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Abstract. In this paper, we completely determine all necessary and su�cient conditions
such that the polynomial f(x) = x3+axq+2+bx2q+1+cx3q, where a, b, c ∈ F∗

q , is a permutation
quadrinomial of Fq2 over any �nite �eld of odd characteristic. This quadrinomial has been
studied �rst in [25] by Tu, Zeng and Helleseth, later in [24] Tu, Liu and Zeng revisited these
quadrinomials and they proposed a more comprehensive characterization of the coe�cients
that results with new permutation quadrinomials, where char(Fq) = 2 and �nally, in [16],
Li, Qu, Li and Chen proved that the su�cient condition given in [24] is also necessary and
thus completed the solution in even characteristic case. In [6] Gupta studied the permutation
properties of the polynomial x3+axq+2+bx2q+1+cx3q, where char(Fq) = 3, 5 and a, b, c ∈ F∗

q

and proposed some new classes of permutation quadrinomials of Fq2 .
In particular, in this paper we classify all permutation polynomials of Fq2 of the form

f(x) = x3+axq+2+bx2q+1+cx3q, where a, b, c ∈ F∗
q , over all �nite �elds of odd characteristic

and obtain several new classes of such permutation quadrinomials.

1. Introduction

Let Fq be a �nite �eld with q elements, where q is a power of a prime. A polynomial
g(x) ∈ Fq[x] is called a permutation polynomial over Fq whenever the associated function
g : a 7→ g(a) is a permutation of Fq. There is a huge interest in permutation polynomials
with a few terms because of their simple algebraic structures and extraordinary properties.
Permutation polynomials have also a great importance since they have many applications in
areas such as cryptography, coding theory and combinatorial designs. As far as we know, the
studies on permutation polynomials dates back to researches done by Dickson and Hermite
(see, [5, 9]). For the interested reader, we believe that the books on �nite �elds (see, [18] and
Chapter 8 in [20]) will be very helpful to get into the topic and moreover the survey papers
(see, [10, 12, 22, 28]) will be useful as they contain many of the recent results on permutation
polynomials over �nite �elds. We refer the interested reader to [3, 4, 8, 11, 15, 17, 21] and
the references therein for more results on permutation polynomials over �nite �elds.

In the literature there are only a few results on permutation quadrinomials. In [25] Tu,
Zeng and Helleseth constructed new permutation quadrinomials of the form

x3q + ax2q+1 + bxq+2 + cx3 ∈ Fq2 [x](1.1)

over Fq2 , where char(Fq) = 2 (see [25, Theorem 1]). In [24] Tu, Liu and Zeng revisited the
quadrinomials as in (1.1) and they proposed a more comprehensive characterization of the
coe�cients that results with new permutation quadrinomials (see [24, Theorem 1]). Finally,
in [16], Li, Qu, Li and Chen proved that the su�cient condition given in [24] is also necessary
and thus completed the solution in even characteristic case. Later, in [6] Gupta studied the
permutation properties of the polynomial x3 + axq+2 + bx2q+1 + cx3q, where char(Fq) = 3, 5
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and a, b, c ∈ F∗
q and proposed some new classes of permutation quadrinomials of Fq2 (see [6,

Theorems 3.2, 3.4, 4.2]) and then in [7] with some additional assumptions on the coe�cients,
the author proposed some new necessary and su�cient conditions on the coe�cients that end
up with permutation quadrinomials over �nite �elds with char(Fq) = 3, 5 (see [7, Theorems
3.1, 3.2, 3.3, 4.1]).

In this paper, our aim is to determine all necessary and su�cient conditions such that
the polynomial f(x) = x3 + axq+2 + bx2q+1 + cx3q, where a, b, c ∈ F∗

q, is a permutation
quadrinomial of Fq2 over any �nite �eld of odd characteristic. We build up a method to
characterize permutation quadrinomials of this form completely. A signi�cant step of our
method is a smart choice of a polar coordinate transformation and thereafter we use an
algorithmic technique to decide whether the resulting polynomial in two variables is irreducible
or not. This algorithmic technique ensure us to obtain all permutation quadrinomials in our
classes (see Theorem 3.3 and Theorem 3.4) as follows: If the corresponding polynomial in
two variables can be factorized into absolutely irreducible components it is usually not so
hard to determine whether the quadrinomial is a permutation polynomial or not and if the
corresponding polynomial in two variables is absolutely irreducible, by using the well known
Hasse-Weil inequality, it turns out that the quadrinomial is not a permutation polynomial.
In particular, we obtain not only new classes of permutation quadrinomials over Fq2 but we
also obtain a complete characterization over �nite �elds of odd characteristic.

The paper is organized as follows: In the preliminaries section we point out the main
ideas that we use throughout the paper in details. In Section 3, we obtain our main results
over �nite �elds of odd characteristic in Theorem 3.3 and Theorem 3.4 which completes the
classi�cation over �nite �elds of odd characteristic.

2. Preliminaries

In order to determine whether a polynomial of the form f (x) = xrh
(
x(qn−1)/d

)
permutes

Fqn or not, there is a well known criterion due to Wan and Lidl [26], Park and Lee [23],
Akbary and Wang [1], Wang [27] and Zieve [29] which is given in the following lemma.

Lemma 2.1. [26, 23, 1, 27, 29] Let h (x) ∈ Fqn [x] and d, r be positive integers with d dividing

qn−1. Then f (x) = xrh
(
x(qn−1)/d

)
permutes Fqn if and only if the following conditions hold:

(i) gcd (r, (qn − 1) /d) = 1,

(ii) xrh (x)(q
n−1)/d

permutes µd, where µd = {a ∈ F∗
qn | ad = 1}.

In this paper we plan to apply Lemma 2.1 over the �nite �eld Fq2 with d = q + 1, but
rather than �nding the conditions for which f(x) = xrh(x)q−1 permutes µq+1 we will use the
following idea throughout the paper:

Let z be an arbitrary element in Fq2 \ Fq. Let φ : Fq ∪ {∞} −→ µq+1 be the map de�ned

as φ (x) =
x+ z

x+ zq
, for any x ∈ Fq with φ (∞) = 1. It is easy to observe that φ is one to one

from Fq ∪ {∞} to µq+1 and thus onto since cardinalities are the same on both sides. Then

we �nd out that φ−1 (x) =
xzq − z

1− x
, for any x ̸= 1 with φ−1 (1) = ∞. In this framework, we

have that f(x) = xrh(x)q−1 is one to one on µq+1 and therefore permutes µq+1 if and only if
the map (φ−1 ◦ f ◦ φ) is one to one on Fq ∪ {∞}. We note that a similar idea has been used
in a number of studies before, see for instance [2, 3, 13].
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The situation explained above can be easily followed in the diagram below:

Fq ∪ {∞} φ−1◦f◦φ−−−−−→ Fq ∪ {∞}yφ

xφ−1

µq+1
f−−−→ µq+1

Moreover, our suitable choice of z ∈ Fq2 \ Fq results with simpler computations.

3. Permutation quadrinomials of the form f(x) = x3 + axq+2 + bx2q+1 + cx3q of

Fq2, where a, b, c ∈ F∗
q and char(Fq) is odd

Let Fq be a �nite �eld of odd characteristic. We �rst observe that f(x) = x3 + axq+2 +
bx2q+1+ cx3q can be written in the form f(x) = x3h(xq−1), where h(x) = 1+ ax+ bx2+ cx3 ∈
Fq[x] with a, b, c ∈ F∗

q. In order to be able to apply Lemma 2.1 we �rst need to �nd out the
conditions for which h(x) has no roots in µq+1. Note that, if h(1) = 0 or h(−1) = 0, then
h(x) has a root in µq+1 trivially, therefore we characterize all such polynomials in the next
proposition under the assumptions h(1) ̸= 0 and h(−1) ̸= 0.

Proposition 3.1. Let Fq be a �nite �eld of odd characteristic. Let h(x) = 1+ax+bx2+cx3 ∈
Fq[x] with a, b, c ∈ F∗

q. Assume that h(1) = 1 + a+ b+ c ̸= 0 and h(−1) = 1− a+ b− c ̸= 0.
Then h(x) has a root in µq+1 if and only if the following conditions hold:

b− ac ̸= 0, 1− c2 = b− ac and (a− bc)2 − 4(b− ac)2 is nonzero, nonsquare in Fq.

Proof. Let x ∈ µq+1, that is x
q = 1/x, such that h(x) = 0, that is

(3.1) cx3 + bx2 + ax+ 1 = 0

Taking the q-th power of the equation in (3.1) we obtain the following

cx3q + bx2q + axq + 1 = 0 =⇒ c

x3
+

b

x2
+

a

x
+ 1 = 0,

that is,

(3.2) x3 + ax2 + bx+ c = 0.

Multiplying the equation in (3.1) by 1/c and subtracting the equation in (3.2) we get(
b

c
− a

)
x2 +

(a
c
− b

)
x+

1

c
− c = 0

which implies that

(3.3) (b− ca)x2 + (a− cb)x+ 1− c2 = 0.

First, if b− ca = 0, that is, if b = ca then substituting b = ca in (3.3) we get:

(3.4) (a− ac2)x+ 1− c2 = 0 =⇒ (1− c2)(ax+ 1) = 0,

which implies that either 1 − c2 = 0, that is, c = ±1 or x = −1/a, but x = −1/a ∈
µq+1 ∩ Fq = {−1, 1} which is not possible by the assumptions h(1) = 1 + a + b + c ̸= 0,
h(−1) = 1 − a + b − c ̸= 0, thus c = ±1. If c = 1, then b − ca = 0 implies b = a, but then
h(−1) = 1 − a + b − c = 0 which contradicts with the assumption h(−1) ̸= 0. Similarly, if
c = −1, then b− ca = 0 implies b = −a, but then h(1) = 1 + a+ b+ c = 0 which contradicts
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with the assumption h(1) ̸= 0.

Next, assume that b− ac ̸= 0, then multiplying (3.3) by
1

b− ac
we obtain

x2 +
(a− bc)

b− ac
x+

1− c2

b− ac
= 0.(3.5)

Let A = a−bc
b−ac

, B = 1−c2

b−ac
, then by (3.5) we have x2 + Ax + B = 0. Note that B ̸= 0, because

otherwise c = ±1 which implies A = ±1 and so we have x2 ± x = 0 which implies x = ±1
which is not possible by the assumptions h(1) ̸= 0 and h(−1) ̸= 0. Taking the q-th power of
the equation x2 + Ax+B = 0, we obtain

x2q + Axq +B = 0 ⇐⇒ 1

x2
+ A

1

x
+B = 0 ⇐⇒ Bx2 + Ax+ 1 = 0,

that is,

(3.6) x2 +
A

B
x+

1

B
= 0.

Subtracting the equations in (3.5) and (3.6) we obtain

(3.7)

(
A− A

B

)
x = B − 1

B
.

Here note that, A ̸= 0, because otherwise a = bc and (3.7) implies B = −1, as a result we get
b = −1, a = −c which contradict with the assumption h(1) ̸= 0. Moreover, we observe that if

B ̸= 1, then the equation in (3.7) implies x = B2−1
AB−A

∈ µq+1 ∩ Fq = {−1, 1} which contradicts

with the assumptions h(1) ̸= 0 and h(−1) ̸= 0. Thus B = 1, that is, 1 − c2 = b − ac.
Substituting B = 1 in (3.5) we obtain

x2 + Ax+ 1 = 0 =⇒
(
x+

A

2

)2

=
A2 − 4

4
.(3.8)

Thus, A2 − 4 must be nonzero and nonsquare in Fq, that is, (a − bc)2 − 4(b − ac)2 must be
nonzero and nonsquare in Fq. Otherwise, as A ∈ Fq we have x ∈ µq+1 ∩ Fq = {−1, 1} which
contradicts with the assumptions h(1) ̸= 0 and h(−1) ̸= 0. This completes the proof. □

Now, suppose that h(x) has no roots in µq+1, then for any x ∈ µq+1 we have the following

x3h(x)q−1 =
x3(1 + axq + bx2q + cx3q)

cx3 + bx2 + ax+ 1
=

x3(1 + a
x
+ b

x2 +
c
x3 )

cx3 + bx2 + ax+ 1
=

x3 + ax2 + bx+ c

cx3 + bx2 + ax+ 1
.

Let f(x) =
x3 + ax2 + bx+ c

cx3 + bx2 + ax+ 1
, φ (x) =

x+ z

x+ zq
and thus φ−1 (x) =

xzq − z

1− x
, where z ∈

Fq2 \ Fq.
We de�ne ∆(z, x) := (x + z)3 + a(x + z)2(x + zq) + b(x + z)(x + zq)2 + c(x + zq)3. Then we
have the following

(f ◦ φ)(x) = ∆(z, x)

∆(zq, x)
=

(x+ z)3 + a(x+ z)2(x+ zq) + b(x+ z)(x+ zq)2 + c(x+ zq)3

c(x+ z)3 + b(x+ z)2(x+ zq) + a(x+ z)(x+ zq)2 + (x+ zq)3

and thus

(φ−1 ◦ f ◦ φ)(x) =

∆(z, x)

∆(zq, x)
zq − z

1− ∆(z, x)

∆(zq, x)

=
∆(z, x)zq − z∆(zq, x)

∆(zq, x)−∆(z, x)
.
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Let zq = −z, then we get the following

∆(z, x)zq − z∆(zq, x) = −2z
(
(1 + a+ b+ c)x3 + (3 + 3c− a− b)z2x

)
and

∆(zq, x)−∆(z, x) = −2z
(
(3− 3c+ a− b)x2 + (1− c+ b− a)z2

)
.

Thus,

(3.9) (φ−1 ◦ f ◦ φ)(x) = ∆(z, x)zq − z∆(zq, x)

∆(zq, x)−∆(z, x)
=

(1 + a+ b+ c)x3 + (3 + 3c− a− b)z2x

(3− 3c+ a− b)x2 + (1− c+ b− a)z2
.

First, we deal with the case where 3− 3c+ a− b = 0 in the following theorem. We �rst need
to prove the following lemma in this case.

Lemma 3.2. Let p be an odd prime, with p ̸= 3. Let q = ps, s ≥ 1 and assume that

gcd(3, q − 1) = 1. Then s is odd and −3 is a nonsquare in Fq.

Proof. First, assume that p ≡ 1(mod3). Then ps ≡ 1(mod3) and hence 3 divides q − 1
which contradicts the assumption that gcd(3, q − 1) = 1. Therefore, p ≡ 2(mod 3). Then,
ps ≡ (−1)s(mod 3) and hence s is odd. Moreover, as s is odd and −3 ∈ Fp, −3 is a nonsquare
in Fq if and only if −3 is a nonsquare in Fp. Note that 3 and p are distinct odd primes. Using
the Law of Quadratic Reciprocity (see for instance, [18, Theorem 5.17]) we have

(3.10)

(
3

p

)
=

(p
3

)
(−1)

(3−1)(p−1)
4 .

Here, for an integer x with x ̸≡ 0 (mod p), recall that the Legendre symbol (see for instance,
[18]) is de�ned as (

x

p

)
=

{
−1, if x is not a square mod p,
0, if x is a square mod p.

Moreover, it is well known that (see for instance, [18]),(
−1

p

)
= (−1)

p−1
2 and

(
−3

p

)
=

(
−1

p

)(
3

p

)
.(3.11)

Combining (3.10) and (3.11) we conclude that

(3.12)

(
−3

p

)
= (−1)

p−1
2

(
3

p

)
= (−1)

p−1
2

(p
3

)
(−1)

(p−1)(3−1)
4 =

(
2

3

)
= −1,

where we use the fact that p ≡ 2(mod 3). This completes the proof. □

Theorem 3.3. Let Fq be a �nite �eld of odd characteristic, where gcd(3, q − 1) = 1. Let

h(x) = cx3 + bx2 + ax+ 1, with a, b, c ∈ F∗
q. Assume that 3− 3c+ a− b = 0. If char(Fq) ̸= 3

then f(x) = x3h(xq−1) is a permutation polynomial of Fq2 if and only if a = 3c and b = 3. If

char(Fq) = 3 then f(x) = x3h(xq−1) is a permutation polynomial of Fq2 if and only if a
2−c+a

is a square in Fq.

Proof. Assume that 3− 3c+ a− b = 0, then by (3.9) we have

(3.13) (φ−1 ◦ f ◦ φ)(x) = ∆(z, x)zq − z∆(zq, x)

∆(zq, x)−∆(z, x)
=

(1 + a+ b+ c)x3 + (3 + 3c− a− b)z2x

(1− c+ b− a)z2
,
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that is,

(3.14)
x3 +

(3 + 3c− a− b)z2x

1 + a+ b+ c
(1− c+ b− a)z2

.

Let A =
3 + 3c− a− b

1 + a+ b+ c
z2, then we get A =

3c− a

2− c+ a
z2 by substituting b = 3− 3c+ a.

Computing
(x3 + Ax)− (y3 + Ay)

x− y
we obtain

(3.15) C(x, y) := x2 + xy + y2 + A.

Note that 2 − c + a ̸= 0 since otherwise a = c − 2 and b = 3 − 3c + a which implies
h(1) = 1 + a + b + c = 0, thus f(x) is not a permutation polynomial as h(x) has a root in
µq+1. Hence, we assume that 2− c+ a ̸= 0.
First, assume that C(x, y) is not absolutely irreducible and it can be decomposed in the
following form

(x+ αy + lot)(β1x+ β2y + lot) = β1x
2 + (β2 + β1α)xy + β2αy

2 + lot(3.16)

Here and throughout the paper we use "lot" as the abbreviated form of the so called "lower
order terms". Comparing the coe�cients of degree 2 terms in (3.16) with the ones in C(x, y)
in (3.15) we get: β1 = 1, β2 + α = 1, β2α = 1 which imply that β2 = 1− α and α(1− α) = 1.
So we have

(x+ αy + α1)(x+ (1− α)y + α2)(3.17)

= x2 + xy + y2 + (α2 + α1)x+ (αα2 + α1(1− α))y + α1α2.

Comparing the coe�cients of degree 1 terms with the ones in C(x, y) in (3.15) we obtain:
α1 + α2 = 0, that is, α2 = −α1 and αα2 + α1(1 − α) = 0 which imply that α1(1 − 2α) = 0,
that is, either α = 1/2 or α1 = 0 which implies that A = 0 as A = −α2

1. First, if α = 1/2 then
substituting α = 1/2 in α(1− α) = 1 we obtain 4 = 1 which is only possible if char(Fq) = 3.
Now, if char(Fq) = 3 then by b = 3− 3c + a we get that a = b. Assume that the �rst factor
in (3.17) is 0, that is, x + 1

2
y + α1 = 0, for some x, y ∈ Fq. Taking its q-th power we get

x + 1
2
y + αq

1 = 0. Subtracting these two equations we obtain αq
1 = α1 which implies that

α1 ∈ Fq. On the other hand, A = −α2
1 = (3c−a)

2−c+a
z2 (note that, A = −a

2−c+a
z2 if char(Fq) = 3),

where z ∈ Fq2 \Fq. Thus α1 /∈ Fq if and only if a
2−c+a

is a square in Fq. Moreover, since b = a,

if 1− c2 = b− ac = a− ac = a(1− c) then we either have a = 1 + c (which contradicts with
the fact that 2 − c + a ̸= 0) or c = 1 (which implies b − ac = 0) and thus in both cases, by
Proposition 3.1 h(x) does not have any roots in µq+1. Therefore, if char(Fq) = 3 then f(x) is
a permutation polynomial if and only if a

2−c+a
is a square in Fq.

Next, if α1 = 0, that is, if A = 0 then we have a = 3c, b = 3 and thus in this case char(Fq) ̸= 3,
otherwise a = 0, b = 0 which is not the case since a, b ∈ F∗

q. Assume that the factor x+αy = 0
in (3.17) for some x, y ∈ Fq. Taking its q-th power we get x + αqy = 0. Subtracting these
two equations we have (αq − α)y = 0, thus either y = 0 and so x = 0 or αq − α = 0 which

implies α ∈ Fq. Moreover we have α(1 − α) = 1, that is,
(
α− 1

2

)2
= −3

4
and thus α /∈ Fq if

and only if −3 is not a square in Fq. By Lemma 3.2, −3 is not a square in Fq. Hence, α /∈ Fq.
Moreover, if c ̸= ±1 then we have 1− c2 = b− ac = 3− 3c2 which implies 3 = 1 which is not
possible since char(Fq) is odd and if c = ±1 then b−ac = 3− 3c2 = 0 and thus in both cases,
by Proposition 3.1 h(x) does not have any roots in µq+1. Therefore, f(x) is a permutation
polynomial of Fq2 if and only if char(Fq) ̸= 3, a = 3c and b = 3.
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Now, we deal with the case where C(x, y) is absolutely irreducible. Homogenizing C(x, y) in
(3.15) with x = X

Z
and y = Y

Z
we obtain a homogeneous polynomial of degree d = 2. Then

by the Hasse-Weil bound (see [14, Theorem 5.28]) we have the following:
c(d) = 1

2
d(d− 1)2 + 1, note that c(d) = 2 as d = 2, hence

| N − q |≤ (d− 1)(d− 2)q1/2 + c(d) = 2,

where N is the number of a�ne Fq-rational points of C(x, y). This implies that if q − 2 > 2
then C(x, y) in (3.15) has an a�ne Fq-rational point o� the line x = y and thus f(x) is not
a permutation polynomial of Fq2 . □

The following theorem completes the problem in the remaining case for �nite �elds of odd
characteristic, where 3− 3c+ a− b ̸= 0.

Theorem 3.4. Assume that Fq is a �nite �eld of odd characteristic, where gcd(3, q− 1) = 1.
Let h(x) = 1 + ax + bx2 + cx3, with a, b, c ∈ F∗

q. Assume that 3 − 3c + a − b ̸= 0. Then

f(x) = x3h(xq−1) is a permutation polynomial of Fq2 if and only if one of the following

conditions hold

(i) c ̸= ±1, b = 1− c2 + ac and (a− c)2 − 4 is a square in Fq,

(ii) 3b− 3ac− a2 + b2 = 0 and −(1− c− a+ b)

3− 3c+ a− b
is a square in Fq.

Proof. Assume that 3− 3c+ a− b ̸= 0, then using (3.9) we have

(3.18)
x3 +

(3 + 3c− a− b)

1 + a+ b+ c
z2x

x2 +
(1− c+ b− a)

3− 3c+ a− b
z2

.

Let A =
(3 + 3c− a− b)

1 + a+ b+ c
z2 and B =

(1− c− a+ b)

3− 3c+ a− b
z2. Note that B ̸= 0 as h(−1) =

1− c− a+ b ̸= 0. First, we consider the case where −B is a square in Fq. In this case there
exists x ∈ Fq such that the denominator of the fraction in (3.18), that is, x2+B becomes zero
which implies that ∞ has at least three distinct preimages under the map (φ−1 ◦ f ◦ φ)(x)
and therefore f(x) is not a permutation polynomial. Thus, from here on assume that −B is

not a square in Fq, that is,
−(1− c+ b− a)

3− 3c− b+ a
is a square in Fq since z ∈ Fq2 \ Fq. Computing

x3 + Ax

x2 +B
− y3 + Ay

y2 +B

x− y

we obtain

(3.19) C(x, y) := x2y2 + (B − A)xy +B(x2 + y2) + AB.

In this setting, (φ−1◦f ◦φ) permutes Fq if and only C(x, y) de�ned in (3.19) is not zero for any
x, y ∈ Fq with x ̸= y. We need to check all decompositions of the bivariate polynomial C(x, y)

in (3.19) into absolutely irreducible factors in Fq, where Fq stands for an algebraic closure of
the �nite �eld Fq. Since the degree of the bivariate polynomial in (3.19) is 4, the possibilities
are: 3 + 1 decomposition, 2 + 2 decomposition and 1 + 1 + 1 + 1 decomposition according to
the degrees of the possible factors and �nally the case where the bivariate polynomial C(x, y)
in (3.19) is absolutely irreducible. We �rst observe that C(x, y) is �xed by the automorphism
(x, y) 7→ (y, x) and C(x, y) is also �xed by the Frobenius automorphism ( ) 7→ ( )q applied
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to the coe�cients of C(x, y) and thus these automorphisms both act on the components of
C(x, y). The only possible factorizations for C(x, y) into absolutely irreducible factors which
may give rise to permutation polynomials are the following:

(i) Two factors of degree 2 which are switched by the Frobenius automorphism and are
either �xed or switched by the automorphism (x, y) 7→ (y, x),

(ii) Four factors of degree one in the following form: (x+ α)(x+ αq)(y + α)(y + αq).

since all other factorizations contain at least one absolutely irreducible factor which is �xed
by the Frobenius automorphism and thus the corresponding polynomial is not a permutation
polynomial.
We �rst �x a monomial ordering by taking x ≥ y without loss of generality.
We begin the discussion with the possible 2+ 2 decompositions. Here, there are two possibil-
ities: C(x, y) de�ned in (3.19) is either decomposed in the form

(x2 + α1xy + β1y
2 + lot)(α2x

2 + β2xy + γ2y
2 + lot)(3.20)

or

(xy + α1x+ β1y + lot)(xy + α2x+ β2y + lot).(3.21)

First, assume that C(x, y) is decomposed in the form (3.20):

(x2 + α1xy + β1y
2 + lot)(α2x

2 + β2xy + γ2y
2 + lot)(3.22)

= α2x
4 + (β2 + α1α2)x

3y + (γ2 + α1β2 + α2β1)x
2y2

+(α1γ2 + β1β2)xy
3 + β1γ2y

4 + lot.

After comparing the coe�cients of degree 4 terms of (3.20) with the ones in C(x, y) de�ned
in (3.19) we get: α1 = 0, α2 = 0, β1 = 0, β2 = 0, γ2 = 1, so we end up with the following
decomposition

(x2 + α3x+ β3y + lot)(y2 + α4x+ β4y + lot)(3.23)

= x2y2 + α4x
3 + β4x

2y + α3xy
2 + β3y

3 + lot.

Comparing the coe�cients of degree 3 terms of (3.23) with the ones in C(x, y) de�ned in
(3.19) we get: α4 = 0, β4 = 0, α3 = 0, β3 = 0. Thus we have

(x2 + η)(y2 + ζ) = x2y2 + ζx2 + ηy2 + ηζ.(3.24)

Comparing the coe�cients of (3.24) with the ones in C(x, y) de�ned in (3.19) we obtain that
B − A = 0, that is, A = B (implying b = 1 − c2 + ac) and η = ζ = B. Now, if x2 + η = 0
for some x ∈ Fq then we have x2 = −η = −B, that is, −B is a square in Fq which gives a
contradiction. Thus x2 + η ̸= 0 and similarly y2 + ζ ̸= 0 for any x, y ∈ Fq. Therefore, in this
case f(x) is a permutation poynomial if and only if c ̸= ±1, b = 1− c2 + ac and (a− c)2 − 4
is a square in Fq.
Next, assume that C(x, y) is decomposed in the form (3.21):

(xy + α1x+ β1y + lot)(xy + α2x+ β2y + lot)(3.25)

= x2y2 + (α1 + α2)x
2y + (β1 + β2)xy

2 + lot.

After comparing the coe�cients of degree 3 terms of (3.21) with the ones in C(x, y) we obtain:
α2 = −α1 and β2 = −β1 and so we end up with the following decomposition

(xy + α1x+ β1y + α)(xy − α1x− β1y + β)(3.26)

= x2y2 − α2
1x

2 + (β + α− 2α1β1)xy − β2
1y

2 + lot.
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Comparing the coe�cients of degree 2 terms in (3.26) with the ones in C(x, y) we obtain
−α2

1 = −β2
1 = B and β + α − 2α1β1 = B − A. By −α2

1 = −β2
1 = B we deduce that

α1, β1 /∈ Fq since we have that −B is not a square in Fq, which further implies that αq
1 = −α1

and βq
1 = −β1 (as −α2

1 = −β2
1 = B ∈ Fq). Thus, we have α2

1 = β2
1 which implies that

either α1 = β1 or α1 = −β1. Now, assume that α1 = β1, then substituting α1 = β1 and
−α2

1 = −β2
1 = B in β + α − 2α1β1 = B − A we obtain β = −(A + B + α). Then the

decomposition in (3.26) becomes the following:

(xy + α1x+ α1y + α)(xy − α1x− α1y − (A+B + α))(3.27)

= x2y2 − α2
1(x

2 + y2) + (B − A)xy − α1(A+B + 2α)(x+ y)− α(A+B + α).

Comparing the coe�cients of degree 1 terms in (3.27) with the ones in C(x, y), we obtain

A + B + 2α = 0 as α1 ̸= 0 and so α =
−(A+B)

2
∈ Fq. Comparing the constant term in

(3.27) with the one in C(x, y), we obtain −α(A+B+α) = AB. Substituting α =
−(A+B)

2

in −α(A + B + α) = AB we obtain AB =
(A+B)2

4
which implies that (A − B)2 = 0 then

A = B and so b = 1− c2 + ac.
Assume that there exists x, y ∈ Fq such that xy + α1x+ α1y + α = 0. Taking its q-th power
we get xy − α1x − α1y + α = 0. Subtracting these two equations we obtain 2α1(x + y) = 0
which implies that x = −y since α1 ̸= 0 (as −α2

1 = B ̸= 0). Substituting x = −y in the
equation xy + α1x + α1y + α = 0 we get −x2 + α = −x2 − B = 0 which contradicts with
the assumption that −B is not a square in Fq. Thus, we conclude that none of the factors in
the decomposition (3.27) can have roots in Fq. Therefore, in this case, f(x) is a permutation
poynomial if and only if c ̸= ±1, b = 1− c2 + ac and (a− c)2 − 4 is a square in Fq.
Finally, assume that α1 = −β1. Then by (3.26) we have the following decomposition:

(xy + α1x− α1y + α)(xy − α1x+ α1y − (A− 3B + α)).(3.28)

Comparing the coe�cients of degree 1 terms and the constant terms in (3.28) with the ones in

C(x, y) we obtain α = β, AB = α2 and α =
3B − A

2
. Substituting α =

3B − A

2
in AB = α2

we get (9B − A)(B − A) = 0 implying that either A = B or A = 9B.
If A = B then b = 1 − c2 + ac. Assume that the �rst factor in (3.28) is 0, that is, xy +
α1x − α1y + α = 0 for some x, y ∈ Fq. Taking its q-th power we get xy + αq

1x − αq
1y + α =

xy−α1x+α1y+α = 0, as αq
1 = −α1. Subtracting these two equations we get 2α1(x− y) = 0

which implies that x = y since α1 ̸= 0. Thus, we obtain that in this case, f(x) is a permutation
poynomial if and only if c ̸= ±1, b = 1− c2 + ac and (a− c)2 − 4 is a square in Fq. Finally, if
9B = A then we obtain 3b− 3ac− a2 + b2 = 0. Assume that there exists x, y ∈ Fq such that
xy+α1x−α1y+α = 0. Taking its q-th power we get xy−α1x+α1y+α = 0. Subtracting these
two equations we obtain 2α1(x− y) = 0 implying that x = y since α1 ̸= 0. Therefore, in this

case f(x) is a permutation poynomial if and only if 3b−3ac−a2+b2 = 0 and
−(1− c+ b− a)

3− 3c+ a− b
is a square in Fq.
As the next step, we deal with the decomposition of C(x, y) in the following form:

(3.29) (x+ α)(x+ αq)(y + α)(y + αq)
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By comparing the coe�cients of the terms in (3.29) with the coe�cients of C(x, y) (3.19) we
obtain the following: αq = −α and A = B = −α2. Now, we have

A = B =⇒ (3 + 3c− b− a)

1 + a+ b+ c
z2 =

(1− c− a+ b)

3− 3c+ a− b
z2 , that is,

(3 + 3c− b− a)(3− 3c− b+ a) = (1 + a+ b+ c)(1− c− a+ b)

which implies that 1− b− c2 + ac = 0, that is, b = 1− c2 + ac. Substituting b = 1− c2 + ac

in −B = − 1−c+b−a
3−3c−b+a

we get − (1−c)(2−a+c)
(1−c)(2+a−c)

= − (2−a+c)
2+a−c

. Here, note that c ̸= 1 since then

b = 1− c2+ ac implies b = a and so 3− 3c+ a− b = 0 which contradicts with the assumption
that 3− 3c+ a− b ̸= 0. As −B is not a square in Fq we have

(3.30) −(2− a+ c)

2 + a− c
= −(2− a+ c)

(2 + a− c)

(2 + a− c)

(2 + a− c)
= −4− (a− c)2

(2 + a− c)2

is a square in Fq, that is, (a − c)2 − 4 is square in Fq. Now, b = 1 − c2 + ac implies that
b − ac = 1 − c2 and (a − bc)2 − 4(b − ac)2 = (1 − c2)2((a − c)2 − 4) is a square in Fq since
(a − c)2 − 4 is square in Fq, thus h(x) has no roots in µq+1 by Proposition 3.1. Note that
−α2 = B, so α /∈ Fq since we have that −B is not a square in Fq and thus none of the factors
in the decomposition (3.29) can have a root in Fq. Thus, f(x) is a permutation polynomial
of Fq2 i� c ̸= ±1, b = 1− c2 + ac and (a− c)2 − 4 is a square in Fq.
As the last step, we deal with the absolutely irreducible case. Assume that C(x, y) de�ned
in (3.19) is absolutely irreducible. Homogenizing C(x, y) in (3.19) with x = X

Z
and y = Y

Z
we

obtain a homogeneous polynomial of degree d = 4. Then by the Hasse-Weil bound (see [14,
Theorem 5.28]) we have the following:
c(d) = 1

2
d(d− 1)2 + 1, note that c(d) = 19 as d = 4, hence

| N − q |≤ (d− 1)(d− 2)q1/2 + c(d) ≤ 6q1/2 + 19,

where N is the number of a�ne Fq-rational points of C(x, y). This implies that if q− 6q1/2 −
19 > 4 then C(x, y) has an a�ne Fq-rational point o� the line x = y. As q is a prime power, we
note that q− 6q1/2 − 19 > 4 for any such q provided that q ≥ 79. As a result, we deduce that
f(x) is not a permutation polynomial of Fq2 if C(x, y) is absolutely irreducible and q ≥ 79. It
remains to consider q < 79. Now, since characteristic of Fq is odd and 3 does not divide q− 1
we need to consider only q ∈ {3, 5, 9, 11, 17, 23, 27, 29, 41, 47, 53, 59, 71}. Using MAGMA [19]
we observed that there are no other permutation polynomials of the form f(x) other than the
ones obtained by Theorem 3.3 and Theorem 3.4. □
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