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ABSTRACT

CONNECTEDNESS OF THE CUT-SYSTEM COMPLEX ON SURFACES

Ali, Fatema
M.S., Department of Mathematics

Supervisor : Assoc. Prof. Dr. Ferihe Atalan Ozan

May 2017, 28 pages

Let M be a compact, connected, orientable or nonorientablecsudagenug) > 1

with n boundary components. In this thesis, we study connectedrfesut-system
complex of M. More precisely, in Chapter 3, we study the work of Wajnryb loa t
connectedness of the cut-system complex of an orientaldecgu In the last chapter,

we prove that the cut-system complex of a nonorientablesaris connected.

Keywords: curves, cut-system complexes, surfaces
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YUZEYLER UZERINDEK | KESIM-SISTEM | KOMPLEKS ININ
BAGLANTILILI Gl

Ali, Fatema
Y uiksek Lisans, Matematik @imi

Tez Yoneticisi : Dog. Dr. Ferihe Atalan Ozan

Mayis 2017, 28 sayfa

M kompakt, bglantili, cins sayisg > 1 ven sinir bilesenli ynlendirilebilen veya
yonlendirilemeyen bir yizey olsun. Bu tezdé\l ylizeyinin kesim sistemi kompleksinin
baglantiliigini calisacgiz. Daha acik olarakoylersek, igindl bolumde, Wajn-
ryb’in yonlendirilebilen yizeyin kesim sistemi kompleksinin @antilihgini ispat
ettigi calismasini inceleyege. Son lblimde ise ¥nlendirilemeyen bir gizeyin

kesim sistemi kompleksinin ggantil oldujunu ispat ede¢gz.

Anahtar Kelimeler: griler, kesim sistemi komplekslerijigeyler
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CHAPTER 1

INTRODUCTION

Let M be a compact, connected, orientable or nonorientablecudbgenugy > 0
with n > 0 boundary components. We consider collectiongdifjoint nonseparating
simple closed curves,, c,, ..., ¢y on the surfacevl, whose complemer¥! — (¢, U

--- U Cg) Is a sphere with @ + n boundary components. An isotopy class of these
collections is called a cut-ststem. Cut-systems are thealattjects of this thesis.
Let (ci,C,...,Cq) be a cut-system. Assume that for sokye, is a nonseparating
simple closed curve transversely intersectipgt exactly one point and disjoint from
¢ fori # k. Then if we replace by c, in the cut-system, we obtain another cut-
system. The operation of replacing curves is called an aleang move. There are
three special types of paths which is described in Sectiorh2se special types of
paths play an important role in the construction of the gistesm complexes. This cut-
system complex is introduced by Hatcher and Thurston [7grétore, this complex

is also called Hatcher-Thurston complex in the literature.

The cut-system complex of surfadé is a cell complex of dimension 2. Each cut-
system is a 0-cell (vertex) of this complex. If two cells agéated by an elementary
move then these two 0-cells are joined by a 1-cell (an unteteedge) corresponding
to this move. Now, we have a graph, in other words; a 1-dinoeradicell complex
containing O-cell and 1-cells. Let us attach 2-cells to tjnaph along boundaries
resulting from the three special types of path. Then, weiolbke complex.

Hatcher and Thurston defined this complex for orientablé&asas. Their aim was to
find a presentation for the mapping class group of an ori¢msinface. That's why
there is an important place of this complex in the theory oppiiag class groups.

Moreover, Wajnryb used this complex to give a presentatayrtiie mapping class



group of an orientable surface and Harer also used it to cteripa second homology

group of the mapping class group in [5].

This complex is connected and simply-connected. More pedgiHatcher and Thurston
proved these results in [7]. Later, Wajnryb proved the samsalt by elementary tech-

niques in [9].

The aim of this thesis is to study the connectedness of theysiém complex (the
Hatcher-Thurston complex). Our study has two componeritst, ifh Chapter 3, we
study connectedness of the cut-system (the Hatcher-Tdm)rsbmplex for orientable
surfaces Wajnryb’s result [9]. Second, in Chapter 4, we ptbeg the cut-system
complex of a nonorientable surface is connected. We ndteethe cut-system com-
plex of a nonorientable surface is defined in [1]. We also titaéwe give the required

definition and preliminary information used in Chapter 2.



CHAPTER 2

PRELIMINARIES AND NOTATIONS

In this chapter, we will give some definitions and notaticglated to surfaces, curves

on surfaces, homology intersection numbers of curves angdysiems of surfaces.

2.1 Surfaces and Curves on Surfaces

Definition 2.1.1 (see pg 67, [8]) A topological space is called an n-dimenaionan-
ifold if each point has a neighborhood homeomaorphic to anmethsional open disc.
We also ask that any two distinct points have disjoint opeghimrhoods and the

topology has a countable basis.

Definition 2.1.2 (see pg 67, [8]) A2-dimensional manifold is said to be a surface.

Definition 2.1.3 (see pg 70, [8]) A nonorientable surface is one which contans
Mobius band.

Example 2.1.4 The sphere, the torus and a closed orientable surface ofgygrare

examples of orientable surfaces.

Example 2.1.5 The Mobius band and the Klein bottle are nonorientable ste$a

Definition 2.1.6 (see pg 31, [3]) A simple closed curve is a connected compact

dimensional manifold.
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Figure 2.1: The sphere, the torus and a closed orientalizceunf genug

CRY

Figure 2.2: The Klein Bottle and the dbius band

Definition 2.1.7 Let us cut the surface M along that curve a. If you obtain twe dis
connected pieces of the surface M, the curve a is called aratipag simple closed

curve. Otherwise, it is a nonseparating simple closed curve.

D
O D
M Mg

Figure 2.3:ais a nonseparating simple closed curve on the surffhce

Definition 2.1.8 Let a be a simple closed curve. If its regular neighborhooda is
Mobius band, then we say that a is one-sided. If its regulaghi®rhood is an

annulus, then we say that a is two-sided.

In particular, leta be a one-sided simple closed curve and let the genus of tfeeeur

M beg = 1org > 2 Let us cut the surfacé! along that curves, if we get a

4



Figure 2.4:bis a separating simple closed curve on the surfdce

nonorientable surface, the curaés called a one-sided essential simple closed curve.

Definition 2.1.9 A simple closed curve a on a surface M is called trivial if theve
a bounds a disc, a disc with one puncture, a Mdbius band or mdiopic to some

boundary component of M.

Definition 2.1.10 (see pg 197, [8]) Let X and Y be two topological spaces and let
f and g be two continuous functions from X to Y. Then f is honotopy if there
is a continuous family of continuous functions: X — Y for0 <t < 1, called a

homotopy from f to g, satisfying

e fi(X) is continuous as a function of the pdk,t), xe X, te [0, 1].

Note that if eachf; is an embedding, thehis called an isotopy.

2.2 Homology group of a topological spac&

Definition 2.2.1 (see pg 64, [10]) Let X be a topological space. A (singular) n-
simplex in X is a continuous map: A" — X, whereA" is the standard n-simplex.

A singular 0-simplex is identified with a point X, because\’ is a one point set. A

singular 1-simplex is a path X because\! is a closed interval.

5



Definition 2.2.2 (see pg 64, [10]) Let X be a topological space. Let us defif(Xs
as the free abelian group with basis all singular n-simpleixeX, for each n> 0. Let

us define S;(X) = 0. The elements of $X) are said to be (singular) n-chains in X.

We define the oriented boundary of a singulasimplexo : A" — X as

n
DD @ honi)-
i=0

However, fo, ..., §,...,t,] is not the standardch(- 1)-simplex and to fix this we iden-

tify this face with the standardh(- 1)-simplex via the iine map
Ei:Ein:An—l_>An
defined by the formulas
€(Uo, - - -, Un_1) = (O, Ug, . . ., Un_1),

and

ein(u07 sy un—l) = (u09 e Ui~ 07 Ufi %558 Un—l)a

fori > 1.

Example 2.2.3(see pg 64, [10]) There are three face maps A* — A?:
€ - [to, t1] — [t1, to];

€ [to, t1] — [to, t2];

€ . [to, t]_] - [to, tl]

Definition 2.2.4 (see pg 64, [10]) i : A" — X is continuous and » 0, then its

boundary is

Ono = ;(—1)i0'ei” € Sn_1(X).

We definéyo = 0for n= 0.



We notice that ifX = A" andé : A" — A" is the identity, then

n
3(0) = > (1)
i=0
We have the following resuk in [10]:

Fact 2.2.5 (see pg 64, [10]) There exists a uniqgue homomorphigsm S,(X) —

Sn_1(X) with 8,0 = 3" o(-1)'oe for each singular n-simplex in X, for n> 0.

Definition 2.2.6 (see pg 65, [10]) The homomorphisi#s: S,(X) — S,_1(X) are
said to be boundary operators. For every X, we construct aeecgl of free abelian

groups and homomorphisms
On 01 do
. — Sa(X) 2 Sp_i(X) — ... — S1(X) = So(X) = 0,

called the singular complex of X. We denfe(X), 9).

Fact 2.2.7 (see pg 65, [10]) Let k j. Then the face maps satisfy

ntl n _ n+l n . An-1 n+1
€ 6 = & ej_l.A - A"

Example 2.2.8 (see pg 65, [10]) Letg‘eg maps
(U SR R R Ol N P R E R R Vi
(the image is th@-face[t;, ts, ts] of A*); e5e maps
[ (R U S PR E R PR g W
Suppose that k j. Then the image ofje is (n— 1)-face ofA™* obtained by deleting
vertices f and {; when k> j, the image deletes verticesand ..

Fact 2.2.9 (see pg 65, [10]) We hawéd,,1 = 0, for alln > 0.

Definition 2.2.10 (see pg 65, [10]) Let £X) denote the group of n-cycles in X. Then,
Zn(X) is the ke(d,). Let B,(X) denote the group of n-boundaries in X. Thep(>8 is
the im(0n.1).



Remark 2.2.11 (see pg 65, [10]) £&X) and B,(X) are subgroups of §X) forn > 0.

As an immediate corollary of Fact2.2.9, we have

Fact 2.2.12 (see pg 66, [10]) For each space X and for each 0,

Bn(X) € Zn(X) < Sn(X).

Definition 2.2.13 (see pg 66, [10]) For every = 0; the nth (singular) homology
group of a space X is defined as the quotient group

Zy(X) _ ker(dn)

100 = B.%) = im@my):

Definition 2.2.14 (see pg 66, [10]) The coset # B,(X), where z is an n-cycle, is
said to be the homology class @f £et us denote it alz,].

We have the following result (see in [10]):

Theorem 2.2.15(see pg 67, [10]) If two spaces Mind M, are homeomorphic, then
Hn(M31) = Hy(M,) for all n > 0.

Remark 2.2.16 (see pg 67, [10]) Each homology group,(¥1) is a topological in-

variant of the space M

2.3 Intersection Numbers of Curves in a Surface

Intersection of two simple closed curves can be defined indifferent ways, signed
and unsigned intersection. These are the algebraic icteasenumber and geometric
intersection number, respectively. leeandb be a pair of transverse, oriented, simple

closed curves in a surfadé.

The algebraic intersection numbiéa, b) is defined as the sum of the indices of the
intersection points oh andb, where the index of an intersection pointis when the

orientation of the intersection agrees with the orientatbthe surfaceV and is—1

8



otherwise. The algebraic intersection numkarb) depends only on the homology

classesd] and [b].

If we count the minimal number of unsigned intersection polretween homotopy
classes of simple closed curves, we obtain the geometersittion number. The ge-
ometric intersection number between free homotopy classesl3 of simple closed
curves in a surfac# is defined to be the minimal number of intersection points be-

tween a representative curve in the clasand a representative curve in the class
B:

I(a,B) =min{lanb|:aea,bep}.

We note that the geometric intersection numilferg) is symmetric:

(. p) = i(B, ),

while the algebraic intersection numbét, ) is skew-symmetric:

i(a,B) = —i(B, ).

We also note that the algebraic intersection number is wafihndd on homology
classes, whereas the geometric intersection number isdetted only on free ho-

motopy classes.

We observe thaft(a, @) = 0 for any homotopy class of simple closed cureesn an
orientable surface. If the cungeseparate® into two components, then for any curve

b we geti(a, b) = 0 andi(a, b) is even. In general,andi have the same parity.

Example 2.3.1(see pg 29, [4]) The nontrivial free homotopy classes ofragd sim-
ple closed curves in the torus*&re in bijective correspondence with primitive ele-

ments ofZ @ Z. For two such homotopy classésh) and(r’, h’), we have
i(r,h), (", ")) =rh’ = r'h

and

i((r,h),(r’,h")) =rh—r’hl.

9



2.4 Cut-systems on a Surfacé!

Let M be a compact orientable surface of gegwgith n boundary components.

Definition 2.4.1 Let us consider collections of g disjoint nontrivial nonaegiing
simple closed curves @, - - - , ¢q in the surface M such that when we cut the surface
M along these curves, we obtain a sphere k- n holes. Lety,, y-, ..., yg) denote

an isotopy class of the collectigoy, Cy, - - - , Cg}. (y1, 2, ..., ¥y iS called a cut-system.

Figure 2.5:{cy, Gy, C3} IS a cut-system for genus 3 surface.

Figure 2.6: We obtain a sphere with six holes.

Definition 2.4.2 Let(y1,y2,...,7i-1,%i, Yi+1. - - - Yg) D€ @ cut-system andg € v; for all
i. Let ¢ be a nontrivial nonseparating simple closed curve on théesier M such that

10



it intersects cat one point and does not intersect other simple closed sugMer k #
I in the collection{cy, C,, ..., Cg}. If we change by G in the collection and we denote
its isotopy class of{dyy/, we get new a cut-systefm, yo, - , ¥i-1, ¥{» Yi+1, - » Yg)-

We call the replacement
<71’ ’)/27 e ,7i—1, ')’i’ ')’i+1, tee ’7g> — <')’1» )’2, tee ,)’i—l, 7{7 )’i+1’ Y ')’g>
an elementary move or a simple move.

We note that we will usually throw away the symbols for uncharsyegle closed

curves and so, we will simply writg;) — (y/).

Figure 2.7: An example of an elementary move

2.4.1 Description of the Cut-system Complex

Let X denote the cut-system complex of a surfde The vertices of the complex
X are the cut-systems on the surfdde Two vertices are connected by an edge if
and only if the corresponding cut-systems are related bylementary move. Let
X! denote the 1-skeleton of. A path in X! is formed a sequence of verticBs=
(ug, Uy, - - -, Ux), Where two consecutive vertices are related by an elememtave. If

U1 = Uy, then a path is closed. We have three types of closed pa's in

Type 1. (A triangle) Suppose that three vertices hage-(1) simple closed curves
in common. If the remaining three simple closed curggs, andc; intersect each

other at one point, then the vertices constitute a closaddtilar path:

11



(vg) = (g = (vg) = (¥g)

whereyg, g andyy are the isotopy classes gf, ¢y andcy, respectively.

% Y,

%

Figure 2.8: Configurations of curves in type (1)

Type 2. (A square)Suppose that four vertices havg- 2) simple closed curves in
common. If the remaining pairs of simple closed cunggs;(c,), (%_1’ Cy), (cé_l, Cy)s
(cg-1, ¢y) Where these simple closed curves intersect as in figuren Tie vertices
constitute a closed square path:

(Yo-1.7Y9) = (Vg-1.7Y0) = (Yg1: Yy = Yo-1.¥g) = Vo1, Vg)

whereyg_1, vg, Yg-1r andyg are the isotopy classes@f 1, ¢g, Cy1 andcy, respectively.

Type 3. (A pentagon)Suppose that five vertices hawg- 2) simple closed curves
C1,Cp, -+, Cg—2 iINn common. If the remaining pairs of simple closed cun&s:(cy),
(Cg-1, Cg), (cé_l, Co)> (%_1, Cy) and €, c;) where these simple closed curves intersect
as in figure. Then the vertices constitute a closed pentagtn p

<7g—1, 7g> - <7’g—1’ )/é> - <’y5_19 yé) - <7é_1, ’y,g,> - <75’ 79) - <7’g—1, )’g>

whereyg_1, vg, Vo1 andy, andyy are the isotopy classes af 1, ¢, C,

/ //
-1 Cg andcg,

respectively.
If we attach a 2 cell to each closed edge-path of type (1), (2) or (3) in th&eleton

12
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Figure 2.9: Configurations of curves in type (2)

Figure 2.10: Configurations of curves in type (3)

X!, then we get a 2 dimensional cell complex. We call this the cut-system com-
plex, we denote it byk. This complex is defined by Hatcher and Thurston in 1980.

Therefore, this is also called the Hatcher-Thurston corpl¢he literature.

13



CHAPTER 3

CONNECTEDNESS OF CUT-SYSTEM COMPLEX OF
ORIENTABLE SURFACES

3.1 Introduction

Let M be a compact, connected orientable surface of ggnu8 withn > 0 boundary
components. LeM denote a closed orientable surface obtained fMrby capping
every boundary component with a disk. In this chapter, weystajnryb’s work
related to the connectedness of cut-system complex of amtable surface. The
main aim in the proofs in this section is to decrease the nurobthe intersection

points between two distinct simple closed curves.

If the Euler characteristic of the surfabkis negative, we consider a hyperbolic metric
on the surfaceM. Therefore, the isotopy class of a nonseparating curvestsns a

unique simple closed geodesic, the shortest curve in itspgalass.

Definition 3.1.1 (see pg 413, [9]) Let a and b be simple closed curves on a seirfac
M. If there are curvesaand b, isotopic to a and b respectively, and such that

i(a, b) > i(a’,b’), we say that they have an excess intersection.

Definition 3.1.2 (see pg 413, [9]) Let a and b be simple closed curves on a seirfac
M. If there are arcsy of a andg of b, which intersect only at their common end points
and do not intersect other points of a or b and such thats bounds a disk (possibly
with holes) on M, they form 2-gon. The disk is said to bezagon. Let us cut fthe
2-gon from a by replacing the are of a by the args of b. We obtain a new curvée a

(see Figure 3.1).

14



Figure 3.1: Curvea andb form a 2-gon.

We will give the following lemma proved by Hass-Scott (seg [@mma 3.1).

Lemma 3.1.3 Let a, b be two simple closed curves on a surface M. If they have a

excess intersection, then they forrd-gon (without holes) on the surface M.

Corollary 3.1.4 Two simple closed geodesic on the surface M do not have excess
intersection. In particular, suppose that we change two csivand b by geodesics

in their isotopy class. Then(d, b) does not increase.

Proof. Suppose that there exists a 2-gon. Let us ¢tiRegon and then smoothing
corners, so we can decrease one simple closed curve in itstbpyclass. We obtain

the desired result. O

Letaandb be two simple closed curves in a finite collection of simpteseld geodesics
on an orientable surfadgl. Assume that andb constitute a minimal 2-gon. This
means that it does not consist of another 2-gon. Let usfEth@minimal 2-gon from

a and pass to the isotopic geodesic, then we obtain the sifgdedcurve, say'.

Lemma 3.1.5 Let a, b and &be as in above paragraph. Thefaja’) = 0, i(b, &) <
i(b,a) and i(c,&) < i(c,a) for any other simple closed curve c of the collection. In

particular, if i(c,a) = 1, then {c, &) = 1. Moreover,[a] = [&].

Proof. Let @ andg be two arcs ofa andb, respectively; forming a minimal 2-gon.

Since this 2-gon is minimal, each other simple closed canfehe collection crosses

15



the 2-gon along arcs crossiagandg once. Therefore, cuttingfitthe 2-gon will not
alteri(a, c). After passing to the isotopic geodesic, this number mayedse. We
note thata anda’ are disjoint and homologous on the surfade By passing t@& at

least two intersection points afwith b are removed. O

3.2 The case of genug =1

Let [a] be the homology class of a simple closed cuaven a closed torus/. Let
us fix a basis oH;(M, Z). Then, the homology class][can be defined by a pair of
relatively prime integers, up to a sign. Suppose thht{ (a1, @p) and b] = (81,52).
The absolute value of their algebraic intersection numbequali(a, b)| = |a18, —
aB4. If aandb are geodesics o, theni(a, b) = |i(a, b)|. Since they do not have
excess intersection oM, this is also true for curves on the surfalgeforming no

2-gons.

Lemma 3.2.1 Let a and b be nonseparating simple closed curves on thecauiva
Assume that(a, b) = k, where k# 1. Then there is a nonseparating simple closed

curve d such that

e i(d,a) =i(db)=1,ifk=0;

o i(d,a) <kand{d,b) <k, ifk> 1.

Proof. There are two casek:= 0 andk > 1.

First, assume thata, b) = 0. Then the simple closed curvasndb are isotopic on
M. They split the surfacé/ into two connected components, sy and M,. We
pick pointsR andH on the simple closed curvesandb, respectively. Let us join the
pointsR andH by simple arcs ifM; and inM,. The union of these arcs constitutes
the desired curvd.

Now, assume thdt > 1. If the simple closed curvesandb have an excess intersec-
tion on M, then they constitute a 2-gon on the surféde Let us cut ¢ the 2-gon.

It follows from Lemma 3.1.5 that we decrease the intersact®n the other hand, if
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they do not form 2-gons, then the algebraic intersectionbarms equal to the geo-
metric intersection number. We note that the sign of allrsgetions are the same.
Let us consider two intersection points consecutive alenghen we pickd as on
Figure 3.2. So, we obtain thgtl, a) = 1 andd is a nonseparating simple closed curve
such thai(d, b) < k. O

Figure 3.2: The simple closed curddias smaller intersection with the simple closed
curvesa andb.

Proposition 3.2.2 If surface M has genus one, then the cut-system complex X of th
surface M is connected.

Proof. Since the genus of the surfabkis one, a cut-system on the surfadeis an
isotopy class of a single simple closed curve. If the intetisa number of two simple
closed curves is one, they are joined by an edge. Using Lentig &ny two simple

closed curves are joined by an edge-path in the com¥liex induction. O

3.3 The case of genug > 1

In this section, letM be a compact, connected, orientable surface of ggnusl
with n > 0 boundary components. In this section, we will prove thatdtt-system
complexX of M is connected. We use induction on the genus of the surfads. It
proved for the genug = 1 in Section 3.2. Now, we assume that this is true for the

genus less thag
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Lemma 3.3.1 Let two vertices of the complex X have one or more simple closed
curves in common. Then, they are connected by a path suchaltiohtvhose vertices

consist of the common simple closed curves.

Proof. Let us cut the surfac® along the common curves. Then, the remaining col-
lection of the simple closed curves constitute two vertmkthe cut-system complex
on the new surface. This new surface has smaller genus. §oaté joined by a path.
If we take all the common curves to every vertex of this patholv&in a path in the

complexX with the desired properties. O

Remark 3.3.2 Let a and b be two disjoint distinct nonseparating simple@tbsurves
on the surface M. The union of a and b does not separate thacguM if and only if
their homology classes are not equal. In this case, we can leten@ cut-system with

a and b together on the surface M.

Lemma 3.3.3 Let ¢ and ¢ be nonseparating simple closed curves on the surface M
such that fc1, c;) = k, where k> 2. Then there is a nonseparating simple closed

curve d such that(c,, d) < k and(c,, d) < k.

Proof. Let us orient the simple closed curvesandc,. We split the uniorc; U ¢,
into a different union of oriented simple closed curves as follows. Agrbnear an
intersection point, say a poiQ;, on the side of the curve after the curves; meets
it and on the side of the cuna before the curve, intersects it. Now we go parallel
to the curvec; to the next intersection point, say a poipd. We do not meet the curve
C, at the pointQ, and go parallel to the cune, in the positive direction, back to the

point Q;. We obtain a curve;.

Now, we begin near the poir®, and go parallel to the curve until we cross an
intersection point, sa®s, which is either equal to the poi@,; or was not crossed
before. We do not meet the curggat the pointQs; and go parallel to the cune, in
the positive direction, back to the poi@b. We obtain a curve,. And so on. Curvel
intersects the curve, near some points of the intersection of the cursesndc,, but
not near the poin®; and it intersects the cun@ near some points of the intersection

of the curvesc; andc,, but not near the poin®;,;. Hence, the curve intersects
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Figure 3.3: A curvel;

both curves less thartimes. Ifc is an oriented simple closed curveHh(M, 7), its
(oriented) homology class is denoted laj. [We have €1] + [C] = [dy] + - -+ + [dg].
Using a similar construction for the opposite orientatibthe curvec, beginning near
the same poin@;. We obtain new curves, e, ..., and [c1]—[c;] = [el] +. .. +[&].

We also haved;] —[e1] = [c;]. If we combine these equalities H\l(M, 7.), we obtain

[ed] + Sialdh] = [e1], [dh] + Siale] = [Ca], Tisaldh] — Siale] = [c2]. A simple closed
curve is separating on the surfalgkif and only if it represents 0 i, (M, Z). As the
curvesc, andc, are nonseparating, we obtain that eitdeand somel,, i # 1, are not
separating oe; and somee, i # 1, are not separating. And each of them intersects

the curves; andc;, less thark-times, hence, it can be chosen for the culve O

Lemma 3.3.4 Let ¢ and ¢ be two distinct, disjoint nonseparating simple closed
curves on the surface M such that their union separates ttfaseiM. Then there is

a nonseparating simple closed curve d such tfat d) = 1 and i(cp, d) = 1.

Proof. Sincec, U ¢, separates the surfad®, we have two connected components,
sayM; andM,. Let us choose a simple aé¢in M; connectinge; to c,. Similarly, let

us choose a simple afig in M, connectingc; to ¢,. Now, let us slide the end-points

of 6, andé, overc; andc, to meet the end-points. We obtain a nonseparating simple

closed curval intersectingc; andc, at one point. O
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Lemma 3.3.5 Let ¢, and ¢ be two disjoint nonseparating simple closed curves as in
Lemma3.3.4. Let a and b be also two another nonseparatingleiohpsed curves

and be given a positive integer n such that

i(a,b) <n,

i(ab)=1ifn=1,

i(cy,a) < n,i(c,a) <n,and

i(b, 1) = (b, cy) = 0.

Then there is a simple closed curve d as in Lemma 3.3.4 whiolfwafdls i(d,a) < n
and i(d, b) < n.

Proof. Assume that the curvesandb and a positive integer are given. As in the
proof of Lemma 3.3.4, we have ar6g andd,. If necessary, we need to change the
simple arcsy; andd,, to decrease the intersectionafvith the curvesa andb. We

can suppose that the curladies in the componentl;. We have several cases.

Case 1.The curvealies in the componer¥l;. So,6; is disjoint from the curvew. Let
n = 1. Then, we havia, b) = 1. So,aub does not separate its regular neighbourhood
and does not separate the comporidint Now, choose&; disjoint from the curves

andb. So,d is disjoint from the curvea andb, too.

Letn > 1. If the curvea separates the componaw (does not separate the surface
M) then it separates the cureg from the curvec, in the componenM;. There

is a simple ar® in the componeniM; connecting the curve; to the curvec, and

is disjoint from the curves, if the curvea does not separate the compon&ht or
intersects the curva at one point, if the curva separates the componew. Let

us choose such a simple arbaving minimal number of intersections with the curve
b. Assume that(b,d) > n. Now, there are two point® andH of the intersection
the curveb and the ar@, consecutive along the curbe and not separated by a point
of intersection the curve and the curvea. We can go along the aitto the point

Q then along the curvle, without crossing the curvb, to the pointH. Then, we

continue along the argto its end. Now, we obtain a simple arc meeting the carve
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at most one point and having smaller number of intersectiotisthe curveb. Thus,
we can suppose thgb, §) = n. Also, we can assume that each pair of points of the
intersection of the curvie and the ar@ consecutive along the cuntes separated by
a point of intersection of the curvésanda. Now, let us change the a#cas follows.
Let us take the intersection of the ar@nd the uniora U b. If the initial or the final
point along the aré of this intersection belongs to the curagthen we begin from
this end of the ar@, or else, we begin from any end. We go along thedto the
initial point, sayQ, of intersection with the union of the curvasandb. If the point
Q on the curvea, we keep going along the cuna without crossing it, to the next
point of the intersection of the curvasandb. Then we go along the cuni® without
crossing it, to the final point, say, of the intersection of the cundand the ar@ on
the arcs, and then along the afcto its end. Now, the new arc meets the cubvat
most one point, near the poikt, and meets the cuneless tham-times. If the point
Q on the curveb, we keep going along the cung without crossing the curvie, to
the pointH. And then keep going along the a¥do its end, which shows a similar

result. We can select such an arc for the@&rcSo,d satisfies the lemma.

Case 2.The curvea intersects the curves or ¢,. If m = 1 andi(cy, @) = 0 and the
curvea meets the curve, in the componenMy, then it must intersect it again to exit
the componeni;. However, it gives a contradiction witfc,, a) < m. Therefore, we
havem > 1. The arcs of the curva split the componen#; (and the componeriil,)
into connected components. One of the components crostdeteacurves; andc,
(or else, the union of all components crossing the cepveontains the curva for a
boundary component. So, the curaés disjoint from the curves; andc,). Let us
select the aré; (respectively the arg,) in such a component. Now, the curaean
be disjoint from them. We require to change the&r such a way thait(s;,a) = 0

andi(61, b) < m. Now, we have three subcases.

Subcase a.There is a simple are; of the curvea in the componeni; connecting
the curveg,; andc,. Let us select the ai; parallel to the are;. It can be that the arc
6, meeting the curve ntimes. Thus, the are, is the only arc of the curva meeting
the curveb. Then, we change the afg as follows. We continue from the cureg
along the ar@, until it intersects the curve. Then we return along the curseaway

from the arcag, to the next point of the are;. We return before meeting the arg
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and go parallel to the are; to the curvec,. So, the new arc does not intersect the

curvea and crosses the cunbdess tham-times.

Subcase b.There is a simple arc of the curean the componeni; connecting the
curvec; and the curvé. There is also a simple arc of the cuveonnecting the curve
¢, and the curvdd. Then we have point® andH of the intersection of the curves
andb, consecutive along the curbe and arcsy; anda; of the curvea such that the
arcag joins the curver; to the pointQ and the arar, joins the pointH to the curve
c,. We go along the ara; to the pointQ, then, along the curvb, without meeting
the curveb, to the pointH, and then, along the arg to the curvec,. So, the new arc

does not intersect the cureaand intersects the cuniEless tham-times.

Subcase c.If a simple arc of the curve in the componeniM; intersects the curve
b, then it intersects only the curna. (The case of the curve is similar.) Let us
take into account that a simple a¥en the componenM; disjoint from the curvea
and connecting the curves andc,. We begin at the curve, and go along the arc
6 to the initial point of intersection with the cuni® Then we go along the cunig
without meeting it, to the initial point of intersection Wwithe curvea. Then we go
along the curve, away from the curvé, to the curvec;. So, the new arc is disjoint
from the curvea and intersects the cunkeless tham-times. Ifi(b,a) = 0, then the
curveb is either disjoint from a component &, \ a connecting the curve, to the
curvec; or is included in it. One can see an arc in the component {disjiom the
curvea) connecting the curve, with the curvec, and intersecting the cunkeat most

one point.

We have a simple arg; disjoint from the curvea and intersecting the curveless
thann-times in every case. Now, let us slide the end points of teeyaalong the
curvesc,; andc; to cross the end points of the afg Every slid can be made along
one of two arcs of the curvg. Let us choose suitably the afg meeting at mos§
points of the curve sliding along the curve, and at mosf”%” points of the curva
sliding along the curve;. We obtain the curvd from the arcs; andé,. It intersects

the curvesa andb less tham-times.

Case 3.The curvea is on the componentl,. Then, the curvea andb are disjoint.

So, we must hava > 1. One can choose an afg disjoint from the curveb and
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intersecting the curva at most one point. One can also choose aadisjoint from
the curvea and intersecting the cunieat most one point. We obtain the curdérom

01 andd, and it intersects the curvesandb less tham-times. O

Lemma 3.3.6 Let d, and d» be nonseparating simple closed curves on the surface M.
Suppose that;vand s are vertices of the complex X containing the curveamt ¢,
respectively. Then, there is an edge-path (v, = Z3,2,,...,Z¢ = V) connecting y

and .

Proof. We prove the lemma by induction ofd,, d,) = m.
If the curvesd; andd, are equal, them, is connected te,, by Lemma 3.3.1.

Letm = 1. There are vertices; andws, in the complexX connected by an edge and
such thatd; € w; andd, € w,, respectively. Now, one can conn&gtto v; andv, to

W, as in the previous case.

Let m = 0 and the unionl, U d; do not separate the surfabe Then there is a vertex
u including both curvesl, andd;. Then,u is connected tow; andv, as in the first

case.

Now, letm = 0 and the uniom; U d, separate the surfadd. By Lemma 3.3.4, there
is a curved such thai(d,, d) = 1 andi(d;,d) = 1. One can find a vertexincluding

the curved and can conneatto v; andv, as in the second case.

Letm> 1. By Lemma 3.3.3, there is a curdesuch thai(d;, d) < mandi(d,, d) < m.
Let us choose a vertaxincluding the curvel. By induction onm, u is connected to

v; andvs. O

Hence, we have the following corollary immediately:

Corollary 3.3.7 The cut-system complex X of the surface M is connected.
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CHAPTER 4

CONNECTEDNESS OF THE CUT-SYSTEM COMPLEX OF
NONORIENTABLE SURFACES

Let M be a compact, connected nonorientable surface of ggmnuigh n boundary

components. In this chapter, we study connectedness ofuthgystem complex of
a nonorientable surface. Firstly, we recall that the definibf the cut system and
elementary move for nonorientable surfaces. Ashiba definecdut-system and an

elementary move for nonorientable surfaces as followsi(sgd):

Definition 4.0.8 Let a collection{cy, C,, ..., Cq} be pairwise disjoint one-sided essen-
tial simple closed curves on the surface M. Let the colleatibtheir isotopy classes
denote by(y1,¥2,...,vg) - (¥1,72 ..,y iS said to be a cut-system if the surface ob-
tained from M by cutting along all;én the collection is a sphere with-gn boundary

components.

DD

c, c, Cs

Figure 4.1: {c;, ¢, C3} IS a cut-system on a closed nonorientable surface of genus
g=3.

Definition 4.0.9 Let{y1, vz, ...,%i-1,%i, Yi+1. - - - Vo) D€ @ cut-system on the surface M,
and g € y; for all i. Let ¢ be a one-sided essential simple closed curve on the surface
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Figure 4.2: The sphere with three boundary components

M disjoint from g for k # i, 1 < i < g and such that it intersects at one point
and does not intersect other simple closed curves in thecodn {c, C,, ..., Cg}. If
we change icby ¢ in the collection, and we denote its isotopy class;dbycy;, we
get a new cut-systewys, yz,- - ,¥i-1,¥,Yi+1.*** »¥g)- This operation is called an

elementary move.

We note that we will usually throw away the symbols for unchaogedsided essen-

tial simple closed curves and thus, we will simply wtitg — (/).

Also, the complex of the cut-systems is described in a sirfakhion to the orientable
case (see [1]). Before we prove the main theorem, we will dieefollowing propo-

sition. This proposition is proved by Atalan and Korkmaz2i [

Proposition 4.0.10 Let M be a nonorientable surface of genus ¢ with n boundary
components. Let;dand @ be two one-sided essential simple closed curves on the
surface M such thaid, d;) = k, where k> 2. There is a one-sided essential simple
closed curve d such thad, d;) < k and (d, d,) < k.

Remark 4.0.11 Two distinct disjoint one-sided essential simple closedesihave
different homology classes. Therefore, there is a cut-systamioing these two one-
sided essential curves.

Theorem 4.0.12Let M be a compact, connected nonorientable surface of ggnus
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1 with n > 0 boundary components. The cut-system complex is connected.

Proof. We prove that this theorem by induction on the genus of thiaselM.

Letg = 1. In this case, a cut-system (on the surfdtecontains an isotopy class of
a single curve. If two distinct two one-sided curves intetse one point, we connect
them by an edge. It follows from Proposition 4.0.10, by intutthat any two one-

sided essential curves can be joined by an edge path in theystem compleX.

Letg > 2. By induction hypothesis, we assume that the theorem holds fionori-
entable surface of genus less tlgariWe will prove that the compleX is connected

for a nonorientable surface of gengis

Letd; andd, be two one-sided essential simple closed curves on thecelvfaSup-
pose that; andv, are vertices of the complex containingd; andd,, respectively.
We will show that there exists an edge p&hk (vi = Z3, 25, ..., 2Z = Vo) connecting

Vi andVZ.
Case 1.

Letd; = d,. Let us cut the surfac®l along this curve. The collection of the rest one-
sided essential simple closed curves form two verticesettli-system complex on
the obtained surface of smaller genus. By induction hypahtsey can be connected
by a path. If we take the curve to each vertex of this path wainlat path inX. In fact,

it is true that if two vertices of the complex have one or more one-sided essential
simple closed curve in common, then they are joined by a dadf ahose vertices

consist of the common one-sided essential curves.
Case 2.

Leti(d;,d;) = 1. Then, there are verticeg andw;, in the complexX which are joined
by an edge and such that andw, containd; andd,, respectively. Then, we joiw,

to v, andv, to w, as in the above case.
Case 3.

Leti(dy, do) = 0. Then, there is a vertaxcontaining both one-sided essential curves

d; andd,. So, the vertexiis connected to; andv, as in the first case.
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Case 4.

Leti(d;,d;) = n > 1. By Proposition4.0.10 , there is a one-sided essentiallsimp
closed curvel such thai(d;, d) < nandi(d,, d) < n. We pick a vertexu containingd.

By induction onn, we connect the vertexto v, andv,, so the proof is complete.[]
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