WONG TYPE OSCILLATION CRITERIA FOR NONLINEAR IMPULSIVE
DIFFERENTIAL EQUATIONS*

A. ZAFER AND S. DOGRU AKGOL

ABSTRACT. We present Wong-type oscillation criteria for nonlinear impulsive differential equations hav-
ing discontinuous solutions and involving both negative and positive coefficients. We use a technique
that involves the use of a nonprincipal solution of the associated linear homogeneous equation. The
existence of such a solution was recently obtained by the present authors in [J. Math. Anal. Appl.
503 (2021) 125311]. As special cases, we have superlinear and sublinear Emden-Fowler equations under
impulse effects. It is shown that the oscillatory behavior changes due to impulses. An example is also
given to illustrate the importance of the results.

1. INTRODUCTION.

We start with recalling one of the most celebrated classical oscillation theorems of Wong [1] obtained
for the linear nonhomogeneous equation

(p(t)z") +q(t)z = f(?). (1)
It says that (1) is oscillatory if

limsup Ho(t) = — liminf Ho(t) = oo,
t—o00 t—o0

where H is given by
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1
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0= [ Sy | S 2)
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and v is a positive nonprincipal solution [2, 3] of the corresponding homogeneous equation

(p(t)2") + q(t)z = 0. 3)

Recently, the above oscillation theorem has been extended by the present authors[4] to equations of
impulsive type of the form

(pt)2’) +q(t)x = f(t), t# 0;,
Az +a;x = f;, A(p(t)z') + bz +cix’ =g;, t=06;.

Indeed, the first extension was given even earlier[5] for the much simpler case a; = ¢; = 0 as an application
of nonprincipal solutions.

A successful generalization of the results in [1] to nonlinear differential equations can be found in [6, 7].
In particular, related oscillation theorems were derived in [6] for nonlinear equations with mixed type
exponents 5 > 1 and a < 1 of the form

(p(H)2") + ()2 e = r(t)]a|*z = f(1), (4)
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where g and r are non-negative functions. Due to the sign of the coefficients, the limiting case o — 1~
and 8 — 17 has led an improvement of the Wong oscillation theorem mentioned above. We note that
various extensions of Wong type oscillation theorems to nonlinear ordinary differential equations can be
found in [8-11]. However, there is not much work in the literature on their impulsive counterparts [7, 12].
On the other hand, there are many results involving different types of oscillation theorems for nonlinear
differential equations under impulse effects; see for instance [13-16] and the references cited therein.

In this work, inspired by the above mentioned studies, we will establish Wong type oscillation criteria
for a general class of nonlinear impulsive differential equations of form

(p()z") + () F(x) —r(t)G(z) = f(t), t# 0,
Az + aiF(a:) — bZG(l‘) = fi7 A — 9i, (5)
Ap(t)z') + eiF (x) — diG(x) = gi, t=10;,

where p > 0,q,r, f are piece-wise left continuous functions on [0,00); F and G are continuous on R;
{a;}, {bi}, {a:}, {di}, {fi}, and {g;} are real sequences; 1 — a; + b; > 0; the sequence of impulses {6;} is
unbounded and increasing. As usual,
Ayle=o, = y(0;") = y(0;)

measures the jump of y at t = 6;.

A function y(t) satisfying (5) is said to be a solution of (5) if y and p(¢)y’ are left continuous on
(0, 0i41], lims g, y(t) and lim; g, 4 p(t)y’(¢) exist for each ¢ € N. As usual, we say that a solution is
oscillatory if it is neither eventually positive nor eventually negative.

It turns out that the extension to nonlinear impulsive equations of the form (5) is possible if H in
(2) is replaced by

¢ 1 s 7(s) n(t) fi
40 = [ s ([ roensouar e 3 smoni)ass 3, Gty ©

where a is an arbitrarily large real number,
n(t) =inf{i : 6; >t}, n(t):=sup{i: 0; <t},
(t)

3|

w(t,s) = (1-a;+b), t>s>a,
i=n(s)
(0 — — (0 (6 — (e — d
My = giv(00) — 73y (PO 00) = (e = dyu(6y)),
and v is a positive nonprincipal solution of
(p(t)z")" + [q(t) — r(t)]z =0, t#0i, (7)
Az + [a; — ble =0, A(p(t)z') + [¢; —d;]lx =0, t=106;

for t > a.

The existence of principal and nonprincipal solutions of (7) and their applications to asymptotic
integration of certain nonlinear impulsive differential equations can be found in [17]. For our purpose,
we state a modified version as follows.

Lemma 1.1. Assume that (7) has a positive solution. If 1 —a; + b; > 0 for each i > 1, then there exist
two solutions u and v of (7) defined on [a,c0) for some a > 0 that satisfy
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[t [ o<

p(t)u'(t)  p(t)v'(t)
W) < e 0 Ew

The functions u and v are called principal and nonprincipal solutions, respectively.

and

Obviously, equation (4) is a special case of (5), and hence the certain particular cases of equation
(5) result in the Emden-Fowler type impulsive equations. The corresponding Wong type oscillation
theorems will be stated in the present work. As a direction for further research we suggest investigating
the corresponding results for arbitrary time scales; for some related results we refer the reader to [18-20].

2. LEMMAS

We give two useful lemmas that we will rely on in the proof of our main oscillation theorem. The first
lemma is a construction of an integral equation that is equivalent to the given impulsive system (1), and
the second one is a simple calculus application.

Let  be a real valued function defined on [0, 00). We define the operators Jq, Jo, and J3 as follows:

(i) (t) = / u(t, T)o(1)Qa(r), r(r), z(r)) dr,

n(t)

(o)) = Y n(t.0) {00 Qe s a(6) ~ 1 1000 — (e~ )o(60)] Qa0 .
i=n(a) ! !
and
o [ ) ) () 2 Qb a(0))
("3””)“)‘““2/ Po)(s) d”a/ Wt L Geahpey
where

Q(a,b,x) = (a — b)x — aF(x) + bG(x).

Lemma 2.1. Let v > 0 be a nonprincipal solution of (7) given in Lemma 1.1. Then, x is a solution of
(5) if and only if it satisfies the integral equation

vit) = Jsz + H(t), (9)

where H and Js are as defined in (6) and (8), respectively.

Proof. Let x(t) be a solution of (9) and t # ;. It is not difficult to see that

(Jzz) = (cop(tya) + Jrz + Jox). (10)

b
p(t)v3(t)
Thus,

)3/ = DO ()32 + o (eap(t.0) + T + o)+ (1)



4 A. ZAFER AND S. DOGRU AKGOL

and so
(p(t)') = (p(t)! (1)) Ja + p(t)! (1) (Jaz) — jjz((?)wa, 0) + Ty + Jyr)
+ L () + (Rx)) + (1)), (11)

v(t)
where z = vH. One can easily show that
(Jlx)l = u(t, v(t)Q(q(t),r(t), x), (sz)/(t) =0, :U'(tv t)=1.
Also, as shown in [4, Theorem 2.2], z = vH is a solution of
(1)) + lalt) — (D)= = £(0) 16, 12
Az + [CLi — bi]z = fi, A(p(t)z’) + [Ci . di]z =g;, t=0;.
Taking the above considerations into account, it follows from (11) that
(p(t)z")" = —[q(t) — r(O)]v(t) Jsz + Q(a(t), r(t), z) — [a(t) — r(t)]z + f(1),
or
(p(t)a') + q(t)F(z) — r()G(z) = f(t). (13)
Now, we look at t = 6;. Clearly,
Q(ar, by, =(0:))

(Jsx)(O1+) = (J32)(60;) + =+ b0 (14)
Then,
Axli—g, = Alv(0)) J32(6;)] + Az(0))
=(1—a; +b)v(0)J3z(0,+) — v(0;) J32(0;) — (a; — by)z(61) + fi
= — (a; — b)x(0;) + Qai, by, z(6))) + fi
which implies that
Azli—g, + aF(x(61)) — bG(z(6:) = 1. (15)
Now, it is not difficult to see that Jyz(0;+) = (1 — a; + b;) J12(6;) and
Jox(01+) = (1 —a; + by) Jaz (1) + (1 — a; + b)) v(6:)Q(cr, di, z(6;))
— [p(0)v" (60) — (cr = di)v(00)] Q(ar, by, x(6h)).-
In view of (10) we can write
Alpo(t) () (1)] =, = [1 ot b (co(0r,a) + D) + Jax(0)
v(bi+)  v(6)
+ v(@llJr) ((1 —a; + b)v(0)Q(cr, di, x(6;)) — [p(&l)v’(el) — (¢ — dl)v(ﬁl)]Q(al,bl,x(Ql)))
— Qler,dy () — PO O) = (o — o) ). (16)

(1 —a;+b)v(o)
On the other hand, using (14) we have
Alp(t)' () Jsz(t)]li=o, = [p(01)V'(01) — (c1 = di)v(00) | Jsx(0r+) — p(01)v"(01) T3 (01)

POV (6)) — (¢ — dl)v(ez)Q(al’bl’x(Ql)). (17)

= — (a —d)v(0))Jsz(0;) + (I —a;+b)v(6)




WONG TYPE OSCILLATION CRITERIA FOR NONLINEAR IMPULSIVE DIFFERENTIAL EQUATIONS 5
In view of (16), (17), and the fact that z(¢) is a solution of (12) it follows that

A(p(t)a")|i=e, = A[p(01)v(01)(Jsx) (01)] + Alp(6:)v' (61) Jaz(61)] + Alp(6:)z' (61)]
= Q(cr, d,x(0))) — (cr — dy)v(0r) J3x(0r) — (e — di)z(01) + i,
A(p(t)a")|t=e, + aF (x(01)) — diG(2(01) = gi- (18)

From (13), (15), and (18), we deduce that z(t) is a solution of (5).
To prove the converse, let z be a solution of (5). Letting z; =  and x2 = p(t)z}, we may write (5)
as a system of first order impulsive differential equations

{X’ +AMX =t X), t#6; (19)
AX+AX  =¢i(X), t=0,
where
|71 o 0 —1/p(t) - ai—bi 0
X = [@] A(t) = {q(t) —r(t) 0 } , A= Li _d, oJ’
and

_ 0 ‘ | Q(ai, bi,x1) + fi
wlt, X) = {Q@(t),r(t),xl) + f(t)} , pilX) = [Q@,di,xl) +gl] -

Let u and v be principal and nonprincipal solutions of (7), respectively. Clearly, one can write that [17],
t
p(s, a)
u(t) = v(t —————ds. 20
=0 [ 2
We may then put ®(t,s) = ®(t)®~1(s), where
u(t) v(t) }
D(t) = ,
0= Linitn niwie
as a state transition matrix of the system
X' +AW)X =0, t#60
AX+AX =0, t=6,.
By using the relation (20) one can easily see that the entries aj; and aio of ®(¢,s) are

t

/ T, 1 ; 7,8
s =00 =pls) [ D ars ] s = ot [ D

S
Using the variation of parameters formula, we may write from (19) that

t 7(t)

X(t) :<I>(t,a)X(a)+/<I>(t,s)<p(s,X) ds + Z D(t,0;+)pi(X).

a Z:ﬂ(a)
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Therefore,
t

x1(t) =c10(t) + cov(t /
p(s)

t

+v<t>{ / Q) r(s)a(s) + 1(6)]uts) [ aras @1
7(t) L

. a T V(0 w(T, 0i+) _— 1
i=n(a) (Qfas b, (8) + £ [ 0:) (gﬁ)[p(T)UQ(T) d v(6;+) (22)
n(t) t

(T’ 91+)

+ [Q(ci,di, 21(65)) + gi]v(0i+) L A d7}~ (23)

e ZP(T)UQ(T)

By changing the order of integration in (21), the order of integration and summation both in (22) and
n (23), and using the fact that p(t,0;+) = p(t, 0;)/(1 — a; + b;), we finally obtain that z; is a solution
of (9). O

We will also need the following simple lemma. The proof is elementary, so we omit it.

Lemma 2.2. Suppose that F(x) > 0 and 2G(x) > 0 for x #0. If

F F
lim ﬂ>17 limﬂ<1, lim G()<1 limigc)>17 (24)
|z| 200 X lz| -0 X |z| =00 X |z| -0 X
then
F, = frglgirg [z — F(z)], Fu = max [z — F(2)], G = frglzirg [z — G(2)], Gu = max [z — G(2)]
exist as positive real numbers.
3. WONG’S OSCILLATION THEOREM
In addition to H given by (6), we define
t s n
— 1
Nt) ;:/72 /M(S,T)v( ) [4(r) Far + 7(7)Gn] dr + Z )[CiFar + DiGon
J ) | S =
n(t) 1
F )
+ .z(:) a0 [a;i Far + 0;Gop
and
t 1 s n( )
N(t) ;:/72 /M(S,T)v(f) [a(7) P+ 7(1)Gag] A7 + > pa(s,0,) | CiFn + DiGag | s
P(5)0%(s) R
a a ia
n(t)

1
+ Z 1—a2+b)(0)[aiFm+biGM]’

i=n(a)

where F,,, Fyr, G, and G are as in Lemma 2.2, and

C; = cv(6;) — 1_57% [p(ﬂi)vl(ﬁi) (e — di)v(ﬂi)},
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b;

Di = dzv(@) — 71 et b,

[p(6:)0' (63) — (ci — di)o(83)]
We may now state and prove our main result for the oscillation of (5).

Theorem 3.1. Let (7) be nonoscillatory and v(t) > 0 be its nonprincipal solution. Suppose that (24)
holds, and q(t), r(t), a;, b;, C;, and D; are non-negative. If

limsup[H(t) — N(t)] = — lim inf[H(t) + N(t)] = oo, (25)

t—o0 t—o0
then the impulsive equation (5) is oscillatory.

Proof. Let x(t) be a solution of the nonlinear impulsive equation (5). By Lemma 2.1, x(t) satisfies (9).
We need to estimate Jsz given in (8). To do so, we need to estimate Jyz and Joz. Since ¢(t) and r(t)
are non-negative, in view of Lemma 2.2, we can write from

t

(Jiz)(t) = / u(t, )o(r) (a() e = F@)] = (7)o = G(2)]) ar

a

that

IN

u(t, 7)o (r) (q(T)FM + r(T)Gm) dr, x>0,

(J1)(t) (26)

Y

w(t, T)o(r) (q(T)Fm + T(T)GM) dr, z<0.

S - S

Next, we rewrite (Jax)(t) as

7(t)
()= 3 st 8 {006 (c: - 4)a(60) - P la(6) + d:Ga(6)

i=n(a)

_ m {p(ei)v/(&‘) — (¢ — di)v(ei)} ((ai = bi)z(6:)) — a; F(2(0;)) + bzG(x(@)))}
7 (t)
=3 ult, gi){ (ci[x — F(z)] - Dilx — G(m)]) }
i=n(a)

Since a;, b;, C; and D; are non-negative, by Lemma 2.2 we easily obtain

IN

Ziﬁ:(tﬂ)(a) w(t, 0:)( CiFar + DiGry ), x>0,

(Joz)(t) - (27)
) > E;n:(trz(a) /L(t, 92) CZFm + DlGM 5 z < 0.
On the other hand, it is not difficult to see that
n(t n(t)
2(:) Qaibi2(0) | S XiZute) marreery (@Fm +0iGm ), x>0, (28)
— . . . n(t) 1
i2ta) (1 a; + bz)v(ez) > Ei:ﬂ(a) T=a, 76,000 a;Fy +b0;Gp ), x<0.

Employing (26), (27), and (28) in (8) leads to



8 A. ZAFER AND S. DOGRU AKGOL

t

ps,a) Lo 5 -
(J )(t) < c1+co / p(s)’l}z(s) ds + N(t), >0, (29)
3T at
GO -
> ¢+ / p(s)vQ(s) d E(t), < 0.

a
By using the estimate (29) in (9), we easily obtain

t

zg; §c1+02/mcis+ﬂ(t)+N(t), x>0, (30)
z(t) c1 +c tiu(s,a) s = x
Tzt [ A w0 - N0, @ <0 (31)

a
In view of (25) and the fact that v is a nonprincipal solution, i.e.,

t

ps,a) oo
/p@ﬁ%@d y

a

it follows from (30) and (31) that

t t
lim sup —x( ) = — liminf —x( ) =
T B &0y
Since v(t) > 0, we conclude that x(¢) must be oscillatory. O

In the next section we illustrate some important special cases of Theorem 3.1.

4. EMDEN-FOWLER TYPE IMPULSIVE EQUATIONS

Let F(z) = |z|?~'z and G(z) = |#|* x, where 0 < o < 1 < 3, then (5) turns into the Emden-Fowler
type impulsive equation with superlinear and sublinear terms

(p(t)2") +q(t)] x|~ e —r(t)]a]* " e = f(1), t#0;,
Az + a|z)P e — bz e = f, t=20,, (32)
Alp(t)z') + ci|z|P~1a — d;|z|* e = g4, t=20,.

By a simple calculation we have
Fp=Fy=p8%0"(B-1), Gn=Gy=a"1"91-aq).
Therefore, we obtain the following oscillation theorem.

Theorem 4.1. Let (7) be nonoscillatory and v(t) > 0 be its nonprincipal solution. Suppose that q(t),
r(t), a;, b;, C; and D; are non-negative. Then, the halflinear impulsive Emden-Fowler equation (32) is
oscillatory provided that

limsup[H(t) — N(t)] = — liminf[H(t) + N(t)] = oo, (33)

t—o00 t—o0
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where H(t) is as given in (6) and

= til S s, 7)v(T)[q(7) 3%/ =P (B — r(r)a®/ 0= (1 — a)] dr
N a/p(s)vz(s){a/m, () a8 (5~ 1) + r(r)a/ =01~ )] d
n(s)
+ M&@ﬁCﬁW“*WB—1%+DMW“*W1—aﬂ}$
i=n(a)
(t) 1
+ [aiﬁﬁ/(l_ﬁ)(ﬁ —1) + bja®/ (1= (1 — a)l.

(1 —a; + bl)v(ez)

i=n(a)
Taking o — 1~ and 8 — 17 in (32) results in a linear impulsive equation

(p(t)2") +[q(t) —r(t)]e = f(t), t#0;,

A(p(t)x’) + [e; — dilx = gi, t=0;.

In this case, a®/(=%) — 1/e and B%/(0=8) — 1/e, and so F,,, = Fy; = Gy, = Gy = 0. Thus, we easily
obtain the following corollary.

Corollary 4.1. Let (7) be nonoscillatory and v(t) > 0 be its nonprincipal solution. Then, the linear
impulsive Emden-Fowler equation (34) is oscillatory provided that

limsup H(t) = —litm inf H(t) = oo,
bde el

t—o0

where H(t) is as given in (6).

Finally, we state Wong type oscillation theorems for the superlinear impulsive Emden-Fowler type
equation

(p(t)2') + q(t)]2]" e = f(t), t#0;,
Az + ailz|P e = f;, t=20,, (35)
Alp(t)z') + ci|z|P~ e = g;, t=0;
and the sublinear impulsive Emden-Fowler type equation
(p(t)2") —r@®)|=[*" e = f(t), t#0;,
Az —bilz|* e = f;, t=0;, (36)
Ap(t)a') — di|z|* Lz = g, t=0,;.
The following results are readily available from Theorem 4.1.

Corollary 4.2. Let the homogeneous equation associated with (35) be nonoscillatory and v(t) > 0 be its
nonprincipal solution. Suppose that q(t), a; and Cy1 := c;v(6;) — a;p(0;)v'(0;) are non-negative. Then,
the superlinear impulsive Emden-Fowler equation (35) under impulse effects is oscillatory provided that

11?LSUP[H1(?5) = Ni(®)] = —lim inf[H, (£) + N1 (8)] = oo,

where

¢ ) 5 7(s) n(s) m(s) n(t) fz
0= [ ([ IL0=eosomere 3 Tl o Jons 3 =gy

a o i=n(T) i=n(a) k=i i=n(a)
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with
fi

M1 = giv(0;) — A=)

(PO (6) = e (6)).

and

; 1 o (s
:/ p(s)v%(s) {/ [T (0 =ao(r)a(n)p” =25 -1)dr

a =n(T)

7(s) n(s)
+ > {H (1 - ar)Cn B0 - ]}ds+ Z Ao 6 -,
i=n(a) - k=i+1 Z z

Corollary 4.3. Let the homogeneous equation associated with (36) be nonoscillatory and v(t) > 0 be its
nonprincipal solution. Suppose that r(t), b; and Do := d;v(0;) — bip(0;)v'(6;) are non-negative. Then,
the sublinear Emden-Fowler equation (36) under impulse effects is oscillatory provided that

lilgrisup[”;'-lg(t) — No(t)] = — htrzl)iorgf[’}-[g(t) + No(t)] = 0

where
t 1 s 7(s) n(s) m(s) n(t) f
HQ(t)::/p(S)U%S)</i_1,}T)( +b;) f(r dT+ZZn(:a,I[l1+bk )ds—i—i_zn(:a)wi)v(ei)y
with
My = gio(6s) — fi (p(é")v’(ﬂ) + d<v(9<)>
3 . 3 3 (1 + b,L) 7 (2 7 7 b)
and

Na(t) ;:/ {/ h 1+ b)v(r)r(r)a® =91 - a)dr

o i=n(T)

n(s) n(s) n(t) b

14 b) Disa® 1= (1 —a)| L q U e/(-a)(1 ),

+4§ {H(Jrk) b 1-a)| pds+ > AT (1-a)
i=n(a) ~k=i+1 i=n(a)

5. EXAMPLE

In this section, we provide an example to illustrate the efficiency of Theorem 4.1. Consider an Emden-
Fowler type impulsive equation with superlinear and sublinear terms

(t2(t2 + 1)) + 4|z|P~ 1z — 10(¢2 + 1)|z|* 12 = sint, t£i, t>1,
241 y
Az +ilz)f~te — “E gt = (1) 1), =i, (37)
1
A8 +1)2') + 22(2 + D]a)f e — 202 + 1)2]a]* o = 20, t—=i, i>1.

Comparing with the general form (32), we observe that §; = i, p(t) = t2(t?+1), q(t) = 4, 7(t) = 10(t*+1),
a; =i, by = (12 +1)/i, ¢; = 2i%(i®> + 1), d; = 2(i®> + 1)?, f(t) = sint, f; = (—1)%3(i + 1) and g; = 2i.
Thus, 1 —a; +b; = (1+1)/i > 0,

O = c(0h) — o [P0V (0) = (e — d)o(0:)] = 0
and b
Dz = dlv(ﬂl) — m [p(az)v’(&) - (Ci - dz)v(gz)} = Oa
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where v(t) = it?, t € (i — 1,i] is a nonprincipal solution of the associated homogeneous equation
(22 + 1)) + 4z —10(t* + D)z =0, t#i, t>1,

;2
1
A:chixf +

r=0, A+ 1))+ 22+ Do — 23 +1)%2 =0, t=i, i>1.

For convenience, we write

/ 1
N(t) = 1/ m(%@) + y2(s)) ds

£ 3 Gy 6 - D b0 ],

where

y(t): = /u(t,r)v(r) [q(T)Bﬁ/(l_ﬁ) B-1)+ 7‘(7’)0/"/(1_0‘)(1 - a)] dr,
A(t)
St 6:)[CiB87 )5 — 1) + Dia/ =) (1 — a)],

i=n(a)

Ya(t) :

S

nt): = [ p()l()( [ uts, )i ar + f u(&@-)Mi) s,

a a Z:Q((l)

o i
y4(t) s _Z) (1 —a; + bi)v(oi).

Let a=1,t € (k—1,k], and s € (j — 1,4] for k > j > 2. It follows that

(s, 7) = (n(s) +1)/n(r) = (G +1)/n(7),
and so pu(s,i) = (j+1)/i,n(t) =i—1for 7 € (i—1,4], and n(r) = j—1 for 7 € (j — 1, s). Thus, we have

=@ +1) Zz ] /T ﬁﬁ/(l A (s - )—|—10(7'2+1)a°‘/(1_a)(1—a)} dr

i—1
S

G+1)j 8/0-5) (g _ a/(1-a)(] _
e /1 = [w =) (8 — 1) + 10(r* + 1)a/ 1= (1 a)] dr
K

=0(s%), s— o0,

i .

=2

(€380 (B~ 1) + Dia®/1=9(1 ~ )] = 0,
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and
% 1 (@708 = 1) + bia®/ =) (1 - a)]
e (1 —a; + b;)v(0;) i
i il L G 1+ gert-o g 0]
=0(1), t— oc.
Therefore,
k—1 ¢ t
N(t) = / ﬁ(yl(s) +ya(s)) ds + / ﬁ(yl(s) +ya(s)) ds
pr S CRR S D

n(t)
1
t 2 T g B D b0 - )

i=n(a)
=0(1), t— oo.
On the other hand, we calculate that M; = 2i*[1 — (=1)%3(i + 1)(:? + 1)],

S

j—1 i i .8
1
[ 50w ar =G0 Y g [emrars CEU [ 2
1=2

7—1
@ i—l

=0(s"), s— o0,

and

n(s) i
D Hle:0)M; = Z L D90t [1— (-1 + 1) + 1)

i=n(a)
=(- 1)J+1 0+ 0(°), j— o
Then, from (39) we have

a/tp(s)iz(s)/ﬂ(&ﬂf(T k . / e — 82+1 jM(57T)f(T)U(T) drds

a J= j—l

1
/t k255(s2 + 1) 52 1) /S”(SvT)f(T)U(T) drds

=0( 1) t — oo.
In a similar way, (40) implies that

¢ 7i(s)

/p(s)jﬂ(s) Z w(s,0;)M;ds = (-1 )kk +0(1), t— .

, ¢
a i=n(a)

(38)
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49
15 x10

-05 -

15 1 1 1 1
0 20 40 60 80 100

FIGURE 1. Graph of solution of (37) for ¢ € [1,100].

Finally, for ¢ € (k — 1, k] we can write

k
kt2 3
v = 3 (1= (2 (13)
i=2
Properties (41), (42), and (43) imply limsup,_,, [y3(t) + ya(t)] = —liminf, o [y3(t) + ya(t)] = oo, or

limsup H(t) = — lim inf H(t) = oco. (44)
t—»00 t—o0

Combining (38) and (44), we see that (33) holds. Since all the conditions of Theorem 4.1 are satisfied,
we conclude that (37) is oscillatory. The oscillatory behavior of the solution is shown in Figure 1 for
a=1/2and 8 =3/2.

It is worth mentioning that the impulsive equation

(t2(t2 4+ D)) + 4|z /%2 — 10(t? + 1)|z| /%2 = sint, t#i, t>1, (45)
A (12 + D)a’) + 2i2(i2 + )|z 22 — 22 + 1)?|x| V22 =20, t=1i, i>1,
obtained from (37) by setting Az = 0, and the nonimpulsive equation
(2 (t2 + 1)a’) + 4)z|Y %z — 10(t2 + 1)|z| Y2z = sint, > 1, (46)

obtained by removing impulses in (37) are nonoscillatory. This is illustrated in Figure 2 and Figure 3,
respectively.
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2.4 T T T T 100 T T T T
2.2 1 90 - 1
2 1 80 r 1
18 1 70 - 1
16 1 60 - 1
x 1.4 B x 50 F B
12 B 40 - B
1 30 - B
0.8 B 20 B
0.6 B 10 B
o4 0 2(;0 4(;0 6(;0 8(;0 1000 0 0 2(;0 460 6(;0 8(;0 1000
t t
FIGURE 2. Graph of solution of (45) FIGURE 3. Graph of solution of (46)

Graphs of the solutions of equations (45) and (46) for ¢ € [1,1000].
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