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Abstract

This work aims to establish new results pertaining to the structure of
transportation cost spaces. Due to the fact that those spaces were studied
and applied in various contexts, they have also become known under differ-
ent names such as Arens-Eells spaces, Lipschitz-free spaces, and Wasserstein
spaces. The main outcome of this paper states that if a metric space X is
such that the transportation cost space on X contains an isometric copy of
ℓ1, then it contains a 1-complemented isometric copy of ℓ1.
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1 Introduction

In this paper, we continue the study of Banach-space-theoretical properties of
transportation cost spaces. The study of transportation cost spaces was launched by
Kantorovich [20], see also [21]. As time passed, these spaces have proven to possess
the high degree of importance within a variety of directions. This, in turn, have led
to the diversity of names used for the spaces, the most popular names are mentioned
in the Abstract. We stick to the term transportation cost space since, in our opinion,
it immediately clarifies the circle of discussed problems and is consistent with the
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history of the subject. A detailed survey on the development of those notions along
with relevant historical comments is presented in [25, Section 1.6].

Before we begin, let us recall some necessary definitions and facts. Let (X, d)
be a metric space. If f : X → R is a function possessing a finite support and
satisfying the condition

∑
v∈suppf f(v) = 0, then, in a natural way, it can be viewed

as a transportation problem (on X) of certain product from sites where it is available
(f(v) > 0) to those where it is demanded (f(v) < 0).

Every transportation problem f admits a presentation of the form:

f = a1(1x1 − 1y1) + a2(1x2 − 1y2) + · · ·+ an(1xn − 1yn), (1)

where ai ≥ 0, xi, yi ∈ X, and 1u(x), u ∈ X stands for the indicator function of u.
Since equality (1) can be regarded as a plan of carrying ai units of the product from
xi to yi, every representation of this form is said to be a transportation plan for f .
In this interpretation, the sum

∑n
i=1 aid(xi, yi) defines the cost of that plan.

In the sequel, TP(X) denotes the real vector space of all transportation problems
(onX). We endow TP(X) with the transportation cost norm (or transportation cost,
for short). Namely, for f ∈ TP(X), the norm ∥f∥TC is defined as the infimum of
costs taken over all transportation plans given by (1).

For infinite X, the space TP(X) with ∥·∥TC may not be complete, its completion
is called the transportation cost space and denoted by TC(X). When X is finite,
the above spaces TC(X) and TP(X) are identical as sets. The notation TC(X) is
employed to highlight the normed vector space structure when we need it.

It can be effortlessly derived from the triangle inequality that, whenever f ∈
TC(X) has a finite support, the infimum of costs of transportation plans is attained.
Moreover, it is easy to notice that this occurs for a plan with {xi} = {v : f(v) > 0}
and {yi} = {v : f(v) < 0}. Notice, that a transportation plan that provides the
infimum need not be unique. Any such a transportation plan for f , whose cost
equals ∥f∥TC is called an optimal transportation plan for f ∈ TP(X) because this
plan has the minimal possible cost. See [27] for a more detailed introduction.

Prior to presenting our results, it seems appropriate to outline the motivation
for studying transportation cost spaces:

(1) The dual space of TC(X) is the space of Lipschitz functions on X vanishing
at a specified point and equipped with its natural norm. This makes the space
TC(X) an object of Classical Analysis, especially in cases where X is a classical
metric space like Rn.

(2) A metric space X admits a canonical isometric embedding into TC(X)
(Arens–Eells observation [4]). This fact makes TC(X) a natural object of study
in the theory of Metric Embeddings, see [28, Chapter 10].

(3) The norm in this space can be interpreted as a transportation cost.
(4) The transportation cost space TC(X) can be regarded as a kind of a lin-

earization of X, and can be used to generalize Banach-space-theoretical notions to
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the case of metric spaces. This approach was suggested by Bill Johnson; later his
idea was described in [7, p. 223], where its limitations were discovered. See also the
discussion in [24].

(5) Transportation cost spaces were applied to solve some important problems
of the Banach space theory, both of linear and non-linear theories. The respective
program was initiated by Godefroy-Kalton in [17] and significantly developed by
Kalton in [19].

In this paper, the study of Banach space geometry of TC(X) is continued. More
specifically, we focus at studying the relations between its structure and the structure
of the space ℓ1. Available related results can be found in [1, 3, 9, 10, 11, 12, 16, 22,
25, 26].

As the most closely related predecessors of this research, the following results
have to be cited:

Theorem 1.1 ([22]). If a metric space X contains 2n elements, then TC(X) con-
tains a 1-complemented subspace isometric to ℓn1 .

In what follows, some notions and facts of Graph Theory will be employed; we
refer to [6] for the respective terminology. In this article, only finite graphs are
considered. A graph is said to be weighted if each its edge e has weight, that is, is
a real number w(e) associated with e. A set M of edges in a graph G is called a
matching if edges in M do not have common ends. A matching M in G is called
perfect if each vertex in G is incident with an edge in M . The weight of a matching
M is the sum of weights of all edges contained in M . A graph is called complete
if any two vertices in it are joined by an edge.A minimum weight perfect matching,
typically/mostly/most times studied for complete weighted graphs with the even
number of vertices, is a perfect matching with the least possible weight.

To formulate the next theorem, we introduce, for a finite set {vi}mi=1 in (X, d), the
complete weighted graph K({vi}mi=1), whose vertex set is {vi}mi=1, while the weight
of an edge uv equals d(u, v).

Theorem 1.2 ([26]). The space TC(X) contains ℓ1 isometrically if and only if
there exists a sequence of pairs {xi, yi}∞i=1 in X, with all elements distinct, such
that each set {xiyi}ni=1 of edges is a minimum weight perfect matching in the graph
K({xi, yi}ni=1).

The assertion below is the main result of this paper.

Theorem 1.3. If a metric space X is such that TC(X) contains a subspace isomet-
ric to ℓ1, then TC(X) contains a 1-complemented isometric copy of ℓ1.

Remark 1.4. In general, a linear isometric copy of ℓ1 in TC(X) does not have to
be complemented. This fact is a consequence of the following result proved in [17,
Theorem 3.1]: There exists a metric space XC such that TC(XC) contains a linear
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isometric copy of C[0, 1]. To show that TC(XC) contains a linearly isometric copy of
ℓ1 which is not complemented, it suffices to combine this result with the two classical
facts: (i) ℓ1 admits a linear isometric embedding into C[0, 1] (Banach-Mazur, see
[5, Theorem 9, p. 185]), (ii) The image of this subspace is not complemented, for
example, because the dual of C[0, 1] is weakly sequentially complete, but the dual
of ℓ1 is not; see [14, Chapter IV].

Remark 1.4, which establishes the existence of non-complemented linear isomet-
ric copies of ℓ1 in TC(X), is based on important classical results. However, if we
are interested in subspaces isometric to ℓ1 which are only not 1-complemented, such
example can be constructed in a more elementary way. We present such an example
below.

Example 1.5. There is a simple metric space XK such that TC(XK) contains a
linear isometric copy of ℓ1 which is not 1-complemented.

Recall thatK4,4 is a complete bipartite graph in which both parts have 4 vertices.
The starting point of this example is the fact [13, Section 8] that TC(K4,4) contains a
linearly isometric copy of ℓ4∞. It is a well-known observation of Grünbaum [18], that
there exist a subspace in ℓ4∞ which is isometric to ℓ31 and is not 1-complemented. We
letXK be the union of the vertex set V (K4,4) and N (with their usual metrics). Next,
pick a vertex O in V (K4,4) and introduce the metric on the union as follows: the
distance between two points in V (K4,4) or N is equal to the original. The distance
between v ∈ V (K4,4) and m ∈ N is equal to d(v,O) + m. It is well-known (see
[2, Section 3.1]) that for such metric one has TC(XK) = TC(K4,4) ⊕1 ℓ1. By the
aforementioned example of [13], this space contains a subspace isometric ℓ4∞ ⊕1 ℓ1.
Thus, by the observation of [18] stated above, the space contains a linear isometric
copy of ℓ1 which is not 1-complemented.

2 Proof of Theorem 1.3

Our proof of Theorem 1.3 is based on Theorem 1.2. The following result is the key
lemma in the proof of Theorem 1.3.

Lemma 2.1. Let (X, d) be a metric space containing a set {xi, yi}ni=1 of pairs form-
ing a minimum weight matching in K({x1, . . . , xn, y1, . . . , yn}). Then, there exists a
surjective norm-1 projection Pn : TC(X) → Ln, where Ln is the subspace of TC(X)
spanned by {1xi

− 1yi}ni=1.

Proof. Denote the vector
1xi−1yi

d(xi,yi)
by si. To prove this lemma, we are going to con-

struct a sequence {ti,n}ni=1 of 1-Lipschitz functions on X such that {si, ti,n}ni=1 is a
biorthogonal set, and also

Pn(f) :=
n∑

i=1

ti,n(f)si (2)
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is a surjective norm-1 projection Pn : TC(X) → Ln.

Remark 2.2. The dual of the space TC(X) is identified as Lip0(X) - the space of
Lipschitz functions on X having value 0 at a picked and fixed point O in X, called
the base point (see [28, Chapter 10]). The action of Lip0(X) on f ∈ TP(X) is given
by
∑

v∈suppf t(v)f(v), wherefrom it is extended to TC(X) by continuity. Observe
that any Lipschitz function t on X gives rise to a continuous linear functional on
TC(X), the functional is the same as the functional produced by t−t(O) ∈ Lip0(X).
Because of this, in the selection of ti,n the condition ti,n(O) = 0 may be dropped
out.

At this point, we notice that, after establishing the biorthogonality, it suffices
to prove that ∥Pn(f)∥TC ≤ ∥f∥TC for every f ∈ TC(X) of the form f = 1w − 1z

for w, z ∈ X. This will be shown by using the reasoning of [22, p. 196]. For the
convenience of the reader, the details are presented below. Indeed, by the definition
of TC(X), the space TP(X) is dense in TC(X), and for g ∈ TP(X) the desired
inequality can be derived from the case f = 1w−1z as follows. For each g ∈ TP(X),
there exists an optimal transportation plan (see Section 1 or [30, Proposition 3.16]).
Hence, g can be represented as a sum g =

∑m
i=1 gi, where all gi are of the form

gi = bi(1wi
− 1zi), bi ∈ R, and ∥g∥TC =

∑m
i=1 ∥gi∥TC . Therefore, assuming that we

proved the inequality ∥Pn(f)∥TC ≤ ∥f∥TC in the case f = 1w − 1z, we obtain:

∥Png∥TC =

∥∥∥∥∥Pn

(
m∑
i=1

gi

)∥∥∥∥∥
TC

≤
m∑
i=1

∥Pngi∥TC ≤
m∑
i=1

∥gi∥TC = ∥g∥TC ,

and, thus, ∥Pn∥ ≤ 1.

To construct {ti,n}ni=1, we need to restate the assumption that {xiyi}ni=1 is a
minimum weight matching in K({x1, . . . , xn, y1, . . . , yn}) in Linear Programming
(LP) terms. Originally, this approach was suggested by Edmonds [15]. Below, we
follow the presentation of this approach given in [23, Sections 7.3 and 9.2]. First,
consider the minimum weight perfect matching problem on a complete weighted
graph G with even number of vertices and weight w : E(G) → R, w ≥ 0. By
[23, Theorem 7.3.4], the minimum weight perfect matching problem can be reduced
to the linear program (LP1) described below. Within the program, an odd cut
designates the set of edges in G joining a subset of V (G) of odd cardinality with
its complement, while a trivial odd cut designates a set of edges joining one vertex
with its complement. If x is a real-valued function on E(G) and A is a set of edges,
we define x(A) :=

∑
e∈A x(e). The reduction means that the linear program has an

integer solution corresponding to a minimum weight perfect matching.

Here comes the program.

• (LP1) minimize w⊤ · x (where x : E(G) → R)
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• subject to

(1) x(e) ≥ 0 for each e ∈ E(G)

(2) x(C) = 1 for each trivial odd cut C

(3) x(C) ≥ 1 for each non-trivial odd cut C.

Next, we introduce a variable yC for each odd cut C.

The dual program of the program (LP1) is:

• (LP2) maximize
∑

C yC

• subject to

(D1) yC ≥ 0 for each non-trivial odd cut C

(D2)
∑

C containing e yC ≤ w(e) for every e ∈ E(G).

The Duality in Linear Programming [29, Section 7.4] - see also a summary in
[23, Chapter 7] - states that the optima (LP1) and (LP2) are equal. Therefore,
the total weight of the minimum weight perfect matching coincides with the sum of
entries of the optimal solution of the dual problem.

In order to proceed, it is beneficial to recall some of the properties of optimal
solutions {yC}. The following chain of relations/statements holds for all perfect
matchings M in G and all {yC} satisfying (D1) and (D2).

w(M) =
∑
e∈M

w(e)(D2)
≥

∑
e∈M

∑
C containing e

yC =
∑
C

|M ∩ C|yC (3)
≥

∑
C

yC , (3)

where we use the fact that |M ∩ C| ≥ 1 for each perfect matching M and each odd
cut C. See [23, p. 371].

If, in addition/on top of that/beyond that, M is a minimum weight perfect
matching and yC is an optimal dual solution, then the leftmost and the rightmost
sides in (3) coincide, implying

w(e) =
∑

C containing e

yC (4)

for each e ∈ M and

|M ∩ C| = 1 for each non-trivial odd cut C satisfying yC > 0. (5)

Analysis in [23, p. 372–374] shows that we may assume that there exists a family
H of subsets of V (G) which satisfies the conditions:
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(P-1) H is nested in the sense that for any D,T ∈ H either D ⊆ T or T ⊆ D or
D ∩ T = ∅.

(P-2) H contains all singletons of V (G).

(P-3) if C is a non-trivial odd cut, then yC > 0 if and only if C = ∂D for some
D ∈ H, where ∂D stands for the edge boundary of D, that is, the set of edges
connecting D and V (G)\D.

Furthermore, [8, Theorem 5.20] and [22, Lemma 14.11] established that if the
weight function w satisfies w(uv) = d(u, v) for some metric d on V (G) and all
u, v ∈ V (G), then there is an optimal dual solution satisfying also yC ≥ 0 for all
odd cuts, including trivial ones.

These results will be applied to the weighted graphG = K({x1, . . . , xn, y1, . . . , yn})
and the matching {xiyi}ni=1. We denote the matching {xiyi}ni=1 by Mn, the graph
K({x1, . . . , xn, y1, . . . , yn}) by K(Mn), and its vertex set by Vn.

Keeping the notation H for the obtained nested family of subsets of Vn satisfying
(P-1)–(P-3), we may and shall assume that H is a minimal family of subsets of V (G)
satisfying the conditions (P-1)–(P-3). To satisfy the condition (P-3), we can pick
only one out of each complementary pair of subsets of V (G). Therefore it may be
assumed that cardinalities of elements of H do not exceed n, and there is at most
one, if any, set in H has cardinality n. With these assumptions the correspondence
between the edge boundaries of sets in H and the cuts C which are either trivial or
satisfy yC > 0 is bijective.

With this in mind, it is only a slight abuse of notation to denote, for a uniquely
determined D ∈ H, the weight of ∂D by yD, in particular, y{v} for a vertex v denotes
the weight of the trivial cut separating vertex v from the rest of Vn (in K(Mn)).

Our next goal is to construct 1-Lipschitz functions {ti,n}ni=1 satisfying the con-
ditions ti,n(yi) − ti,n(xi) = d(xi, yi) and ti,n(yj) − ti,n(xj) = 0, i, j ∈ {1, . . . , n},
j ̸= i. Some features of this construction will be used to prove the inequality
∥Pn(f)∥TC ≤ ∥f∥TC .

Using the notation BX(v, r) = {x ∈ X : d(x, v) ≤ r} for r > 0, we define, for
each F ∈ H, the set

UF =
⋃
v∈F

BX

(
v,

∑
D⊆F, v∈D∈H

yD

)
. (6)

Note that for a 1-element set F = {v}, v ∈ Vn, one has UF = BX(v, yF ).

As a next step, we introduce three collections of 1-Lipschitz functions: rλ,θ,H :
X → R and sλ,θ,H : X → R parameterized by λ ∈ R, θ = ±1, and H ∈ H, and the
collection tD,F parameterized by D,F ∈ H. Here is the definition of rλ,θ,H :
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rλ,θ,H(x) = λ+ θmin
v∈H

{max{(d(x, v)−
∑

v∈D⊊H, D∈H

yD), 0}}. (7)

In the case where H = {v}, using the convention
∑

∅ = 0, one has:

rλ,θ,{v}(x) = λ+ θd(x, v).

Note that rλ,θ,H is equal to λ on
⋃

D⊊H, D∈H UD. The function rλ,θ,H is 1-Lipschitz
because d(x, v) is 1-Lipschitz and all operations which we apply to it, namely, max-
imum, minimum, multiplication with ±1 and addition of a constant preserve this
property.

Now we define 1-Lipschitz functions sλ,θ,H : X → R parameterized by λ ∈ R,
θ = ±1, and H ∈ H:

sλ,θ,H(x) = λ+ θ(min{min
v∈H

{max{(d(x, v)−
∑

v∈D⊊H, D∈H

yD), 0}}, yH}). (8)

In the case where H = {v}, the definition means the following:

sλ,θ,{v}(x) = λ+ θmin{d(x, v), y{v}}.

Note that sλ,θ,H is equal to λ on
⋃

D⊊H, D∈H UD and to λ+ θyH outside UH . The
function sλ,θ,H is 1-Lipschitz for the same reason as rλ,θ,H .

Now we start constructing functions tD,F for different subsets D,F ∈ H. As an
initial point, let D = D1 = {xi}, F = F1 = {yi}, and xiyi be an edge in the matching
Mn. In this case, we denote tD,F also ti,n because these 1-Lipschitz functions will be
the desired biorthogonal functionals for {si}ni=1.

Let D1 = {xi} ⊊ D2 ⊊ D3 ⊊ · · · ⊊ Dτi be elements of H, where Dτi is the
largest set in H containing xi but not containing yi. Assume also that this increasing
sequence is maximal in the sense that there is no J ∈ H satisfying Dk ⊊ J ⊊ Dk+1.

Similarly, let F1 = {yi} ⊊ F2 ⊊ F3 ⊊ · · · ⊊ Fσi
be a maximal increasing sequence

of sets in H with xi /∈ Fσi
.

We define:

ti,n(x) =


li,n(x) if li,n(x) < yD1 + · · ·+ yDτi

hi,n(x) if hi,n(x) > yD1 + · · ·+ yDτi

yD1 + · · ·+ yDτi
otherwise

(9)

where

li,n(x) = min{r0,1,D1(x),ryD1
,1,D2(x), ryD1

+yD2
,1,D3(x), . . . ,

ryD1
+···+yDτi−1

,1,Dτi
(x), } (10)
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and

hi,n(x) =max{ryD1
+···+yDτi

+yFσi
,−1,Fσi

(x), . . . ,

ryD1
+···+yDτi

+yFσi
+···+yF2

,−1,F2(x), ryD1
+···+yDτi

+yFσi
+···+yF1

,−1,F1(x)}.
(11)

It is not obvious that ti,n is well-defined, but it follows from the next argument
demonstrating that ti,n is 1-Lipschitz.

Indeed, the functions li,n and hi,n, are 1-Lipschitz because they have been ob-
tained from 1-Lipschitz functions using the maximum and minimum operations. To
justify that ti,n is well-defined, it suffices to verify the 1-Lipschitz condition only
for x and y satisfying li,n(x) < yD1 + · · · + yDτi

and hi,n(y) > yD1 + · · · + yDτi
.

The 1-Lipschitz condition for such x and y guarantees that for some x inequalities
li,n(x) < yD1 + · · ·+ yDτi

and hi,n(x) > yD1 + · · ·+ yDτi
cannot hold simultaneously,

and, therefore, ti,n is well-defined.
Since all minima in the definitions above are over finite sets, we may, without

loss of generality, assume that that there exist k ∈ {0, . . . , τi} and u ∈ Dk+1 such
that

li,n(x) = ryD1
+···+yDk

,1,Dk+1
(x)

= yD1 + · · ·+ yDk
+max{(d(x, u)−

∑
u∈D⊊Dk+1, D∈H

yD), 0}. (12)

Similarly, without loss of generality, we may assume that there existm ∈ {0, . . . , σi}
and w ∈ Fm+1 such that

hi,n(y) = ryD1
+···+yDτi

+yFσi
+···+yFm+1

,−1,Fm+1(x)

= yD1 + · · ·+ yDτi
+ yFσi

+ · · ·+ yFm+1

−max{(d(y, w)−
∑

w∈F⊊Fm+1, F∈H

yF ), 0}.
(13)

If both maxima in (12) and (13) are achieved at the first term, we get:

hi,n(y)− li,n(x) = yDk+1
+ · · ·+ yDτi

+ yFσi
+ · · ·+ yFm+1

+
∑

w∈F⊊Fm+1, F∈H

yF +
∑

u∈D⊊Dk+1, D∈H

yD − d(u, x)− d(w, y)

≤ d(u,w)− d(u, x)− d(w, y) ≤ d(y, x),

where the first inequality in the last row uses inequality (D2) for the edge joining
u and w.

If the maxima are equal to 0, we obtain:

hi,n(y)− li,n(x) = yDk+1
+ · · ·+ yDτi

+ yFσi
+ · · ·+ yFm+1 ≤ d(y, x), (14)
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where the ultimate inequality follows from the fact that

d(x, u)−
∑

u∈D⊊Dk+1, D∈H

yD < 0

implies that x is inside UD for some proper subset D ⊂ Dk+1, D ∈ H. Similarly,

d(y, w)−
∑

w∈F⊊Fm+1, F∈H

yF < 0

implies that y is inside UF for some proper subset F ⊂ Fm+1, F ∈ H. This implies
the inequality (14). “Mixed” cases can be treated in a “mixed” way.

Equation (9) allows to evaluate

ti,n(yi)− ti,n(xi) = yD1 + · · ·+ yDτi
+ yFσi

+ · · ·+ yF1 .

On the other hand, (4) implies that this sum is equal to d(xi, yi).

For the sequel, representation of functions ti,n as sums of functions sλ,θ,H are
needed. Next we claim that the following identity is true:

ti,n(x) = s0,1,D1(x) + s0,1,D2(x) + s0,1,D3(x) + · · ·+ s0,1,Dτi
(x)

+ syFσi
,−1,Fσi

(x) + · · ·+ syF2
,−1,F2(x) + syF1

,−1,F1(x).
(15)

Its proof consists in checking that formulas (9) and (15) lead to the same values
on different pieces of the space:

• d(x, xi) on UD1 = BX(xi, yD1)

• min{r0,1,D1(x), ryD1
,1,D2(x)} on UD2

• min{r0,1,D1(x), ryD1
,1,D2(x), ryD1

+yD2
,1,D2(x)} on UD3 ,

• . . . ,

• li,n on UDτi
,

• yD1 + · · ·+ yDτi
on the complement of the set UDτi

∪ UFσi
.

• hi,n on UFσi
,

• . . . ,

• max{ryD1
+···+yDτi

+yFσi
+···+yF2

,−1,F2(x), ryD1
+···+yDτi

+yFσi
+···+yF1

,−1,F1(x)} on UF2 ,

• ryD1
+···+yDτi

+yFσi
+···+yF1

,−1,F1(x) on UF1 = BX(yi, yF1).
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To finalize the proof of biorthogonality of {ti,n, si}ni=1 (see the paragraph pre-
ceding (2)), let j ̸= i, j ∈ {1, . . . , n}. By condition (5), xj ∈ Dk implies yj ∈ Dk,
the same for Fk. Consequently, xj and yj satisfy exactly?? one of the following
conditions: (i) There is a unique k such that xj, yj ∈ Dk, but not in Dk−1, (ii)
There is a unique k such that xj, yj ∈ Fk, but not in Fk−1, (iii) xj, yj /∈ Dτi ∪ Fσi

.
The biorthogonality condition ti,n(xj − yj) = 0 is clear in the case (iii). As the
cases (i) and (ii) are similar, only case (i) will be proven. Observe that U{xj} and
U{yj} are contained in UDk

. Also, the condition (4) implies that the sum of radii of
the balls U{xj} and U{yj} does not exceed the distance between their centers, thus
U{xj} ̸= U{yj}. Combining definitions (8) and (6) of sλ,θ,H and UF , respectively, one
derives that sλ,θ,H(x) = sλ,θ,H(y) = λ for every x, y ∈

⋃
F⊊H UF . Also, combin-

ing the definitions (8) and (6), one obtains that sλ,θ,H(x) = sλ,θ,H(y) = λ + θyH
for x, y /∈ UH . Therefore, the equality sλ,θ,H(xj) = sλ,θ,H(yj) holds for all λ ∈ R,
θ = ±1, and H ∈ {D1, . . . , Dτi , F1, . . . , Fσi

}. Hence ti,n(xj) − ti,n(yj) = 0, this
completes our proof of biorthogonality of {ti,n, si}ni=1.

Now, necessary preparations will be made for the proof of ∥Pn(f)∥TC ≤ ∥f∥TC

for every f ∈ TC(X) of the form f = 1w − 1z for w, z ∈ X.
We start by picking one of the smallest D ∈ H satisfying w ∈ UD (ties may be

resolved arbitrarily) and one of the smallest F ∈ H satisfying z ∈ UF . Note that it
is possible that w or z are not in UD for any D ∈ H. Without loss of generality, the
possible options for D and F can be listed as:

(a) D ∩ F = ∅

(b) D ⊊ F

(c) D = F

(d) F is undefined; meaning that z is not contained in UH for any H ∈ H.

(e) D and F are undefined, that is, w and z are not contained in UH for any H ∈ H.

At this stage, it has to be proven that

n∑
i=1

|ti,n(z)− ti,n(w)| ≤ d(z, w). (16)

For the sequel, the following notation is needed: OX(v, r) = {x ∈ X : d(x, v) ≤
r} for r > 0, and

IF =
⋃
v∈F

OX

(
v,

∑
D⊆F, v∈D∈H

yD

)
. (17)

To prove (16) in Case (a), we use the following argument. Let Dβ(z,w) be the
largest set in H satisfying Dβ(z,w) ⊇ D and z /∈ IDβ(z,w)

. Note that z cannot belong
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to ID because in such a case the set UF intersects ID. Juxtaposing this observa-
tion/fact/remark with the definition of UD, the condition D ∩ F = ∅ and the con-
dition (D2), one obtains a contradiction. The next sentence is totally unclear
to me. Maybe, it can be changed as follows: The case when Fζ(w,z) ⊇ F
is the largest set satisfying w /∈ IFζ(w,z)

can be analyzed/considered/proved like-
wise/similarly. Next, also, let D = D1 ⊊ D2 ⊊ · · · ⊊ Dβ(z,w) and F = F1 ⊊ F2 ⊊
· · · ⊊ Fζ(w,z) be the maximal chains of subsets in H. Then what?? Is it clear?

The corresponding functions tD,F are constructed in the same manner as ti,n:

tD,F (x) = s0,1,D1(x) + s0,1,D2(x) + s0,1,D3(x) + · · ·+ s0,1,Dβ(z,w)
(x)

+ syFζ(w,z)
,−1,Fζ(w,z)

(x) + · · ·+ syF2
,−1,F2(x) + syF1

,−1,F1(x).
(18)

The fact that tD,F is 1-Lipschitz can be checked in the same way as for ti,n.
Note that each of the summands in the right-hand side of (18) appears in exactly

one of the sums in (15). It cannot be present in several because the vertex leading
to oddness of the cut related to a set H ∈ H should be in the corresponding pair
{xi, yi}.

Therefore, on one hand,

tD,F (x) =
n∑

i=1

tD,F,i(x), (19)

where tD,F,i(x) is the sum of those summands in (18) which are present in the
decomposition of ti,n.

On the other hand, since tD,F is 1-Lipschitz, one gets:

|tD,F (w)− tD,F (z)| ≤ d(w, z). (20)

As a result,

tD,F (z)− tD,F (w) =
n∑

i=1

(tD,F,i(z)− tD,F,i(w))

=
n∑

i=1

|tD,F,i(z)− tD,F,i(w)|

=
n∑

i=1

|ti,n(z)− ti,n(w)|.

The latter equalities have been established with the help of the following obser-
vations: (1) All summands in (18) have larger value at z than at w; (2) All other
functions of the form sλ,θ,H have the same values at z and w.

12



This statement which statement? Is it clear? is obvious in the case where
IH , H ∈ H, does not contain any of w and z since sλ,θ,H is constant outside IH .

The function sλ,θ,H is also constant on the set
⋃

D⊊H,D∈H UD, implying that/yielding
that sλ,θ,H(w) ̸= sλ,θ,H(z) is possible/may hold/holds only if either one w, z is in⋃

D⊊H,D∈H UD and the other is not, or at least one of them is in IH\
⋃

D⊊H,D∈H UD.
In both cases, sλ,θ,H has to be present in the corresponding sum introduced in cases
(a)-(e).

Case (b): Consider the maximal increasing sequence of sets in H of the form
D = D1 ⊊ D2 ⊊ · · · ⊊ Dn = F . Construct the function tD,F and complete the proof
as will be described in Case (d).

Case (c): In this case, define tD,F as s0,1,D and use a simpler version of the
argument of Cases (a) and (b).

In Case (d), consider the maximal increasing sequence of sets in H of the form
D = D1 ⊊ D2 ⊊ · · · ⊊ Dβ(z,w).

Form the function tD,F as in the first line of (18), and repeat the same argument
as in Case (a).

In Case (e), ti,n(w) = ti,n(z) for every i, whence the conclusion follows. This
completes our proof of Lemma 2.1.

Now we shall use this result to prove Theorem 1.3.

Proof. Let a metric space X be such that TC(X) contains a linear isometric copy
of ℓ1. By Theorem 1.2, this implies that there exists a sequence of pairs {xi, yi}∞i=1

in X, with all elements distinct, such that each set {xiyi}ni=1 of edges is a minimum
weight perfect matching in the graph K({xi, yi}ni=1).

For each n ∈ N, find functionals {ti,n}ni=1 by applying Lemma 2.1. The next
step in the proof is to define 1-Lipschitz functions {ti}∞i=1 on X as weak∗ limits of
the sequences {ti,n}∞n=i. More precisely, we pick a free ultrafilter U on N and let
ti = w∗ − limi,U ti,n. (We may understand the limit as pointwise after replacing
the functions ti,n with ti,n(x) − ti,n(O) for some base point O.) Then, we define

a mapping P : TC(X) → lin({si}∞i=1) by P (f) =
∑∞

i=1 ti(f)si, where lin({si}∞i=1)
denotes the closure of the linear span of the sequence {si}∞i=1.

The fact that the sequence {si}∞i=1 is isometrically equivalent to the unit vector
basis of ℓ1 was observed in [22] (and is easy to check).

Therefore, to justify that the map P is well-defined and at the same time it is a
projection of norm 1, it suffices to show that for any m ∈ N, there holds:∥∥∥∥∥

m∑
i=1

ti(f)si

∥∥∥∥∥
TC

≤ ∥f∥TC .
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However, this is true because, by Lemma 2.1,∥∥∥∥∥
m∑
i=1

ti,n(f)si

∥∥∥∥∥
TC

≤ ∥f∥TC

and, in addition,
∑m

i=1 ti(f)si is a (strong) limit of
∑m

i=1 ti,n(f)si as n → ∞ through
U .
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[10] M. Cúth, M. Johanis, Isometric embedding of ℓ1 into Lipschitz-free spaces and ℓ∞
into their duals. Proc. Amer. Math. Soc. 145 (2017), no. 8, 3409–3421.

[11] A. Dalet, P.L. Kaufmann, A. Procházka, Characterization of metric spaces whose
free space is isometric to ℓ1. Bull. Belg. Math. Soc. Simon Stevin 23 (2016), no. 3,
391–400.

[12] S. J. Dilworth, D. Kutzarova, M. I. Ostrovskii, Lipschitz-free spaces on finite metric
spaces, Canad. J. Math., 72 (2020), 774–804.

[13] S. J. Dilworth, D. Kutzarova, M. I. Ostrovskii, Analysis on Laakso graphs with ap-
plication to the structure of transportation cost spaces. Positivity 25 (2021), no. 4,
1403–1435.

[14] N. Dunford, J. T. Schwartz, Linear Operators. I. General Theory. With the assistance
of W.G. Bade and R.G. Bartle. Pure and Applied Mathematics, Vol. 7, Interscience
Publishers, Inc., New York; Interscience Publishers, Ltd., London, 1958.

[15] J. Edmonds, Maximum matching and a polyhedron with 0, 1-vertices. J. Res. Nat.
Bur. Standards Sect. B 69B (1965), 125–130.

[16] A. Godard, Tree metrics and their Lipschitz-free spaces, Proc. Amer. Math. Soc., 138
(2010), no. 12, 4311–4320.

[17] G. Godefroy, N. J. Kalton, Lipschitz-free Banach spaces, Studia Math., 159 (2003),
no. 1, 121–141.
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