B(t, x),
C(t,x) € C'(Q,H) for each t € [0,T). Then the operator L is associated with the
Dirac operator D if and only if the conditions (5.12), (5.16)-(5.18) are satisfied.
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Remark 5.3.8 In the paper [17] the conditions (5.17), (5.18), and
(Z)A(")) e — (Z)A(’)) e1=2(brey—bie) =0, k1=1,2,3 (5.19)

are given as necessary conditions for the operators L and D to be associated. Note
that (5.19) becomes an identity if k = . One can easily show that the remaining six
conditions in (5.19) are either equivalent to (5.16) or linear combinations of (5.16).

Note, further, that the conditions (5.12), (5.16)-(5.18) are necessary and sufficient for

associated operators L and D.

5.4 The interior estimate for the generalized regular functions

The functions considered in [20] and [17] are regular functions and their components
are harmonic functions. Therefore, the interior estimate of regular functions follows
from the Poisson integral formula as we will obtain in this section as an auxiliary in-
terior estimate (see (5.22), see also [22, 30], for instance). To solve the initial value
problem (5.1), (5.2), we need the interior estimate for the generalized regular func-
tions. Let u be a generalized regular function. Since O = D,u = Du + au, we have
Du = —au. Applying D to both sides of this equation leads to D*u = —aDu =
—a (—au) = *u. Using the fact that D> = —A we get that —Au = o?u, or that a

generalized regular function u satisfies also the Helmholtz equation
(A +a*)u=0.

Therefore the components u; of a generalized regular function u are solutions to the
Helmholtz equations (A + a/z) u; = 0. Hence, we have to use another method to prove
the interior estimate for generalized regular functions. For the proof of the interior
estimate, consider an exhaustion Qg, 0 < s < 59, of a given (bounded) domain € in
R3. Let B, be the space of all generalized regular functions f(x) defined in , which

are continuous in 55, 1.e.
B,:={f € H|Dyf =0inQ and f € C(Q,)}.
Define the norm
IIf1l, := max l(sup Ifk(x)l). (5.20)
€{0.1.2.3} \ veq,

ke{0,1,2,3
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Let B, be the space equipped with the norm || . ||y defined by (5.20). The limit function
of a Cauchy sequence of functions belonging to B, is continuous because convergence
with respect to the supremum norm means uniform convergence. In view of Weier-
strass convergence theorem, further, the limit function of a uniformly convergent se-
quence of generalized regular functions is generalized regular, too. Thus the space B;

is proved to be complete, i.e. B is a Banach space.

Now we will give a definition and a lemma which will be helpful for obtaining an

interior estimate for a generalized regular function in sup-norm:

Definition 5.4.1 ([31]) Suppose L* is adjoint to the linear k-th order differential op-

erator L of divergence type, that is,

£u=Z (a”(i ) Zb—+cu
ij

and u is an integrable function satisfying the relation

f (¢ + (1) uL'p)dx = 0

Q

where ¢ is any test function, that is, ¢ is a continuously differentiable function in Q
which is identically equal to zero outside a compact subset of Q. Then u is called
a weak solution in the distributional sense (or distributional solution) of the dif-
ferential equation Lu = h. Additionally, a weak solution in distributional sense is
necessarily a solution in the classical sense provided that u is k-times continuously

differentiable. Weak solution u of the homogeneous equation Lu = 0, consequently,

fu.[:*qbdx =0

Q

are characterized by the relation

Lemma 5.4.2 ([31]) Suppose E(x, &) is a fundamental solution of Lu = 0 with sin-
gularity at &, where L is k-th order differential operator of divergence type. Then the
function defined by

o = [ B o
Q
turns out to be a distributional solution of the inhomogeneous differential equation

Lu=nh
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Proof. Denote Q as domain of the x-space and the £-space by Q, and €, respectively.

If ¢ is k-times continuously differentiable test function then one has

fu.ﬁrﬁdx f fE(x,f)h(f)df L pdx

Qy Q, \Q¢

f h(¢) f E(x,&) L ¢pdx|dé by Fubini theorem

Q; Q.
= 1 [ mewes
Q¢
which completes the proof. U

We refer the reader to [31, 18] for the concept of fundamental solutions.

In the following we will obtain an interior estimate for a generalized regular function

in sup-norm.

Consider now two subdomains Q¢ and Q,» with Qy C Q. C Q, where s’ < 5”7 < sy,

and define an auxiliary function

u@(x) = u(x) + f E(x, &)a’u(é)de, (5.21)
Qy

where u(x) is a generalized regular function in Q, and
E(x,&) = _—1

A | x =€ |

is the fundamental solution of the Laplace equation in R*. It follows from Lemma
5.4.2 that

A fE(x,f)azu(f)df = o*u(x).

Thus applying A to both sides of (5.21) one gets
Au®(x) = Au(x) + *u(x) = (A + az) u(x) = 0.

So the function ¥ is harmonic in Q. On the other hand, a ball Bs(x,) centred at a
point xy € Qg having the radius ¢ with ¢ < dist(Qy, Q) is contained in Q. Thus

the Poisson integral formula for harmonic functions applied to Bs(x) yields

4o
[§=x0l=6

u(x) = L f u?(E)P(x, §)do(€),
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where P(x, ¢) is the Poisson Kernel

6% — |x = xo

P(x,&) =

1€ = ¥’
Now we will prove the interior estimate
ou® 3
< © 5.22
ax; ||, distQy, Q) 1. 622

for the harmonic function u?. For this end let

3
ri=lé—xl= [Z(@ - x,f}
j=1

1
2

3
Note that |x — xo|> = 2 (xj— xoj)z. Taking the derivative of P(x,£) with respect to x;
j=1

we get

o) 2% = x0) -+ 3 = %) - |6 — |x - xof
o £ — xf '
Now take the derivative of u#®(x) given by (5.21), take (5.23) into account in the

(5.23)

resulting expression to obtain

© —2(x; = x01) - 1+ 3r(&; — x;) - |67 — |x — xol”
() 1 f O (x; = Xor) - 1+ 3r(&; = x7) - |67 = |x x0|]do_(§).

dx;  4né € — 1

|€=x0l=0
Let xo be any element of Qg and take x = xy. Then r = |£ — xo| = 6. Thus, since
|x — x| = 0 and x; — x(; = 0, the last equality yields
ou® 1 3(& — xo
u™(xo) _ f M(O)(f) . (f xO)dO'(‘f).

ox;  4nb 53
[é—x0|=0

Using |&; — xpi] < |€ — x0| = ¢ and taking the absolute value of the last equality we
obtain that

9 (x) 3 )
Z. e d
(?x,- ) |g§;?|):5|u (§)| 452 f O-(é:)
‘ |€=x0l=0
< 2. sup |u<0>(§)|-L-4ms2
0 |E—xo|=6 47'('52
or .
ou'” 3
U~ (%o) < —- sup |u(0)(§)|, Vxg € Q.
0x; 0 |e-xol=s
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By the maximum principle for harmonic functions we have
0 0
sup [u¥(@)| = sup [u¥@)
[é=x0l=6 |E—x0|<6

and consequently the previous inequality can be expressed also as

ou® 3
ua (xo0) <. sup |u(0)(§)| , Yxg € Qy.
Xi 0

[—xo0l<6

This implies, in view of the definition of the norm in By, that

ou©
6Xi 5

s *

<3l
0

Carrying out the limiting process 6 — dist(Qy,Q,), we get (5.22). So we have

proved the following statement:

Proposition 5.4.3 If u®) is a harmonic function in Q then the interior estimate (5.22)

holds.

The proof of the following lemma concerning an upper bound of a weakly singular

integral can be found in [34], for instance:

Lemma 5.4.4 (Schmidt’s Inequality) Suppose Q is a domain in R", with finite mea-
sure m€) not necessarily bounded. Denote the volume of a unit ball in R" by t,, while

the measure of surface of unit ball is w,. Then for 0 < a <n

-
f 1 e < w, [mL
ol — n—a\ T,

for each x € R".

In the sequel we will obtain the interior estimate for generalized regular functions in
sup-norm making use of the interior estimate (5.22) for harmonic functions. By the
way the interior estimate can also be obtained in L,-norm applying the Theorem 3 of

[38] to the fundamental solution of the Laplace equation in R3.

From (5.21) we have

Lﬁw:mm+jfma&m&ﬁ (5.24)

Qsl
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where x € Q,, u(ko)(x) and u(x) are the k™ components of functions u®(x) and u(x)
respectively, i.e.
3
uO(x) = Z u, )(x)ek
=0

and
3

u(x) = Z u(x)e.

k=0
On the other hand, the Schmidt’s inequality (see Lemma 5.4.4) forn =3 and o = 1

(w3 =4m, 13 = ‘3—‘77) states that

fﬁf—z(@)'

Recalling that E(x, &) = —1/ (4 |x — £]) and applying the Schmidt’s inequality to the

absolute value of (5.24) we obtain

@] < w0l + f @ [ECx, €| lu(©)] dé
Qy
a———r dg
< sup |ug(x)| + — sup |u .
a0 Ay = 629
@ 4r (3mQ\: |
< [1+—=-=(—] |" .
s [ T 2 ( an ) Sup ()
By means of the definition of sup-norm (5.20) it follows from the last ineqaulity in
(5.25) that
2 5
| ||S,s[1+7(?) lell (5.26)
The equality (5.21) implies that
(%) = 1 (x) - f E(x, &)’ u(€)dé, x € Qy. (5.27)

Qy

Taking the derivatives of the both sides of (5.27) with respect to x; (fori = 1,2, 3) it

follows that

Our(x) auf) OE(x,&)
o on f IR IG;
Qy
al/l(o) a,2 8 )
aﬁ, in [l — |- m@de. (5.28)



Taking the absolute value of the both sides of (5.28) we get

)
P < |+ 5 sup e f ol [ 5
Note that
o [-er] - S
which implies .
'Tm['x_fl_l] ||x—§|;| x— &

Therefore applying the Schmitd’s inequality once more for @ = 2 and n = 3 we obtain

0 q f 1
—||x = dé < d.
f'ax; [l ¢l ] ¢ Ix — &1 d
QS, QS/
1
3mQy \?
< 4
< n( i )
and so y 1
0 2 Q.\3
R GE 4”(3m ) |

0x,- c')x,- A fe A
Using the fact that ||-||y < [|||» and the definition of sup-norm the last inequality
0 ou® 3mQ
! | Y ( = ) Nl (5.29)

‘ (9_761 5 0x; 4r
Let d := dist(Qy, Q). Employing (5.22) and (5.26), we get from (5.29) that

implies that

ou 3 3mQ
0)
. S 5 [l ||S,,+a ( 4ﬂ) lell
< S (22 3“@% lul
> d 2 \Tan o P
< 3, + 22 3o’ el 3mﬂ% lul
- - . u 27
—d 2d 4 4 s
3, (3mQ)\’ 3 (3mQ
< Z - " 5.30
< {d+a(4ﬂ) 2d(4 ) }nuus (5.30)
Let dy = diam (QQ), then the dist(€2y, Q) < dy. Thus 1 < m Since 0 < &' <

s, (5.30) leads to the following interior estimate for the first order partial derivatives

of a generalized regular function

3mQ\? [3 (3mQ
3+a2(—m ) (m ) +dy
Ou iy ¢ 2\ 4r -
e < . .
‘(?xi Lo dist(Qy. Q) el (5:31)
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Remark 5.4.5 In the paper [13] the author obtains the interior estimate in the form

2(3mQ)é 1 (3m9)5

o2 [ 2] |34 o (22

Ou 4 2\ 4rn 1
_— < /. .
ol = dist(Qy, Q) el (5-32)

But (5.32) is not correct. The interior estimate (5.31) is the corrected one.

5.5 [Initial value problems with a Helmholtz-Type Dirac Operator

Applying the abstract Cauchy-Kovalevskaya theorem (see Section 3.5) the following

statement has been proved:

Theorem 5.5.1 ([13]) Suppose the operator L is associated with the disturbed Dirac
operator D, of the quaternionic analysis. Then the initial value problem (5.1), (5.2)
is solvable in case uy is an arbitrary generalized regular initial function. The solution

u(t, x) is also generalized regular for each t.

5.6 Concluding Remarks

Paper [45] deals with the initial value problem

Ou  _ N (7 )M
= = Lu= ;A (t, x)a_x,- + B(t, )u + C(t, x) (5.33)
u,x) = up(x) (5.34)

in the space of generalized regular functions satisfying the differential equation D,u =

0, where D,u := Du + au, and

3
D=0dy+ ) ed;

=1
is the CaucHY-FUETER operator of the quaternionic analysis. Necessary and sufficient
conditions are given on the coefficients of the operator £ under which £ is associated
with the operator D,,. For such operators L the initial value problem (5.33), (5.34) is

solved uniquely.
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It can be expected, therefore, that similar constructions for the solution of a more
general initial value problem

ou

ot

u,x) = wup(x)

= Lu:= Z A, x)a—” + B(t, )u + C(t, %)
i=0 0x;

can also be carried out, by replacing the CaucHy-FUETER operator of the quaternionic

analysis with the CaucHY-RIEMANN operator

D= 60 + Zejaj
=1

of the Clifford analysis in Clifford algebras depending on parameters (see [36]).
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