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ABSTRACT

NUMERICAL SOLUTIONS OF DYNAMIC EQUATIONS ON TIME SCALES

Sulaiman, Sarah
M.S., Department of Mathematics

Supervisor : Prof. Dr. Inci ERHAN

September 2021, 94 pages

The aim of this thesis is to discuss some numerical methods for solving dynamic
equations on time scales. For this purpose, the Euler’s method and Taylor series
method of order 2 are analyzed and described for an arbitrary time scale. The error

and convergence analysis for the two methods are also given.

The numerical method known as Trapezoidal Rule is deduced from the Taylor Series
method of order2. Both methods are applied to several examples of initial value prob-
lems associated with first and second order dynamic equations. The examples contain
many parameters which makes it possible to investigate one initial value problem on

different time scales and impose different initial conditions.

The numerical results are computed with Matlab and the related approximate and
exact solutions are computed both by tabulating their values and by sketching their

graphs.

Finally, the conclusion and some additional remarks are given.

Keywords: Time scale, Dynamic equation, Euler method, Trapezoidal rule
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ZAMAN SKALASINDA DINAMIK DENKLEMLERIN SAYISAL
COZUMLERI

Sulaiman, Sarah
Yiiksek Lisans, Matematik

Tez Yoneticisi : Prof. Dr. Inci ERHAN

Eyliil 2021, 94 sayfa

Bu tezin amaci, zaman skalasinda dinamik denklemler i¢in bazi sayisal yontemleri
incelemektir. Bu nedenle, keyfi zaman skalasi i¢in Euler yontemi ve ikinci mertebe-
den Taylor serisi yontemi analiz edilmis ve agiklanmigtir. Her iki yontem icin hata ve

yakinsaklik analizleri de verilmistir.

Trapezoid (Yamuk) kurali olarak bilinen sayisal yontem, ikinci mertebeden Taylor
serisi yonteminden elde edilmistir. Her iki yontem, birinci ve ikinci mertebeden
dinamik denklemler igin baslangic deger problemlerine uygulanmistir. Orneklerin
parametreler icermesi sayesinde, baslangi¢c deger problemlerinin ¢esitli zaman skala-

larinda ve farkli baslangi¢ degerleri verilerek incelenebilmesi olanagi vardr.

Sayisal sonuclar Matlab kullanilarak hesaplanmistir ve ilgili yaklagik ve tam ¢oziimler,

hem degerleri tablolanarak, hem de grafikleri ¢izilerek kargilastirilmigtir.

Son olarak, incelenen yontemlerle ilgili sonuglar ve bazi ek yorumlar verilmigtir.

Anahtar Kelimeler: Zaman skalasi, Dinamik denklem, Euler yontemi, Trapezoid ku-

rali

v



To my father who gave me the greatest gift anyone could give another person 'He
believed in me’.
To my mother, the woman I aspire to be.

Finally, to my sisters and soul-mates Marwah and Yara.



ACKNOWLEDGMENTS

First of all, I would like to praise Allah the Almighty, the Most Gracious, and the
Most Merciful for His blessing given to me during my study and in completing this

thesis.

I would like to extend my special thanks to my supervisor Prof. Dr. Inci Erhan
without whom this thesis couldn’t have been done. 1 deeply appreciate all the help she
gave me, all the feedback’s, support, and guidance she provided throughout this thesis
process. I would like to also thank my supervisor for giving me the best knowledge

and best learning journey despite of the difficult situation we experienced.

I shall also thank all our department staff and its dean Prof. Dr. Ayhan AYDIN for
the great education experience they provided for us despite of the pandemic situation.

For giving us their time, knowledge and making us feel like we are home despite of

all the difficulties.

Furthermore, I would like to thank my family, my father for teaching me how impor-
tant knowledge is in life, my mother for always guiding me and for my sisters who
always supported me and were by my side throughout this journey. I would also like

to thank my second family (my friends) for being the reason why I kept going.

The financial support of The Scientific and Technical Research Council of Turkey
(TUBITAK) is also acknowledged.

Finally, I thank this great country that gave me a chance to study and live this great

experience.

vi



TABLE OF CONTENTS

ABSTRACT . . . . . e iii
OZ . . v
DEDICATION . . . . . . e v
ACKNOWLEDGMENTS . . . . . . . e vi
TABLE OF CONTENTS . . . . . . . . e e e vii
LISTOFTABLES . . . . . . . . e X
LISTOFFIGURES . . . . . . . o s Xi
LISTOF SYMBOLS . . . . . . e e Xiv
CHAPTERS

1 INTRODUCTION . . . . . . .. e 1
2 BASIC CALCULUS ON TIME SCALES . . ... .. ... ..... 6
2.1 Delta derivative . . . . . . .. .. ... ... ... 6
2.2 Integrationon timescale . . . . . . ... ... ... ..... 9
23 Elementary functions on time scales . . . . ... ... ... 13
2.3.1 Exponential function on time scale . . . . . . . .. 13
2.3.2 Hyperbolic and Trigonometric Functions . . . . . 19
233 Monomials on time scales . . . . . ... .. ... 21
2.4 Dynamic Equations On Time Scales . . . .. ... ... .. 24

3 THE EULER METHOD FOR DYNAMIC EQUATIONS ON TIME
SCALES . . . . 31
3.1 Derivation of the Euler method . . . . . ... ... ... .. 31
3.2 Local truncationerror . . . . . . .. ... ... ....... 32
33 Global Truncation Error . . . . . . ... .. ... ...... 36

vii



34 Numerical Examples . . . . . .. ... ... ......... 38

4  THE TAYLOR SERIES METHOD OF ORDER 2 FOR DYNAMIC
EQUATIONS ON TIME SCALES . . . . . . ... ... ... .... 54
4.1 Potzsche’s ChainRule . . . . . .. ... ... 0 0L, 54
4.2 Derivation of Taylor Series method of order2 . . . . .. .. 57

4.3 Convergence of the Order-Two Taylor Series Method of or-
der2 . . . . 59
4.4 TrapezoidalRule . . . . . . . ... ... ... ........ 63
4.5 Numerical Examples . . . . .. ... ... ... ....... 64
5 CONCLUSION . . . . e e e e e 80
REFERENCES . . . . . . . e 82

APPENDICES

A ALGORITHMS . . . . . . . s 84
A.l MATLAB Code 1 . . ... . ... ... ... ... .... 84
A2 MATLAB Code?2 . . ... ... ... ... .. ....... 86
A3 MATLAB Code3 . . .. ... ... ... ... ....... 87
A4 MATLAB Code5 . . . ... ... ... ... ... ..... 88
AS MATLAB Code 6 . . . .. . ... ... ... .. ..... 90
A.6 MATLAB Code7 . . ... . .. .. .. 92

viii



LIST OF TABLES

TABLES

Table 3.1 The values of x., and the exact solution x, at points of the interval

[0,5]forg=05,=025,a=1andb=1. . ... ... .. .......

Table 3.2 The values of x., and the exact solution x, at points of the interval

[0,5]forg=02,a=0.1,a=1landb=1. ... ... ...........

Table 3.3 The values of x., and the exact solution x, at points of the interval

[0,5]forg=05,=025,a=05andb=~-1. ... ...........

Table 3.4 The values of x., and the exact solution x, at points of the interval

[0,5]forg=02,=0.1,a=05andb=-1. . . ... ..........

Table 3.5 The values of x., and the exact solution x, at points of the interval

[0,10] withg=1,a=1,f0=0andxo=1.. . . . ... ... ... ....

Table 3.6 The values of x., and the exact solution x, at points of the interval

[0,10] forg=1,=05,tp=0andxo=1. ... ... ... .......

Table 3.7 The values of x., and the exact solution x, at points of the interval

[0,10] forg =05, =0.25,tp=0andxo=1. . ... ... ... .....

Table 3.8 The values of x., and the exact solution x, at points of the interval

[0,10] forg =05, =025 fp=0andxo=-2. . . . . ... ... ....

Table 4.1 The values of the exact solution x,, solution obtained with Taylor
series method x;; and solution obtained with Trapezoidal rule x,, for g(¢) =

2twithg=1l,a=1,fp=landxo=1.. ... ... .. ... ......

Table 4.2 The values of the exact solution x,, solution obtained with Taylor
series method x;; and solution obtained with Trapezoidal rule x,, for g(¢) =

2twithg=1,a=05,fp=1landxo=1.. .. ... ... ... .. ....

iX

44



Table 4.3 The values of the exact solution x,, solution obtained with Taylor
series method x;; and solution obtained with Trapezoidal rule x,, for g(¢) =

2twithg=05,0=025fp=1landxo=1. . . . ... ... ... ....

Table 4.4 The values of the exact solution x,, solution obtained with Taylor

series method x;; and solution obtained with Trapezoidal rule x,, for g(¢) =

ﬁwithq: l,a=1,tp=1landxy=1... ... ... ... .......
Table 4.5 The values of the exact solution x,, solution obtained with Taylor

series method x;; and solution obtained with Trapezoidal rule x,, for g(¢) =

_t
2+1

withg=1,a=05,fp=1landxo=1.. ... ... ... ... ....

Table 4.6 The values of the exact solution x,, solution obtained with Taylor
series method x;; and solution obtained with Trapezoidal rule x;, for g(¢) =
5 withg=05a=025f%=1landxo=1. .. ... ... ...... ..

Table 4.7 The values of the solution obtaind with Trapizodal rule x., and the
exact solution x, at points of the interval [0, 5] forg = 0.5, = 0.25,a =1

and b= 1. . . . . e,

Table 4.8 The values of the solution obtaind with Trapizodal rule x,., and the
exact solution x, at points of the interval [0,5] forg = 0.2, = 0.1,a =1

and b = 1. . . ..

Table 4.9 The values of the solution obtaind with Trapizodal rule x., and the
exact solution x, at points of the interval [0,5] for ¢ = 0.5, @ = 0.25,

a=05andb=-1. . . . . . .

Table 4.10 The values of the solution obtaind with Trapizodal rule x., and the
exact solution x, at points of the interval [0, 5] forg = 0.2, = 0.2,a = 0.5

and b = —1. . . .. e

69

72



LIST OF FIGURES

FIGURES

Figure 1.1 Some examples of timescales . . . . . ... ... .. ....... 2

Figure 3.1 Computed and exact values of the solution with x(1) = 1 and g = 0.5. 40
Figure 3.2 Computed and exact values of the solution with x(1) = 3 and ¢ = 0.5. 40

Figure 3.3 Computed and exact values of the solution with x(1) = 1 and g =

025008, . . 900 A 4 & .. 40X . . LU, 41

Figure 3.4 Computed and exact values of the solution with x(1) = 3 and g =

025 400, . . . Q. . L. . TN ... 41

Figure 3.5 Computed and exact solutions with ¢ = 0.5, @ = 0.25,a = 1 and

Figure 3.6 Computed and exact solution withg = 0.2, =0.1,a=1and b =1. 46

Figure 3.7 Computed and exact solution with ¢ = 0.5, @ = 0.25, a = 0.5 and

Figure 3.9 Computed and exact solution withg =1, =1, 7 = 0 and xy, = 1. 50

Figure 3.10 Computed and exact solutions with ¢ = 1, @ = 0.5, t{, = 0 and

Figure 3.11 Computed and exact solutions with g = 0.5, @ = 0.25, 1, = 0 and
Xo=1. . e 52

Figure 3.12 Computed and exact solutions with g = 0.5, @ = 0.25, f, = 0 and
X0 = =20 o e 53

xi



Figure 4.1 Computed and exact solution with Taylor series method for g(¢) =

2twithg=1l,a=1,fp=landxo=1. ... ... ... . ..... ... 67

Figure 4.2 Computed and exact solution with the Trapezoidal rule for g(¢) = 2¢
withg=1l,a=1,fp=1landxo=1. . .. .. ... ... ... ...... 67

Figure 4.3 Computed and exact solution with Taylor series method for g(7) =

2twithg=1,a=05,fp=1landxo=1. . . . .. ... ... ... .... 68

Figure 4.4 Computed and exact solution with Trapezoidal rule for g(r) = 2¢
withg=1,a=05f=1landxo=1. . ... ... ... .. ..... .. 68

Figure 4.5 Computed and exact solution with Taylor series method for g(¢) =

2twithg =05, =025, p=1landxo=1. . . .. ... ... ... ... 69

Figure 4.6 Computed and exact solution with Trapezoidal rule for g(r) = 2¢
withg=0.5,a=025fp=1landxp=1. . ... ... ... ....... 69

Figure 4.7 Computed and exact solution with Taylor series method for g(7) =

Lwithg=1,0a=05,fp=1landxo=1. ... ............. 70

2+1

Figure 4.8 Computed and exact solution with Trapezoidal rule for g(t) = 5~

withg=1,a=05fp=1landxo=1. . ... ... ... .. ... .... 70

Figure 4.9 Computed and exact solution with Taylor series method for g(7) =

T withg=1,a=05f%=1landxo=1. ................ 71
Figure 4.10 Computed and exact solution with Trapezoidal rule for g(t) = =5
withg=1,a=05,fp=landxo=1. . ... ... ... .. ....... 71

Figure 4.11 Computed and exact solution with Taylor series method for g(7) =

L withg=05,a=025f=landxo=1. . ... ... ........ 72

241
Figure 4.12 Computed and exact solution with Trapezoidal rule for g(t) = ==

withg =05, =025 fp=1landxo=1. ... ... .. ... .. .... 72

Figure 4.13 Computed and exact solution with ¢ = 0.5, @ = 0.25, t, = 1 and

X0 = 1. e 75
Figure 4.14 Computed and exact solution with ¢ = 0.2, = 0.1, ) = 1 and
Xo= 1. e 77

Figure 4.15 Computed and exact solution with g = 0.5, @ = 0.25, 1, = 0.5 and
X0 = = 78

xii



Figure 4.16 Computed and exact solution with g = 0.2, @ = 0.1, f, = 0.5 and

X0 = =1 e

Xiii



H 0 ®B N

q

ie)

LIST OF SYMBOLS

the set of natural numbers

the set of non-negative integers
the set of integers

the set of real numbers

the set of complex numbers

a time scale

forward jump operator
backward jump operator

delta derivative

X1V



CHAPTER 1

INTRODUCTION

Time scale theory is a consolidation of the theory of difference equations with that of
differential equations, unifying integral and differential calculus with finite difference
calculus, and providing a formalism for the study of hybrid discrete-continuous dy-
namical systems. It has applications in any field that requires simultaneous modeling

of discrete and continuous data.

Time scales have been originally introduced by the German mathematician Stefan
Hilger in his PhD thesis in 1988 [1] which was published later [2, 3] and attracted the
attention of many scientists. After this pioneering work, many studies on calculus on
time scales appeared in the literature [4, 5, 6, 7, 8]. The two main properties of the

time scale calculus are Unification and Extension.

The time scales has a huge potential for real life applications. In particular, the life
span of many insect species can be represented by continuous and discrete time in-
tervals which mathematically can be best modeled by a time scale. For example, one
can model insect populations that evolve continuously throughout the season, die out
in winter while their eggs are incubating or resting, and then hatch in a new season,

creating a non-overlapping population.

The continuous processes are described by differential equations (ordinary or partial)
while the discrete processes are modeled by difference equations. On time scales
the dynamic equations unify these two types of equations, and in this sense, avoids
proving the theoretical results twice - once for differential equations and another time
for difference equations. Many results involving differential equations are quite easily

transferred to corresponding results for difference equations, while other results seem



to be completely different from their continuous counterparts. This makes the studies
on time scales and especially the studies on dynamic equations very valuable. This
fact can be understood from the enormous amount of publications on the subject [6,

9,10, 11, 12].

The general idea is to prove a result for a dynamic equation where the domain of the
unknown function is a so-called time scale (also called a time set), which can be any
closed subset of the real. In this way, the results hold not only for the set of real num-

bers or the set of integers, but also for more general time scales.

We first give the definitions of basic notions on time scales.

Definition 1.0.1 [/3] A time scale is an arbitrary nonempty closed subset of the real

numbers R, and usually a time scale is denoted by the symbol T.

The sets R, N, Z, N, and the closed intervals of real numbers are time scales.
The sets Q, R/Q, C, and the open or half open intervals such as (2,5), (3,5] and [3,5)

are not time scales.

Figure 1.1: Some examples of time scales

Definition 1.0.2 [13] Let T be a time scale.

1. Fort € T we define the forward jump operator o : T — T as follows
o) =inf{s e T : s> 1},

2



and we note that o(t) > t forany t € T.
2. Fort € T we define the backward jump operator p : T — T as follows
o) =sup{seT:s <t}
and we note that p(t) < t for any t € T.

3. The graininess function u : T — [0, ) is defined by

u(t) =o(t) —t.
Remark 1.0.3 We set
inf@ =supT,
sup@ = inf T,

where () denotes the empty set.

Definition 1.0.4 [13] For any t € T we have the following cases.

1. If o(t) > t, then t is called right-scattered.

2. Ift <supT and o(t) = t, then t is called right-dense.

3. If p(t) < t, then t is called left-scattered.

4. If t > inf T and p(t) = t, then t is called left-dense.

5. Iftis left-scattered and right-scattered at the same time, then t is called isolated.

6. Iftis left-dense and right-dense at the same time, the t is called dense.

Example 1.0.5 Let T = {0} U {1,1/2,1/3,1/4,...}.

At the point t = 0,

o) = inf{seT:s>0}=inf{l,1/2,1/3,1/4,..} =0,

and

p0)=sup{seT:s<0}=supd=inf T = 0.

3



Also, o(1)=inf{seT:s>1}=inf 0 = supT = 1.

1
Fort=—-, n=2,3,---, we have

. 1 1 R
O'(t)=1nf{§, ...... ’(n—l)}_(n—l)_(l—t)'

1
Also, fort = -, n=1,2,3,---,
n

o 1 1 1 R
PO =S T e ) a3 T r D) A v D)

It becomes clear that

0 ,i=0
o =1 ;= refi]
1 =1
and similarly,
0 ,t=0
P = # Cre{l,1/2,1/3, ...

It suffices to realize that for dense points, the forward jump operator and backward
Jjump operator returns the same time scale element that is drawn from the domain.
For the isolated points the forward and backward jump operators return the next and

the previous time scale element, respectively.

Example 1.0.6 Ler T ={V2n+1:neNj={V3, V5 V7...}.

7 -1
Then we havet = V2n + 1 so thatn = .

We compute

o(t) = inf { V2I+ 1 | V2I+ 1> V2n + 1

=2+ 1) +1

= V2n+3

4



= V2 4+ 2.

Fort# V3,
p(t) = sup{V2I+ 1| V2I+1< V2n + 1
= V2(-D+1
= Van-1
= V2 -2.
Fort = \/§,

p(V3) = sup{V2I+1| V2i+1 < V3|
=sup0
= infT

= V3.

Then we obtain:

o) = V2 + 2.
and
v VE+2 ift+\3
P = V3 ift=V3

The rest of the thesis is organized as follows. In Chapter 2, we present the necessary
preliminaries on time scale calculus, such as differentiation, integration and define
some elementary functions. In Chapter 3, we introduce the Euler method on arbitrary
time scale, derive the local and global truncation errors of the method and apply it
to numerical examples. In Chapter 4, we discuss the Taylor series method of order
2, perform its convergence analysis and derive the Trapezoidal rule as a particular
case. We also give numerical examples of Taylor series method and Trapezoidal rule.

Chapter 5 contains conclusion, remarks and further comments.



CHAPTER 2

BASIC CALCULUS ON TIME SCALES

In this chapter, the basic notions of calculus such as differentiation and integration
on time scales are reviewed and discussed. Also, some elementary functions and
time scales monomials on time scales are presented together with the Taylor Series
theorem. Finally, the first order dynamic equation and the conditions for existence

and uniqunesses of their solutions are given.

2.1 Delta derivative

We define first the delta derivative on time scales.

Definition 2.1.1 [13] Let T be a time scale. We define the set T* as follows
T T/(o(supT),supT) ifsupT < oo '
T ifsupT = oo
Definition 2.1.2 [/3] Lett € T and lety : T — R. Assign y*(t) to be the function (if
it exists) such that for any € > 0 there exists 6 > 0 for which
(@) = ()] = Y Olo @) - 51| < elo@®) = sl, forallse U, =(t—6,t+6) cT.

If YA(t) exists, then it is called the delta derivative of y(t), and y is said to be delta

differentiable at t.

Some basic examples of delta derivative are the following.



o If T =R, then y*(r) = y'(1).

o If T = Z, then y*(t) = y(t + 1) — y(2).

Next we give some properties of delta derivative .

Definition 2.1.3 [I4] Lety : T — R, and t € T*. Then, the following hold.

1. Ify is delta differentiable at t, then y is continuous at t.

2. Ify is continuous at t and t is right-scattered (o (t) > t), then y is delta differen-
tiable at t with

_ @@ -y® _ye®) -y©»)

A
A (B

3. Iftis right-dense (o (t) = t), then y is delta differentiable at t with

, . (@) — y(s)

V@) =y (@) = lim T2
s—t tr—s

if this limit exists.

4. Ify is delta differentiable at t, then

(@) = y(t) + u@)y* .

Example 2.1.4 /. If T=R, theny : R — R is delta differentiable at t € R if and
only ify is differentiable in the ordinary sense at t. Then y*(t) = y'(f).

2. If T = hZ, and h > 0O, then any continuous function 'y : 7. — R is always delta

t+h)—-yf(t
differentiable at t € Z, with y*(t) = Y+ h) = yf( )_

h
1) —y(t

3. IfT = qNo’ and g > 1, then yA(t) — %, and this is known as the
q [—

q-derivative of quantum calculus.



Example 2.1.5 Lety : T — R, be given as y(t) = o(¢t) for t € T, where
T = {}l ‘ne€ N} U {0}. We compute y*(t). Since y(t) = o(t), then

o(o(1) — o (1)

A _
Yy = o) =1

For the given time scale T = {% :n € N}U{O}, put n = % Then t = }1 and o(t) =

1 1 t ' '
no1 1_1 i Then y*(t) will be obtained as

t

o(15) 1

Y1) =
E_t

Ee=n

=
t()
1-

=1+

1-2¢

Example 2.1.6 Let y(t) = 1>, for t € T, where T will be taken as

. Case].'T:Né:{\/ﬁ:neNo}. and

e Case2: T ={5:n € N}
We compute the delta derivative as follows .

e Case 1: Onthe given T = {\n : n € Ny}, put\n = t, son = t* and o(t) =

V2 + 1, since the elements of T form an increasing sequence. We have

)
VA1) = —(a(t)) N R

o(t) -
e Case 2: On the given T = { ‘ne N} put 5 =tson=2tand o(t) = , since
the elements of T form an increasing sequence. Then
PN 0 1
1) = =o®)+t=2t+-.
= = :

In the following theorem is given the calculation of the delta derivative for algebraic

operations of functions.

Theorem 2.1.7 [14] Let f,g : T — R, be delta differentiable at t € T*. Then

8



. Addition Rule: f + g : T — R is differentiable at t € T* and
(f + 80 = f2(0) + g(0).

. Subtraction Rule: f — g : T — R is differentiable at t € T* and
(f =80 = f2(0 - g*®.

. Constant Multiple Rule : if « is any constant, af : T — R is differentiable at
t € T and

(@f)(1) = af*@).

. Product Rule: fg: T — R is differentiable at t € T* with
(f&)2@) = fA 08 + f(o(1)g™ (@)

or (f9)'0) = f(g* (1) + fA(n)g(o(0)).

1
. Reciprocal Rule : if f(t)f(o(t)) # O, then ? is differentiable at t € T*

A

1N ffo
(f O

. Quotient Rule : if g(t)g(o(t)) # 0 then g is differentiable at t € T*

fAg®) = f()g ()
gnglo(®)

F

. o =

2.2 Integration on time scale

In this section we discuss the integration on general time scales.

Definition 2.2.1 [/4] A function f : T — R whose right limits exists at all right-

dense point in T, and left limits exists at all left-dense point in T is called regulated.

Definition 2.2.2 [14] A function f : T — R which is continuous at right-dense points

in T, and whose left limits exist at left-dense points of T is called rd-continuous. The

set of rd-continuous function is denoted by

Crd or Crd(T) or Crd(T’ R)

9



In the theorem below, the relations between rd-continuous and regulated functions are

given.

Theorem 2.2.3 [I4] Let f : T — R be a function.

If f is continuous, then f is rd-continuous.

If f is rd-continuous, then f is regulated.

The forward jump operator o is rd-continuous.

If f is regulated or rd-continuous, then so is f© = f oo .

If f is continuous and g : T — R is regulated or rd-continuous, then f o g is

continuous.

Definition 2.2.4 A continuous function f : T — R is called pre-differentiable with

region of differentiation D if

1.

2.

3.

D c T*,
TX/D is countable and contains no right-scattered elements of T.

f is differentiable at each t € D and

FA1) = f(f), forallteD.

Such a function F is called pre-antiderivative of f.

The indefinite integral of a regulated function f is defined as

f f(OAt = F(r) + C,

where C is an arbitrary constant.

The Cauchy integral of the function f'is defined as
f f(OAt = F(s)— F(r), r,seT,

10



where

F*t = f(t) forallteT*.
The function F is called antiderivative of f.
Example 2.2.5 Let T = 7Z, so that o(t) = t+1, and let f(t) = 3> +5t+2, g(t) = £ +1°.
Forte T, we have
g = () + ()"
=X (t) +to(t) + £ +o(t) + 1
=+ 1)’ +tt+ D+ +1+1+¢
=P+ U+ e+t +2+ 2+ 1

=32 +5t+2.

Hence,
f (3 + 5t +2)At = f FLOAt=g)+C=r+1*+C.

Example 2.2.6 Let T = 2", so that o(t) = 2t, and let f(r) = 2 sin(%)cos(3), g(t) =

sin(t), fort € T. Then we have

_ sin(o (7)) — sin(?)
- o(t) — ¢

g (1)

_ sin(2¢) — sin(7)
B 2 —t

st 3t
B ZSIIIZCOS 5

t

= f(.

Hence,

2 .t 3t ., A o
I;SIH(E)COS(E)AI = fg (HAt = sin(r) + C.
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Example 2.2.7 Let T = N2, so that o(t) = (\t+1)*, and let (1) =

(Vi+ 1>2)
g(t) = In(¢), fort € T. Then we have

In
+2/t ( t

_In(o(2)) — In(2)

A
g () o) —1

3 ln(\/f+ 1)2—ln(t)
S (Vi 12—t

_ 1 1n((\/;+1)2)
Ct+2Vi+ -t t

1 1n((\/?+1)2)
14241 t '

Hence,

f 1 [(\/t+ 1)?
In

1+2+7 " )Afzng(t)Atzln(tHC.

Theorem 2.2.8 [13] Every rd-continuous function f : T — R, has an antiderivative,

In particular, if ty € T, then F defined by:

F) = f f(AT, forteT

is an antiderivative of f.

Theorem 2.2.9 [13] Let f € C,y(T). Then there exists an antiderivative F of f, and
o (1)

F(r) = J(@AT = f(Du().

t
Proof: we have

o ()

J(DAT = F(o(1)) - F(1)

_Fle@®)-F

= W(G(I) —1)

= FA(Ou(t)

= fOu(@).
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2.3 Elementary functions on time scales

Some elementary functions such as exponential function, hyperbolic functions, trigono-
metric functions and monomials on time scales will be presented in this section. to-

gether with some examples.

2.3.1 Exponential function on time scale

First we will recall some notions of complex numbers and functions on complex num-

bers.
Definition 2.3.1 [/5] Let h > O.

1. The Hilger complex numbers are defined and denoted by

1
Ch:{zeC:zi—E}.

2. The set Zj, is defined as the strip

JT JT
Zh:{zeC|—Z<lm(z)£E}.

For h =0, we set Cy = Zy = C.

Definition 2.3.2 [15] For h > 0, we define the cylindrical transformation &, : C, —
Zh by
1
&n(2) = 1 Log(l + zh),

where Log is the principal branch oh the logarithm function on C. Moreover, we define
&0(z) =z, forall z € C.

We note that
e —1

h b

&) =

for z € 7y,

Definition 2.3.3 [15] The circle plus addition ® on C,, is defined by
I®W=2z+w+zwh.

13



Theorem 2.3.4 [14] (C,, ®) is an Abelian group.
Proof

Letz,w e Cy, that is z,w # —%.
1. Closure : we will show that C,, is closed with respect to ®. Therefore z&w € C,,.
We have z@®w = z+w + hwz and
hzew)+1=h(z+w+zwh) + 1
=1+ hz + hw + zwh?
=1+hz+hw(l + hz)
= (1 + hw)(1 + hz)

# 0,

we conclude that z®w € C,,.
2. Associativity : we will show that (C,,, ®) is associative, So (z&w)®v = z&(WeV)
zow)dv=(CZ+w+zwh)dv

=z+w+zwh+v+(z+w+zwh)vh

=74+ w+zwh+ v+ z2vh + woh + zwvh?.

and
z&@wdv)=z+(wWadv)+z(wdv)h
=z+w+v+wvh+z(w+v+wvhh
=Z+w+V+wvh+ zwh + zvh + 2wvh?,
Consequently,

z&6(wedv)=(zew)dv.

so (Cy,, ®) is associative.

3. Identity element : we will show the existence of an identity element

Note that 0 € C), and for any z € C
2®0=z+0+20h=2
i.e., 0 is the additive identity for &®.

14



4. Inverse element : we will show the existence of an inverse element
1

. _ _ < . .
For every 7 € C,, there exists 77! € C;,. We have 77! = ———— is the invers of

1+zh
z. Clearly,

oot g gl
LR EET T ) T )
Wl +zh)—z—2%h
B 1+zh
= 0.

Note that

z )_l+hz—hz_ 1
+zh0  1+hz  1+hz

1+hz-1:1+h.(—1 # 0.
Therefore, 77! € Cy,.

5. Commutativity : we will show that (C, ®), is commutative

z7®&w=z+w+zowh=w+z+wzh=wdz.

So, (Cy, ®) is an Abelian group.

Definition 2.3.5 [15] Let z € C,,, The circle minus © of z is defined as

4

7 =
¢ 1+zh

Theorem 2.3.6 [15] Let z € Cy,. Then 6(67) = z.

Proof: We have
SV
1+ ©2h
—Z
1 +zh
—Z
1+ zhh
Z
_ 1+zh
1+zh—zh
1+zh
= Z.

e(ez) = -

1+

15



Remark 2.3.7 [15] Let z,w € C,,. Then the circle minus © subtraction is written as
70w =27® (6w).

Then we note that

7w =27®(©Ww)

=z+ (6w) + z(ew)h
w zwh

T 1+wh 1+wh

_z+zwh—w—zwh

1+ wh
=W

=2z

T 1+ wh

Then
Z—w

1+hw

ZOwW =

Definition 2.3.8 [15] A function f : T — R is called regressive if
1 +u®f@ %0 forallte T
holds. The set of all regressive and rd-continuous function f : T — R, is denoted by

R or R(T) or R(T, R).

Remark 2.3.9 In R, the circle plus addition is defined as
feg=f+g+ufg, f.geR

the circle minus is defined as

f
1+ puf

and the circle minus subtraction © is defined as

of = -

feg=f®@©Gg, f,.gecR

Theorem 2.3.10 [15] Let f,g € R. Then

1. fef=0,
2. e(ef) =1,

16



3.

4.

5.

6.

fegeRr,
o(feg) =gof,

e(feg = (©f) @ (0g),

foris=f+s

Definition 2.3.11 [15] The generalized exponential function for f € R is defined as

!

! 1
f Eun(f(D)AT ——Log(1 + u(7) f(1)At
es(t,s) = es = eJs H(T) , fors,teT.

Some properties of the exponential function e,(z, s) :

Let f € R. Then we have:

er(t,r)es(r,s) = ep(t,s) forall t,r, s € T.
eo(t,s) = L and es(z,1) = 1.
e4(t,10) = f(D)-1(1,10).

es(t,1y), 18 the solution of the Cauchy problem
YA = foy@), y) = 1.

ep(o7(1), s) = (L + (@) f()-ef(t, ).
es(t,s) = ﬁ = egf(s,1).

er(t, 5).e4(t, ) = efgy(t, 5).

es(t, s)

= e15,(1, 5).
e,(t, s) 7e5(8> 5)

er(t,o(s)).ef(s,r) = es(t,1).

1
L+ pu(9)f(s)
(f(0) — g(0)-e4(t. 10)

eg(o(1), 10)

(es(c, )" = —f(Des(c, o (t)).

A —
efeg(t’ tO) -

fab fes(c,a(t)At = es(c,b) — ef(c,a).

17



Below we give some examples on exponential functions.

Example 2.3.12 Let « : T — R be regulated, that is , 1 + a(t)u(t) # 0, forall t € T,

and let ty,t € T, with ty < t.

1. If T = hZ with h > 0, then every point in T is isolated and u(t) = h, for every
teT.
Then
1
f —Log[1 + a(t)u(t)] At
eq(t, 1p) = ev'lo @)

1
> ——Log[(1 + a(s)u(s)] u(s)
— eSE[l(),l) IJ(S)

> Log[(1 + ha(s)]

= eSE[lo,l)

- ]_[ (1 + ha(s)).
s€(1to,1)

If, in particular « is a constant, then

eo(t, 1) = ]—[ (1 + ha)

s€lto,1)

= (1 + ha)™.

2. If T = g™ with g > 1, then every point in T is isolated and u(t) = (g — )t, for
everyteT.
Then
"1
f ——Log (1 + a(t)u(r)) At
elt, fg) = e KD

1
2, e Logl+a()u(s)] u(s)
— eSE[Io,Z) ﬂ(s)

D" Log[l +a(s)u(s)]

— eSE[Z‘Q,Z‘)

Z Log[1 + (g - Dsa(s)]

— eSG[lo,Z)

= 1_[ (1 + (g — 1)sa(s)).

s€lfo,1)

18



3. If T = N with k € N, then every point in T is isolated and p(1) = (Nt + 1)k, for
everyt e T.
Then

f LLog [1+ a(m)u()] At
ea/(t’ tO) =evh #(T)

1
> ——Log[1 +a(s)u(s)] u(s)
u(s)

= eSE[fU,t)

> Log[l +a(s)u(s)]

— eSE[Z‘Q,Z‘)

= [ | 11 +etopcs)]

s€[t0,0)

- 1] (1 ({5 + 1) - s)a(s)).

s€[to,1)
2.3.2 Hyperbolic and Trigonometric Functions

Definition 2.3.13 [15] (Hyperbolic Functions)If f € R and —juf* € R, then we define

the hyperbolic functions cosh; and sinhy as:

er(t,s) +e_f(,5)
2

er(t,s) —e_(t,s)

cosh(t, s) = 5

and  sinhg(t,s) =
Theorem 2.3.14 [15]If f € R and —uf? € R, then :

1. COSh?(Z‘, s) = fsinhg(z, s),
2. sinh}(1, s) = f coshy(, 5),

3. coshi(z, s) — sinh}(z, s) = e_, (1, 5).

Proof

A
cosh?(t, s) = (ef(t’ 5) ;e_f(t’ S))

_ fes(t,s)— fe_s(t,s)
2

= fsinhg(z, s).

19



_ A
sinhA (1, s) = (ef UL = (- S))
3 fep(t,s) + fe_s(t,5)
2
= fcoshg(z, 5).

3.
2 _ 2
coshfc(t, s) — sinhi(t, s) = (ef(t’ 5) -;e_f(t’ S)) - (ef(t’ 5) 26_'f(t’ s))
~ ei(t, §) + 2es(t, s)e_f(t, 5) + eif(t, s) ~ ei(t, §) — 2e(t, s)e_f(t, 5) + ezf(t, s)
B 4 4

=es(t, s)e_¢(t, 5)
= ere-p (L, 8)

= e_ﬂf2(t, S).

Definition 2.3.15 [15] (Trigonometric Functions) If f € R and —uf? € R, then we
define the trigonometric functions cosy and sing by :

eir(t, s) + e_if(t, s)

eir(t,s) — e_if(t, s)
3 )

2i

cosy(t, s) = and  sing(t,s) =

Theorem 2.3.16 [I5] If f € R and —uf? € R, then

1. cos?(t, s) = —f sing(t, 5),
2. sin?(t, s) = fcosg(t, s),

3. cosi(t, 8) + Sini(t, 5) = €,p2(t, 9).

Proof

. ., A
COS?(I‘, 5) = (elf(t’ Y +2€l_f(t’ S))
_ ifei(t, ) = ife y(t,5)
- 2
_ eif(t,s) —e_if(t, s)
==/ 2i
= —fsing(t, 5).
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€,‘f(t, S) - e—if(l: S) )A
21
B ifeir(t,s) +ife_i(t,s)

sin?(t, s) = (

21
= fcosy(t, 5).
3.
it’+—it,2 it,—_it,2
cos?»(t, s) + sinfp(t, s) = (ef( s) + e_if( S)) . (ef( s) .e #( s))
2 2i
e (L, 8) + 2eip(t, $)e_if(t, 5) + €2, (1, 5) = €, (1, 5) = 2eis(t, )e_if(t, 5) + €2 (1, 5)
) 4

= eif(t, $)e_if(t, s)
= €ira(-if)(t, )

= e_,p(t, 9).

2.3.3 Monomials on time scales

Definition 2.3.17 [15] Let T be a time scale and s,t € T. Define the polynomials
pa(t, s) and h,(t, s) as:
Po(t, s) = ho(t,s) = 1,

Pt 8) = [ pla(@), AT, Iy (t,8) = [ hi(z, AT, for k=0, 1,2, ...

Now, compute p;(t, ), hi(t, s), p2(t, s) and h,(¢, s) as:

pi(t,s) = f po(o (1), s)AT = f AT =1t-1y,

pa(t,s) = f pi(o(7), $)At = f (o(7) = $)AT,

! !
h](l,s)tho(T,S)AT:fATZt—S,

hy(t,s) = f hy(7, $)AT = f (T — $)AT.

Note that:
pet, s) = pii(o(®), ),  hp(t,s) = y_y(t,s), keN.
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Example 2.3.18 Let T = 2™, Then o (f) = 2t, u(t) = o(t) — t = t.
We have
hO(t’ S) = 17 p()(t’ S) = 17

f
hi(t,s)=t—s, pi(t,s)=t—s, hy(t,s)= f(r — SAT.

A
Note that (%2) = %(O’(x) +Xx) = %" = x.

hy(t, s) = jj {(%Z)A - (ST)A}AT = (%2 — sr)

() (- )= S -

t

S

3 3 3
r+s
:(l'—S)(T—S)
(= 5)(—2s)
_—3 ,

and

ptio= [ -9ar= [@r-oar
Note thar (£ = 3o + v :S2x, o |
pieo= [ ((22) - el = (B2 - o)
(5 -)-(5 )

(2 ()]
—mm

t

N

Definition 2.3.19 [15] (Taylor series on T)
Let f be infinitely many times delta differentiable at some a € T. Then the Taylor

series of f about « is defined as
DY @bt @)
n=0

and converges to f on some interval containing «.

Theorem 2.3.20 [15] (Taylor’s Formula)

Let f is n-times differentiable on T¥ ,n € N and a € T, t € T. Then

nol . 0" (1) .
f@) = Z hi(t, @) f* (@) + f ha (2, (D) f¥ (DA,
k=0 @
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n—1 t n . .
where L P ()hn_l(t, o (1)~ (1)Ar, is the remainder term.
Next, we give some examples for computing Taylor series on a general time scale T.

Example 2.3.21 Let f(t) = e.(t, @), where c is a constant, Now we will find the Taylor
series of f(t). Since we have f(t) = e (t, ), then:

SO = (e(t, ) = cet,@), [ @) =c
A0 =edtia), fFa)=c
M0 =Set,a),  Aa)=c
A0 = e t,a), ()=

So we come to the conclusion that Taylor series of e.(t, @) about « is

Z hy(t, @) = ho(t, @) + chi(t, @) + ... + hy(t, @) + ...

n=0

Example 2.3.22 Let f(t) = cos.(t,@) or f(t) = sin.(t,®) where c is a constant and

a € T, Now we will find the Taylor series of both sin.(t, @) and cos.(t, @).
(1) Take f(t) = cos.(t, @)
f() =cos.(t,a), f(a)=cosa,a)=1 where cisa constant .
[ = —csing(t, @), fH@)=0
@) = =Feos(t,a), (@)=
Ao =Ssin ), A@)=0
A0 = cteosta), (@) =,

() = 0, if m=2%k+1
(—1¥c*, if n=2k

S0 the Taylor series of cos.(t, @) is
Z P @ht, ) = Z( DE.c* ot @)
= hy(t, @) — *hy(t, @) + *hy(t, @) + . . ..
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(2) Take f(t) = sin.(t, @)
@) = sing(r,@), f(@)=sin(a,@) =0 where c is a constant
£A0 =ceosut,a),  fAa) =c.
@ = =sinra),  f @) =0,
0 = = eosut,a),  f¥ (@) = ¢,

A0 =t sin,a), ) =0.

) - 0, if n=2k
(=1¥c*, if n=2k+1

So, the Taylor series of sin.(t, @) is

> @ha (@) = Y (DL (2, @)
k=0 k=0

= chi(t,@) — hs(t, @) — SChs(t,a) — . . ..

2.4 Dynamic Equations On Time Scales

First we discuss the linear dynamic equations of first order and the existence and

uniqueness of their solutions.

Definition 2.4.1 [14] A first order linear dynamic equation is an equation of the form

yh = p)y + f(1), 2.1)

where p(t) and f(t) are given functions.

The adjoint equation is an equation of the form.

¥ = —p(O)x” + (). (2.2)

The next theorem gives the form of the solutions of the equations of equations (2.1)

and (2.2).
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Theorem 2.4.2 [I4] Let p : T — R be rd-continuous and 1 + u(t)p(t) # 0 for all
t € T, and also let, ty € T and yy = y(ty). Then the initial value problem IVP

¥t = p(t)y,  y(to) = yo. (2.3)

has a unique solution given by

(1) = yoe,(t, to).

Proof
Let y(t) = yoe,(t, to). Then we figure out YA(t) as

YA) = yolep(t, 10)™ = yop(De,(t, to) = p(H)y(2),

This means that y satisfies the dynamic equation in (2.3). Also,

Y(to) = yoep(to, o) = Yo.

This means that y also satisfies the initial condition. Then y(t) = yoe,(t, 1) is a solu-

tion of the initial value problem (2.3).

For uniqueness, we assume that y,(t), y,(t) are two solutions of (2.3). Then

e =pOy, Y5 = pya,
and hence
01 —y2)* = p(t)(y1 = y2).

On the other hand,

(1 = y2)(t0) = y1(to) — y2(to) = yo —yo = 0.
Then the function:
Y1) = y1(0) = y2(0)

satisfies

Y1) = pty,  Ylto) = 0.

In the end, we will have yi(t) = Oe,(t, 1)) = 0, for all t € R, that means y,(t)—y,(t) = 0,

which completes the proof of the uniqueness.
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Theorem 2.4.3 [14] Consider the IVP

Y = —pOy(o @) + ),  y(to) = yo. (2.4)

where f, p are rd-continuous function such that f,p : T — R, and 1 + u(t)p(t) # 0,
forallt € T, yye€R. Then the solution of the IVP (2.4.3) is unique and is given as

Y(#) = egp(t, o)yo + f ecp(t, T) f(T)AT.

Proof

Note that "

YA = (eep(t, f0)yo + f eep(t, T).f (T)AT)

A

=Yo © p(t)ep(ta tO) + (f eep(ta T)f(T)AT)

Differentiation under integral rule is given as

(f;t f(t, u)Au)A

_ oD + f Y

to

Applying this rule we get

YA(@) = yo(©p()e, 1, 19) + ecp(a(r), D f (1) + f eg, (1, 1) f(0)AT

= Yo(©p(0)e,(t, 10) + ecy(o(1), 1) f(1) + f (©p(N)eey(t, o) f(0)A0

Since
eop( (D). (1) = 1 + p()©p(D)eay(t. D f (1)
= Trpope’
we obtain
Ay _ PO 1 . p@® '
YO = e T o’ T T wopt J, I OAT

Multiplying by 1 + u(t)p(t) we have

(14 LOPOWW) = —pDeay(ts )0 + F) = pl) f eo,(t, D) f(TAT

=-p(®) (eep(t, fo)yo + f eep(t, ) f (T)AT) + ()
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= —p()y(1) + f(D).
Thus
yA(t) = —p@Op)y*(t) — p(Oy(t) + f(1)

= —pO)(n)y (@) + (1) + f(2).

Due to the fact that
_ yo®) -0

A
Yo ()

we get
YA = =pOy(o(®) + f(0).
Then, y(t) is a solution of a dynamic equation. Also,

10
Y(to) = egp(to, to)yo + f ecp(to, T) f(T)AT = yp.
fo

Now, to show the uniqueness of the solution, let y,,y, be two solution of the IVP
(2.4.3),

Then we have

¥t = =pOyi(a(®) + f(1),
Yy = =p@)yc(0)) + £(2).
Therefore,
01 = y2)* = =pO(31(0(1) = y2(0(1))).
Now define ¢(t) = y,(t) — y,(t). Then ¢(t) satisfies

¢ = —p(He(1).
and
é(to) = y1(to) — y2(to) = yo — yo = 0.
Hence ¢ is the unique solution of
¢* = —pn)g(1)  (to) = 0.
As a result, we conclude that

(1) = 0.e_p(t,19) = 0,

so that,

¢(1) = y1(1) = y2(1) = 0,
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which implies

yi(t) = y2(0).

The existence and uniqueness of solution of IVP for the first order non homogeneous

dynamic equations is given in the next theorem.

Theorem 2.4.4 [14] Consider the IVP

YA®) = py®) + f(1),  ¥(to) = yo,
where p, f : T — R are rd-continuous function and 1 + u(t)p(t) # 0,1y € T,y, € R.

Then the IVP has a unique solution in the form

(1) = e,(t,t9)yo + f ey(t,o(7)) f(D)AT.

fo
Definition 2.4.5 [14] On a time scale T, a function f : TXR — R is called Lipschitz

continuous if there exsits a constant L > 0 such that

|f(t, x1) — f(t, xp)| < Llx; — x| forall (t, x,),(t,x;) € T X R.

The following theorem gives condiions for the local existence and uniqueness of non-
linear IVP for first order dynamic equations. The proof of the theorem can be found

in [13].

Theorem 2.4.6 [13] (Local Existence and Uniqueness) Let T be a time scale, ty € T,

YoER, a>0withinfT <ty—aandsupT >ty + a, and let :
I,=0y—a,to+a)and U, ={x e R : |x — x| < b}.

Suppose that f : I, X U, — R is rd-continuous, bounded (with bound M > 0), and

Lipschitz continuous (with constant L > 0). Then the IVP

X = f(t, %), x(t) = Xo.

has exactly one solution on [ty — @, ty + a], where

. b 1-—¢€
a =minia, —,
M L

} for some € > 0.

If ty is right-scattered and a < u(ty), then the unique solution exists on the interval

[0 — a, o (to)].
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Some example of IVP for first order dynamic equation are given below.

Example 2.4.7 Consider the IVP
y=2y+3, y0)=0,

where T = 7.
p=2, f=3, y=0,

and

oty=t+1, ut)=1, teT

The unique solution is given as

y(t) = f e)(t,o(1))3"At = f e)(t, T+ 1)3"Ar.
0 0

By using the definition of cylinder transformation and generalized exponential func-

tion we have

ert, T+ 1) =e Jr+tiog3AT _ pllogd)i=t=1) _ gt-7-1

t !
y(t) = f 3 13TAL = f 3AT
0 0
!
:3’—1fm:z3’—1.
0

is the unique solution of the IVP.

Then

Example 2.4.8 Consider the IVP
Yo=dy+1, y0) =1,
on the time scale T = 27. Here
p) =4, fO=t y=1
By the existence-uniquess theorem, we have
V(1) = eq4(,0) + fo t es(t, o (T))TAT = e4(1,0) + j: es(t, T + 2)TAT.

By using the definition of cylinder transformation and generalized exponential func-

tion we have

es(1,0) = 92,
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and

t=1-2

es(t, T+2)=972

Then we get the unique solution of the IVP as

!
y(t):3’+f9"5’2mr
0

!
:3’+9£-1f9-5m7.
0
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CHAPTER 3

THE EULER METHOD FOR DYNAMIC EQUATIONS ON
TIME SCALES

The most basic method for finding approximate solution of initial value problems for
first order differential equation is the so-called Euler method introduced by Leonhard
Euler in his famous 3 volumes monograph “Institutiones calculi integralis” published
between 1786 and 1770. This method is based on the simple idea of constructing
the tangent line at a point ¢ to find the value of x(z + h) for some step size h > 0,

[16, 17, 18]. The Euler method on time scales has been recently introduced in [19].

This chapter analyzes the Euler method for dynamic equations on time scales, in-
cluding the local truncation error and global truncation error with some numerical
examples. Throughout this chapter we assume that T is a time scale with the forward

jump operator o, the backward jump operator p and delta differentiation operator A.

3.1 Derivation of the Euler method

Consider the initial value problem

XA = f(t, x(1))

x(ty) = Xo,

3.1)

where f : T xR — R is a given function, xy € R, 7, € T are given numbers and

x : T — R is unknown function. Suppose that ¢ € [fy, ty]T, and take the points

hh<th <...<ty, liET, i=1,...,N,
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where

b = O'li_l(ti_l), li.; eN lf ti_1 18 I"ight — scattered 3.2)
i=lio1+ = . .
tii1+qic1, qi-1 €R if tiyisright — dense

The Taylor’s formula of the first order gives

x(ti1) = x(t; + 1) = x(t) + by (8 + 1y, 12 (1)

p(ti+r7) 5
+ f hi(t; + ri, ()X (1) AT
t
Denote the integral remainder by
o(ti+77) A
R = [ b+ no@ @an

1

Then the previous formula can be written by
X(ti1) = X(1;) + rx(t) + Ri(ry).

Using the dynamic equation in (3.1) and neglecting the remainder R;(r;) we get the

approximate solution as

X + (i) = t;) f(t;, x;) if t; is right — scattered
Xiv1 = X+ rif (6, x;) = (LR e %) 3 ¢ (3.3)
Xi + qif(t;, x) if t;is right — dense,

where ), x( are given in the initial conditions and #;, i = 1, ..., N are defined in (3.2).

Definition 3.1.1 The formula (3.3) is the Euler method for solving numerically the

initial value problem (3.1) on arbitrary time scale.

3.2 Local truncation error

In this section we give the derivation of the local truncation error. We study the cases

when ¢ is right-dense and right-scattered separately.

Case 1: Let 1y be right-scattered.

After a single step of the Euler’s method, the computed result is

x1 = Xo + (07 (t) — t0) £ (to, ¥(t0))s
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and it differs from the exact solution x(t;) = x(c(ty)) by
x(t) — x1 = x( (1)) — x(to) — ((ty — 1)) f(to, x(0))

= x((tp)) — x(to) — (T (to — 10))x" (ko).

If [y = 1,then x(#;) = x;. Assuming that x has continuous first-order and second-order
derivatives, this can be written, using Taylor’s formula, in the form

(00 (1)) )
f hi (o (ty), o(T))x™ (T)AT.

fo

A

Another way of writing the error, assuming that the third derivative x * also exists and

is bounded, is
ha(0(1), 10)2™ (19) + O(h3(0™ (1), 10)).
Case 2: Let f( be right-dense.

After a single step of the Euler’s method, the computed result is

X1 = xo + qof(to, x(to))

and differs from the exact solution x(¢;) by
x(t1) — x1 = x(to + qo) — x(%) — qo.f (to, X(to))

= x(tp + qo) — x(ty) — qox" (o).

Assuming that x has continuous first and second derivatives, this can be written in the

form

0(f0+q0) s
f hi((fo + qo), o()x™ (AT

fo
Another way of writing the error, assuming that the third derivative exists and is

bounded, is

hy(to + qo, l‘o)XAz(fo) + O(hs(t + qo, 1o))-

Example 3.2.1 Let T = 2" and consider the initial value problem
xA()

x(1)

x(®), t>1,

1+2¢
1+

7

Take
th = 1, 1 =8, t =16, 13 = 32.
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We will compute the local truncation error. We have t, = o (ty), i.e., [y = 3.

Let
2

t
gl(t) = 5 - ta

(t)_t3 t2+2t
sW=7"3%3"
1
H=——, teT.
o) 1+1¢ €

Then
o)+t

gr( = 1

=t-1,

aon (@O +to®+2 o+t 2
g2(t)_ 21 - 3 +§

AP+ 28 + 7 2141 2
4 21 3 3

=——t+=,
3 3

1
(1 + (1 + (1))
1

T T+ 00 +20)

_ 1

T 2243+ 1
_ 2o (t) + 1) + 3
T 22+ 31+ DQR(0())? +30(1) + 1)
_ 6t +3
Q2 +3t+ DB+ 61+ 1)

A2 9
() =

1

10°

xA(t) = —

(1)

teT,

Hence,

1

A _-—
¥O=-Traa+m

t t>1
1+2tx()’ > b

1
x(1) = 5,
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i.e., x is a solution of the considered IVP. Next,

hz(t, t) = f(‘['— 1)AT
1

= f g?(T)AT
1

=g1(0)—gi(1)

ho(a(t0), to) = ha(8, 1)
64 2
=— —8+=
3 °F3

=22-8
= 14,
!
hs(t,1p) = f = hy(7,10)AT
1

t 2 2
:I(%—thg)AT
1
:fgé(T)AT
1

=g () —gi(1)
£ 2 1 1 2
=l=—-=+t]-|—=-=+=
21 3 21 3 3

ﬁ’

ha(o (ty), 1) = h3(8,1)
512 64+16 8
21 3 3 21

504 48
21 3
=24-16
=8.

Therefore, the local truncation error is

2 14
m@wm@yﬂm+0@wwm@ﬁzﬁ+0®
7

=5 +0).
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3.3 Global Truncation Error

Let x(#) denote the computed solution on the interval [#y, y]T. At the points #y, t1, . . .

> IN-

X is computed by using (3.2). At the offstep points, X(7) is defined by linear interpo-

lation, or other equivalent method. So, X(¢) is evaluated using a partial step from the

most recently computed step values. That is, if € [#4_1,%], k=1,...,N, then

X(1) = -1 + (@, timn) f (=15 Xi—1),

Define the maximum step size as

Let
a(t) = x(t) — x(1), PB@) = f(t,x(2) — f(&, X(1)).

Suppose that
|f(t,x)— f(t,2)l| < L|x—z|forallfr € T and x, z € R,

where L > 0. From the definition of a(¢) and S(7), we have

BOI < Lla(n)] .

Define E(t) so that the exact solution satisfies

x(1) = x(tr—1) + hi (2, tr) f (B, X(T5—1) + o (1, 1D E(D), 1 € [t1-1, 1],

and assume that |E(¢)| < p. Subtracting (3.4) from (3.6) we get

(3.4)

(3.5)

(3.6)

x(1) — x(t) = x(ty—1) — X1 + Iy (2, fk—l)(f(fk—l, X(tk-1)) — f(tr-1s Xk—l)) + hy(t, 11 E(1).

Hence, using (3.5), we get
a(t) = a(ti-1) + (@, 4-)B(t-1) + ha(2, -1 E(2).
We make the following estimation.

!
ho(t, ty-y) = f (7, o )AT < (8, - ))(E = Brey) < mhy (L tey),

Tr-1

since h (T, t,—1) = T — 1, takes its maximum value at T = f; € [f;_1, #x]. Then

(D] < la(te-Dl + 1 (@, i) Lt + p 1o (2, 1)
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= (1+ LG, i)l leie )l + V(e 5l p

< (I + Lih (@, 5-)D) la(te-)| + mp |hy (2, 6r-1)] -
If L = 0, then the previous inequality simplifies as

la()] < |a(t-1)| + mph(t, ti_1).
In particular,
la(to)| < |la(ty-1)| + mphy(t, ti—y), forallk=1,...,N.

Therefore, we deduce

la()] < la(tio)| + mp(hi(ti-1, ti—z) + hi (2, ti—1))

= |a(te-2)| + mphi (1, tr—2)
<...
< la(to)| + mph (2, to).

If L > 0, then we have

la(r)] < (1 + Lhy(t, tr—1)) la(ti-1)| + mphy (2, 1)

mp mp mp
=(1+Lh t,t_ fr— —Lh tthy1)) + — — —,
(1 + Lhy (¢, ty-1)) la(tr—1)| + 7 1(2, tk-1) 7 7

that is,
m m
()] + Tp < (1+ Lin(t, 50)) letiy)| + Tp(l + Ly (t, 1))

= (1+ LG, tk_o)(% N |a<zk_1>|)

m
< eyt tk_l)(fp Tl )
In particular

m m
el + 22 < e, rk_o(fp Tl )

Hence, if ¢ € [#;_1, #;], then we get

o) + 22 < evt, tk_l)(% + |a(tk_1>|)

m
<er(t, tir)ep(t-1, l‘k—z)(Tp + |01(fk—2)|)

<...
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< eyt fo)(% + lato)| )

Combining the estimates found in the two cases and stating them formally, we have

the following result.

Theorem 3.3.1 Let f : T X R — R satisfy a Lipschitz condition with a constant L.

The global truncation error is satisfies the inequality

|x(to) — X(to)l + mphy(t, 1) if L=0

(1) = X(1)] <
er(t.to) (B2 +latto)l = %2) if L>0.

Now we consider a sequence of approximations to x(7). In each of these approxima-
tions, a computation using Euler method is performed, starting from an approximation
to x(#p), and taking a sequence of positive steps. Denote approximation number r by
X,. The only assumption we will make about x,, for each specific value of r, is that the
initial error x(#y) — X,(f) is bounded by K, and that the greatest step size is bounded

by m,. It is assumed that K, — 0 as r — oo. If m, — 0, then we get
|x(t) — x.(f)) > 0 as r — oo.

There are cases when m, does not tend to zero as r — oo, for instance, when T = 2N,

When T = R, we have m,, — 0 as r — oo.

3.4 Numerical Examples

Example 3.4.1 Consider the first order dynamic equation

1+ x(2)

A _
O = 0 GO

x(1) = a,

on the time scale

T ={1,2,3,4} U [5, 10].

First we definety = 1,t; = 2,t, = 3,13 = 4, t4, = 5 on the discrete part of T. On the

continuous part we take

tt=5+qi-4), i=5,..,N,
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where N = 5 + %, and q is the step size. The initial condition is
X0 = x(t) = a.

For the discrete part the Euler method defines the sequence

1+ x4 .
xi:x,-_1+—'2, i=1,2,3,4
1+ x_ + X
and for the continuous part,
1+ Xi-1 .
Xi = X1 +q—2, l:5,...,N.
1+ x4+ X

Note that on {1,2,3,4} the exact solution x,(t) coincides with the solution obtained

with the Euler method. On [5, 10], we have the differential equation

,  1+x
I+ x+x2

which is a separable first order equation and its exact solution is obtained implicitly
as

2

— +In(l1+x)—t=c.

2
We compute the values of x using Matlab for g = 0.5,0.25 and x(1) = 1, and x(1) = 3.

The exact and approximate solution are compared graphically in the Figures 3.1-3.4.

It is clear that the exact solution and the approximate solution obtained by using the
Euler method coincide on the discrete part of T. On the continuous part of T, the error

seem to be very small for the chosen small values of q, that is, g = 0.5 and q = 0.25.
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Computed and exact solutions for y(1)=1, q=0.5

6
*  computed solution
551 C  exact solution 1
exact solution
5 - i
45 5
¥
P
4+ r{‘*//*/ -
S 351 P |
> *)/*/-"
3+ @3)_,., -
25+ & 8
&
2 L -
&
quri [ &
1% L L . . L . . .
1 2 3 4 5 6 7 8 9 10
X-axis

Figure 3.1: Computed and exact values of the solution with x(1) = 1 and g = 0.5.

Computed and exact solutions for y(1)=3, g=0.5

6
*  computed solution
551 O exact solution &
exact solution %
L % |
5 *){*/*
. a
45 '_*//* i
et
4t = .
&
1]
s 351 % ]
> ®
3% i
25 &
2 L -
15 b
1 | . \ \ \ \ \ \
1 2 3 4 5 6 7 8 9 10
X-axis

Figure 3.2: Computed and exact values of the solution with x(1) = 3 and g = 0.5.
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Computed and exact solutions for y(1)=1, q=0.25

6
*  computed solution
551 C  exact solution 1
exact solution
5 - i
45 5
¥
4 B gk?k'*(** -
4
® 351 . g 1
g 5
*,*
L e |
3 Pl
25+ & 8
&
2 L -
&
quri [ &
1% L L . . L . . .
1 2 3 4 5 6 7 8 9 10
X-axis

Figure 3.3: Computed and exact values of the solution with x(1) = 1 and g = 0.25.

Computed and exact solutions for y(1)=3, q=0.25

6
*  computed solution
551 O exact solution &
exact solution oy
L FF
5 V_*,*_**
" il
45 _,_*»*’*' =
4t ol .
&
1]
s 351 % ]
= ®
3% i
25 &
2 L -
15 b
1 | . \ \ \ \ \ \
1 2 3 4 5 6 7 8 9 10
X-axis

Figure 3.4: Computed and exact values of the solution with x(1) = 3 and g = 0.25.
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Example 3.4.2 Consider the IVP for the second order dynamic equation

(@) + (1 + 2)x(2) + 2tx(1) = 0
x(0)=a, x0)=b, '
on the time scale T = aN,, where t € |0, 5].
The exact solution can be computed in the following way. Rewrite the dynamic equa-

tion as

(™ + 20" + 1(x® + 2x) = 0.
Let u(t) = x*(t) + 2x(t). Then we have
u(t) + tu(t) = 0
or
u(t) = —tu(r).

OnT = aNy,

A u(t+a@)—u()
u (1) = "y

so that we get

u(t + a) = u(t) — atu(t)

or
u(t+a) = —at)u(r), te]O0,5]
with
u(0) = b + 2a.
Then
x40 + 2x(1) = u(?)
or

x(t+ @) = x(t) + a (u(t) — 2x(1))

which implies

x(t+a) =au@®) + (1 -2a)x(), te€][0,5]

with x(0) = a.

To apply the Euler Method, first, we transform the second order dynamic equation

into a system of two first order dynamic equations.
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Let x,(t) = x(t) and x»(t) = x2(?).
Then the dynamic equation
(0 + (1 + 252 (0) + 2ex(r) = 0

can be written as a system of first order dynamic equations as

xX{ (1) = xa(t)

X2(0) = —(t + Dxa() - 2tx,(1)

with the initial conditions x1(0) = a, x,(0) = b.

Let r, = q = constant so that q > «. The Euler method yields

Xiivl = X1,; + X
Xoie1 = X+ q (—(t; + 2)x2; — 2t;%1;)

fori=0,...,N—1where x;9 = aand x, = b.

We compute the approximate solution for g = 0.5 and q = 0.2, and different values of

a,a and b using Matlab.

The graphs of computed and exact solutions are presented in Figures 3.5-3.8. The
values of the computed solution are denoted by x. and those of the exact solution by

x, and are shown in Tables 3.1-3.4.
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Table 3.1: The values of x., and the exact solution x, at points of the interval [0, 5] for

q=05a=025a=1andb=1.

G

xe(ti)

xc(ti)

0.00

1.00000000

1.00000000

0.50

1.37500000

1.50000000

1.00

1.31054688

1.50000000

1.50

0.95248413

1.12500000

2.00

0.52808928

0.56250000

2.50

0.22263740

0.14062500

3.00

0.07300364

0.00000000

3.50

0.01999308

0.00000000

4.00

0.00506632

0.00000000

4.50

0.00126701

0.00000000

*

15

5] *

X-axis

05

¥  computed solution
©  exact solution

O

Figure 3.5: Computed and exact solutions with g = 0.5, « = 0.25,a=1and b = 1.

1.5 2 2.5

t-axis
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Table 3.2: The values of x., and the exact solution x, at points of the interval [0, 5] for

q=02,a=01,a=1and b = 1.

_

|

xe(ti)

|

xc(ti)

0.00

1.00000000

1.00000000

0.20

1.18000000

1.20000000

0.40

1.28386000

1.32000000

0.60

1.31856803

1.36800000

0.80

1.29190451

1.35072000

1.00

1.21397699

1.27676160

1.20

1.09730509

1.15777382

1.40

0.95586455

1.00803779

1.60

0.80358999

0.84298652

1.80

0.65284066

0.67726989

2.00

0.51323229

0.52296696

2.20

0.39106043

0.38840739

240

0.28934219

0.27782076

2.60

0.20834357

0.19176720

2.80

0.14637441

0.12809919

3.00

0.10062943

0.08311817

3.20

0.06790883

0.05262471

3.40

0.04513247

0.03267635

3.60

0.02963571

0.02000236

3.80

0.01928460

0.01212831

4.00

0.01246847

0.00731252

4.20

0.00802693

0.00439604

440

0.00515367

0.00263933

4.60

0.00330371

0.00158387

4.80

0.00211600

0.00095035
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+  computed solution

O exact solution

mmmmm

Figure 3.6: Computed and exact solution withg = 0.2, =0.1,a=1and b = 1.

Table 3.3: The values of x., and the exact solution x, at points of the interval [0, 5] for

q=05,a=025a=05and b = —1.

L

|

xe(ti)

|

xc(ti) ‘

0.00

0.50000000

0.50000000

0.50

0.12500000

0.00000000

1.00

0.03125000

0.00000000

1.50

0.00781250

0.00000000

2.00

0.00195312

0.00000000

2.50

0.00048828

0.00000000

3.00

0.00012207

0.00000000

3.50

0.00003052

0.00000000

4.00

0.00000763

0.00000000

4.50

0.00000191

0.00000000
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0.5 T T T T T T T T T

*  computed solution
0.451 O exact solution

0471 =t

0.35[ 1

0.25[ 1

X-axis

0.2 7

005 7

O

o
S %
s
o

# C E g Lo £ %
2 2.5 3 3.5 4 4.5 ]
t-axis

Figure 3.7: Computed and exact solution with ¢ = 0.5, « = 0.25,a = 0.5and b = —1.

0.5 T T T T T T T T T

¥  computed solution
0.45 ©  exact solution

0.4 T

* O

03

K-axis

0251

02 © .

005

0.1,a=05and b = 1.

Figure 3.8: Computed and exact solution with ¢ = 0.2, «
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Table 3.4: The values of x., and the exact solution x, at points of the interval [0, 5] for
q=02,a=0.1,a=0.5and b = 1.

’ li ‘ X (1) ‘ x:(t;) ‘
0.00 | 0.50000000 | 0.50000000
0.20 | 0.32000000 | 0.30000000
0.40 | 0.20480000 | 0.18000000
0.60 | 0.13107200 | 0.10800000
0.80 | 0.08388608 | 0.06480000
1.00 | 0.05368709 | 0.03888000
1.20 | 0.03435974 | 0.02332800
1.40 | 0.02199023 | 0.01399680
1.60 | 0.01407375 | 0.00839808
1.80 | 0.00900720 | 0.00503885
2.00 | 0.00576461 | 0.00302331
2.20 | 0.00368935 | 0.00181399
2.40 | 0.00236118 | 0.00108839
2.60 | 0.00151116 | 0.00065303
2.80 | 0.00096714 | 0.00039182
3.00 | 0.00061897 | 0.00023509
3.20 | 0.00039614 | 0.00014106
3.40 | 0.00025353 | 0.00008463
3.60 | 0.00016226 | 0.00005078
3.80 | 0.00010385 | 0.00003047
4.00 | 0.00006646 | 0.00001828
4.20 | 0.00004254 | 0.00001097
4.40 | 0.00002722 | 0.00000658
4.60 | 0.00001742 | 0.00000395
4.80 | 0.00001115 | 0.00000237

Example 3.4.3 Consider the IVP for the first order dynamic equation
dE—
£+1 xX+1

on the time scales T = aNy. Let t € [ty, 10]r, and let g be a fixed step size. Then the

XA =

x(IO) = Xo,

Euler method for this problem can be written as

Livi=t+gq,

N t 1
X1 =X +q
AR P R

fori=0,1,...,N — 1 where ty and xy are given in the initial conditions, N = —.

The exact solution of this IVP will be

1
+
2+1 1+x/(0)?

x(t+a) =x,(t) + «

:|’ re [t()a IO]T
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We compute the approximate solution for g = 1 and g = 0.5, and different values of

a, ty and xo using Matlab.

The graphs of computed and exact solutions are presented in Figures 3.9-3.12. The
values of the computed solution are denoted by x. and those of the exact solution by

X, and are shown in Tables 3.5-3.8.
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Table 3.5: The values of x., and the exact solution x, at points of the interval [0, 10]

withg=1,a=1,70=0and xy = 1.

&

xe(ti)

xc(ti)

0.00

1.00000000

1.00000000

1.00

1.50000000

1.50000000

2.00

2.30769231

2.30769231

3.00

2.86578398

2.86578398

4.00

3.27432958

3.27432958

5.00

3.59493895

3.59493895

6.00

3.85906722

3.85906722

7.00

4.08415254

4.08415254

8.00

4.28071266

4.28071266

9.00

4.45553736

4.45553736

4.5

35T

X-axis

25

156 %

*  computed solution|
O exact solution

6 7 8

9

10

Figure 3.9: Computed and exact solution withg =1, =1, =0 and xo = 1.
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Table 3.6: The values of x., and the exact solution x, at points of the interval [0, 10]

forg=1,a=0.5,t=0and xo = 1.

&

xe(ti)

xc(ti) ‘

0.00

1.00000000

1.00000000

1.00

1.64512195

1.50000000

2.00

2.35842934

2.30769231

3.00

2.86999968

2.86578398

4.00

3.25405149

3.27432958

5.00

3.56021668

3.59493895

6.00

3.81509146

3.85906722

7.00

4.03389026

4.08415254

8.00

4.22599490

4.28071266

9.00

4.39756224

4.45553736

4.5

35T

X-axis

25

* 0

156

*

¥  computed solution
©  exact solution

[]
*

[

ol

Figure 3.10: Computed and exact solutions withg = 1, @ = 0.5, o = 0 and xy = 1.
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Table 3.7: The values of x., and the exact solution x, at points of the interval [0, 10]

forg =0.5, 0 =0.25,tp =0 and xo = 1.

X-axis

Figure 3.11: Computed and exact solutions with ¢ = 0.5, @ = 0.25, t) = 0 and x, = 1.

&

|

xe(ti)

|

xc(ti)

0.00

1.00000000

1.00000000

0.50

1.29416836

1.25000000

1.00

1.68543859

1.64512195

1.50

2.05282097

2.03002279

2.00

2.36613670

2.35842934

2.50

2.63119427

2.63462343

3.00

2.85846282

2.86999968

3.50

3.05659282

3.07413040

4.00

3.23197353

3.25405149

4.50

3.38925642

3.41484347

5.00

3.53186629

3.56021668

5.50

3.66237141

3.69293322

6.00

3.78273556

3.81509146

6.50

3.89448833

3.92831671

7.00

3.99884148

4.03389026

7.50

4.09676978

4.13283839

8.00

4.18906812

4.22599490

8.50

4.27639280

4.31404586

9.00

4.35929160

4.39756224

9.50

4.43822636

4.47702414

+  computed solution
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Table 3.8: The values of x., and the exact solution x, at points of the interval [0, 10]
for g = 0.5, = 0.25, ty) = 0 and xo = -2.

’ li ‘ X (1) ‘ x:(;) ‘
0.00 | -2.00000000 | -2.00000000
0.50 | -1.83912025 | -1.90000000
1.00 | -1.49678853 | -1.59154013
1.50 | -1.07926571 | -1.20001734
2.00 | -0.59533792 | -0.76433358
2.50 | 0.01000896 | -0.24871802
3.00 | 0.64972735 | 0.39456735
3.50 | 1.10883874 | 0.97721179
4.00 | 1.44336143 | 1.36504921
4.50 | 1.71029621 | 1.65731634
5.00 | 1.93496229 | 1.89664955
5.50 | 2.13028655 | 2.10156337
6.00 | 2.30381801 | 2.28187274
6.50 | 2.46040095 | 2.44350877
7.00 | 2.60335875 | 2.59038172
7.50 | 2.73508614 | 2.72523191
8.00 | 2.85737441 | 2.85006797
8.50 | 2.97160346 | 2.96641365
9.00 | 3.07886170 | 3.07545656
9.50 | 3.18002456 | 3.17814292

#+  computed solution
O exact solution EY
® T ]

P

X-axis
&
*0

Figure 3.12: Computed and exact solutions with ¢ = 0.5, « = 0.25, #, = 0 and
X0 = =2.
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CHAPTER 4

THE TAYLOR SERIES METHOD OF ORDER 2 FOR
DYNAMIC EQUATIONS ON TIME SCALES

The Euler’s method, being the most basic and simple methods for solving differential
equations is not very efficient as its order of convergence and its accuracy are very
small. More accurate methods can be obtained by using the Taylor polynomial ap-
proximations of orders higher than one. In this chapter we propose the Taylor series
method of order 2 for computation of the approximate solution of I'VPs for dynamic
equations. The derivation of the method uses the so-called Potzsche’s Chain Rule

which is given below.

4.1 Potzsche’s Chain Rule

Theorem 4.1.1 [20] (Potzsche’s Chain Rule). For some fixed ty € T, let g : T — X,
f : TxX — Y be functions such that g, f(-, g(ty)) are delta differentiable at t,,
and let U C T be a neighborhood of ty such that f(t,-) is delta differentiable for

te UU{o(t)}, % f(o(ty), ) is continuous on the line segment

{8(t0) + hyu(t0)g"(t0) € X : h € [0, 1]}

and g—ﬁ is continuous at (ty, g(ty)). Then the composition function F : T — Y, defined

as F(t) = f(t, g(t)) is differentiable at t, with derivative

1
0
F(t) = Ay f(to, g(t0)) + (fo af(U(fo),g(fo) + hﬂ(lo)dA(fo))dh)gA(fo)-

Here A, f(-, g(ty)) denotes the delta derivative of f with respect to its first variable ,

and % f(t,"), the partial derivative of f with respect to its second variable.
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Proof. We define the function v(¢, s) = t—s. Then the graininess function u(t) = o (t)—t

can be written as v(o (), t). Let Uy C U be a neighborhood of #, such that

u(ty) < v(t,o(tp))l  for te .

Let
0
@(t, h) = af (2, g(t0) + h(g(r) — g(t))), te€ Uy hel0,1]

Note that there exists a constant C > 0 such that
lp(o (1), h) — (1o, )| < Clu(t,0(tp))l  for te Uy hel0,1].

Let € > 0 be arbitrarily chosen. We choose € > 0, e, > 0 small enough such that

1
e](l £ CH f o0 (to), h)dhl) N 62(61 , 2|gA(t0)|) <e
0

Since g and f(-, g(ty)) are delta differentiable at #,, there exists a neighborhood U; C
U, of ty such that

lg(1) — g(to)| < €,
18(t) — g( (1)) — v(t, o (t0))g" ()] < & Iv(t, o(tp))],
| (2, g(t0)) — f(o(t0), g(t0)) — v(t, o(t0)) A f (20, &(t0))| < €1|v(2, o (1p))]

for t € U;. Hence,
19() = (t0)] = 8(6) = g(0(10)) = V(t, (1)) (1) + 8t (t, (1)) + (e (10)) — (to)
< lg(1) — g(o(10)) — v(t, o (10))g* (10)]
g )| It o)) + () — g(to)]
< @lv(t, ot + 18] (2, o 1)
HgAlto)lu(to)
= (&1 + 1) Jott, o)) + gttt

s@+m¢mﬂmemLteUL

Since g is continuous at ¢, and % f 1s continuous at (%, g(ty)), there exists a neighbor-

hood U, C U of t; so that
lp(t, h) — (o, Ml < &  for telU, hel0,1]
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Hence,
|F(t) — F(o(ty)) — v(t, cr(to))(Alf (10, 8(10)) + fo | 90(0(to),h)dth(to))l
= (1, 8(0) — f(o (1), 8(o(t9))) — f(0(tp), &(t0)) + f((to), &(0))
—f(t,8(t0)) + f(2, 8(t0)) — v(t, 0(£0)) A1 f (10, §(0))
—(t, o (to)) fo | @(o(to), h)dhg" (1)

1

- fo @0 t0), IYh(g(t) - g(t0) + fo i), () ~ (1)
< 1f(t, 8(10) = F(0 (1), 8(10)) = v{t, Tt DA f o, 8(10))
+ fo o), dh( (1) - g(t0) = v(t, (10)g 1))
HF, 8(0) = £, 810)) = (F((t0), 8(at0))) — F(er(to), (1))
- fo (0. Wd(g(o) — gt
< (1, 8(10)) = F(0 (10, 8(10)) = v{t, (00 ) Ay f o, 8(10))

1
+|f(; @(o(to), h)dhl |g(1) = g(10) = v(t, 7 (1))g" (10)|

+ j; | ((t, h) = (o (10), W))dh(g(1) — g(1o))|
< |f (2, 8(10) = f(o(10), 8(t0)) — v(z, 0(0)) A1 f (20, 8(10))|
+| fo | @(0(19), Wydhl |g(r) = g(19) = v(t, 5 (1))g" (t0)|
+((t, h) = @(to, W)dh| |g(1) = g(to)|

1
+ fo (¢(to, h) — (o (10), h))dh| |8(1) — g(to)|
1
< alv(t, o(to)| + & vz, (1))l | fo @(o(to), h)dh|
+€2(€1 + 2|gA(fo)|)IV(t, (o)l + e Clv(t, o (1))

1
- [62(1 +C+| f P (to), h)dh|) + 62(61 + 2|8A(f0)|)]|v(f, (1))
0

<Mt o)l 1€ Ui |Us.

This completes the proof.
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4.2 Derivation of Taylor Series method of order 2

We start now with the necessary requirements for the Taylor series method. Suppose

that T is a time scale and that ¢y, zy € T, ty < co. Consider the initial value problem

“4.1)
x(fo) = Xo,

{xﬁn:ﬂnﬂm,reMJm

where x; € R. In the rest of the chapter we assume that the following conditions hold.

For some given constant K > 0,

|f(t,X)|SK, teT,XER,

0
(C1) there exist A, f(¢, x) and — f (¢, x) such that
X

AfEOI <K, |2f@tx0|<K, 1€T,xeR.

In addition

IF 80,30 = M fe,2) + & £(@0,x-+ (00 ) ) 2, ,
(C2) 1€ T,x € R, there exist A;g(t, x) and g(z, x) such that

Agt, 0 <K, |Zgt,x)| <K, teT,xeR.

Suppose that 7 > 0, and #, t+7 € [1o, t£], p*(t+r) € [t,ty]. Then by the Taylor’s formula

of the second order we compute
x(t+71) = x(0) + h(t + 1, H)X2@) + ho(t + 1, t)xAz(t)
02 (147) \
+ f ho(t + r, o (T))x™ (T)AT.
t
Denote the integral remainder by
2 (t+7) s
Ry(r) = f ho(t + 1, o(T)x™ (T)At.

t

Then the previous formula can be written by
X(t+ 1) = x(0) + Iyt + 1, X0 + ho(t + 1, DX (1) + Ra(r). (4.2)

Assume that {fy < t; < ... < ty} is a partition of the interval [y, zy] such that ¢,,, =
ty+ 11 €T, 1 >0,ne{0,...,N—1}. As in Euler method, we use a variable step

size. The nature of an arbitaray time scale makes it very difficult to use a constant
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step size as for the ordinary differential equations. For example, when T = 2™ and
[l‘o,l‘f] = [1,16], then forty =1, t =2, t1 =4, tz =38, 4 = 16 we have

1’1:1,7'222,7'3:4,1"4:8.

Then
Kter) = X(t) + (et 1)) + haltir, 1) () + Ro(re)
= (1) + Fa1 () + oty 1) (1) + Ra(rer)
forn € {0,...,N — 1}. Neglecting the remainder term R,(r,,;) we obtain the formula

X(t1) = X(ty) + Fa1 X2(t0) + Ba(fers 1)X™ (1)

Let x, = x(1,), x* = x*(z,) and x* = x*’(t,). Then the above equation can be written
as

Xprl = X + Pt X2(t0) + Ba(ter, 1) (1) (4.3)

We will refer to the relation (4.3) as the Taylor series method of order 2. The value x5

in this relation can be computed from the initial value problem as

Xy = flta, x,).

The determine xﬁz we have to differentiate both sides of the equation in the IVP (4.1).

By applying the Potzsche’s chain rule given in Theorem 4.1 , we get

il
0
(F(t x0)) = Af(r, x(t)>+( fo af(am,x(msu(r)xA<t))ds)xA<r>.

for ¢t € T*, whereupon

1
xﬁmzAJ@ﬁm+(fE%ﬂﬂaﬂﬁ+wmﬁmmgfm,rew.
0

Hence,

1
- =A1f(zn,xn)+( f aif(O'(fn),Xn+S/l(fn)xﬁ)ds)f(ln,xn)-
0 X

Example 4.2.1 Consider the IVP

xA(1) = g(n) + 1 € [10,1y]

(x(0)? + 17

x(ty) = xo,
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where g : T — R is delta differentiable, |g(t)] < B, |g*(t)] < B for some positive

constant B and xo € R. Here

1
fix0) = 80 + e

Then, if x(t) is a solution of the IVP, we get

b 2(x(0) + su0xt (@)
o (1+ (x(1) + su()xA(0))*)?

= g"(1)
( fl 2(x() + s {g0) + =)
0
(

1+ (x(t) + S,U(f)(g(f) + m))

() = 220 + ( ds)xA(t)

”

X(g(t) + (x(t));z-l-l)

4.3 Convergence of the Order-Two Taylor Series Method of order 2

(4.4)

In this section we discuss the convergence of the Taylor Series method of order 2

defined in the previous section. First we need the following result about the time scale

monomials which is proved in [20].

Theorem 4.3.1 [20] For all i € N we have the following estimate

(t—s)

i!

0<ht,s) < t>s.

By the dynamic equation in the IVP and the condition (C1), we have
KAOI< K, 1€t ty].

Then, by the Potzsche’s chain rule and the condition (C2), we get

9
o (@0, x(D) + SH(DA (1))
X

1
|(f (@ x(0))] < 1AL (2, 2(0)] + (fo

<K+K?% et ty]

Therefore,

2
XX < K+ K%, t€[to, ty].
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by the Theorem 4.1. On the other hand, by the Theorem 4.3.1 we have

(t+r—o(1)?

hh(+ro(r) < >
2
< (t+r—1)
2
72

:3’
h+r,o@) <t+r—o(1)
S@+r-t)=r

where 7 € [t,p*(t+r)], and t, t+7 € [to, ty],

Chain rule we get

r > 0, and applying again the P6tzsche’s

1
3 0
(0 = Argle, 1) + f (o), X(1) + s()x* (O)ds |0,
0 X

so that,

1
3 0
XN ()] < |A1g(t, x()| + (f a—g(a(t),x(t) + su(1)xA(1))
0 X

ds)|xA<r)|,
<K+K?* teltts].

Then by the previous steps we estimate

(t+71)
IRy (r) = ‘ f hy(t + 1, o (0)x™ (T)Ar

(t+71)
< f hot + r, o ()| (1)) At
t

2

< E(K + KH (0>t +r)—1)

S

%(K + K +r—1)

3
%(K+K2) tt+r€ltty]l, r>0.

On the other hand we have

(t+71)
R = ‘ f NS

pz(t+r) 5
< f hi(t+r, 0'(7'))|xA (T)|AT
1
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< (K + K> (p(t+7)—1)
<rK+K)t+r—1)
<r(K+K?, tit+reltty], r>0.

i.e.

Ry(r) = O(?),  Ri(r) = O(),

Now, denote

e, = x(t,) — x,.
By the Taylor formula, we have
X(tp1) = X(8g) + Tu1 f Gy X(10)) + Ma(li1, 1,)8(Hn, X(10)) + Rao(rs1)-
Recall the relation (4.3)
Xnt1 = Xn + Fard [ (B Xn) + ho(Ens1, 82)8(Ens Xn)-

We subtract the above equations side by side and apply the Mean Value Theorem in

the classical case. This yields
x(ln+l) — Xpe1 = X(8,) — X, + rn+1f(tn’ x(t,)) — f(tn, x(t,))

h2(tn+1 5 tn)(g(tn-x(tn)) - g(tna -xn)) + RZ(rn+l)

— x(tn) = %o + T aifun, )(x(ty) — %)
X
0o
+h2(tn+l» tn)_g(tn’ n)(x(tn) - xn)RZ(rn+l)-

=e, + (rn+1 f(tm f) + hZ(tn+l’ n) g(tm n))en + RZ(rn+1)

where 17 and £ are between x(t,) and x,,. Let

Kn = rn+1 f(tna f) + hZ(tn-%—l, n) g(tn’ )7)

We have

|K|<r,,+1| f(rn,§>|+hz<rn+1,n) g(rn,ml

2

r

7"2
:I’n+1(1+ nQ’ )K.
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Then

ey =0,
e1 = Ry(n),
€nt1 = (1 + Kn)en + RZ(rn+l)’ neN.

In particular,

er = (1 + Ky)ey + Ra(r),
es = (1 + Ky)e; + Ry(r3)
= (1 + K)((1 + Ky)ey + Ry(r2)) + Ry(r3)
=1+ K)(1+ Kye; + (1 + K2)Ra(r2)) + Ry(r3)
es = (1 + Kj)es + Ry(r4),
=1+ K)((1 + K)(1 + Kypey + (1 + Kr)Ry(r2) + Ra(r3)) + Ro(r4)
=1+ K3)(1 +K)(1+Kypeyp + (1 + K3)(1 + K2)Ry(r2) + (1 + K3)Ro(r3) + Ry(14),

and so on.

Let rpqy = max{ry,...,ry+1}. Then since we have O < r; <ty —1to, je{l,..., N+ 1},

and 0 < 1ty — fp < oo, we get that Ry(r;) = o ), jefl,...,N+1}. Since 0 <

max

tn—tg < ocoandtj_1+r; € [to,ty], j €{1,...,N + 1}, there exists a constant 0 < M < oo

such that Nr,,,. < M. Therefore, we estimate

|€2| < (1 + rmax(l + rn;x )k)RZ(rmax) + RZ(rmax)’

2
les] < (1 ' rmax(l + T )k) Ro(Fmar)

+(1 + rmax(l + rﬂéax )K)RZ(rmax) + RZ(rmax)

=

-1

J
el < (1 n rmax(l » T )K) Ro(Fmar)
J

N-1
Tmax 7
< ZermHX(l+ 2 )KJRZ(rmax)
J=0

Il
(=]

’'m

ca )KRZ(rmax)

N
S Ne rmax(l+
< NeM(l+%)KR2(rmax)
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IN“Io
< NeM(l+ 2 )KRZ(rmax)

N

2 1+
< NTmaxt € 2 C

=1
2 MO+ 0K
< Fux€ 7 "MC,

where C is some positive constant. Since ¢y < oo, we conclude that

em = 0@ ).

That is, the order of convergence of the order two Taylor series method is two.

4.4 Trapezoidal Rule

In this section we will derive the Trapezoidal rule for IVPs associated with first order

dynamic equations on time scales. We write the Taylor’s formula for x* which is
2 p(t+r) 3 2
At+r) = @) +rx (H)+ f hy(t+r, ()XY (AT = XD +rx™ () +R, (1), (4.5)
t
whereupon
P () = X2+ 1) = XA = Ri(r),  t,t+7 € [to,ty], 7> 0.
Now, we substitute the last relation into the equation (4.2)

x(t+r) =x()+ rxA(t) + hy(t+ 7, t)xAz(t) + Ry(r)

hz(l‘ +7,1)
r

= x(1) + rx*(t) + (I’XAZ(I)) + Ry(r)

h(t+r,1) (
r

= (1) + () + A+ ) — X0 - Rl(r)) + Ry(r)

ho(t +1,1) 5

M)xA(t) PECAURRLLIIY VO
r r

=x(t) + (r—

DR,y 4 Ratr

= x(1) + (r _ M) £t x(0)) + M F(t+r,x( + 1)

hh(t+rt
—Mm(r) +Ry(r), ,t+r€ltots], r>0.

Evaluating this at r = ¢, and neglecting the remainder terms leads to the following

definition of the Trapezoidal rule.
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Definition 4.4.1 The formula

f(tna xn) + —f(tn+la xn+l)

n+1

_ h2(tn+1a tn) hZ(tn+1, tn)
Xntl = Xp |\ Fpe1 — ——————
n+l

is called Trapezoidal rule.
Example 4.4.2 Let T = R and t,,1 — t, = r be constant. Then
1
hZ(tn+l s tn) = EI"Z,
and the Trapezoidal rule takes the form
1
Xn+1 = Xp t Er(f(tna xn) + f(tn+la xn+l))’

which is the Trapezoidal rule in classical sense.

Example 4.4.3 Let T = 2™, Then

(ln+1 - ln)(tn+2 - 2tn)
3

h2(tn+l ) tn) =

rn+1(

3

and the Trapezoidal rule takes the form

tn+1 i 2tn)

1 1
Xp+l = X T (rn+1 - g(tn+l - Ztn))f(tn’ xn) + g(tn+l - 2tn)f(tn+la -xn+1)-

4.5 Numerical Examples

Example 4.5.1 Consider the initial value problem

1
A —
{x =80+

x(f) = xo

(4.6)

on the time scale T = aN,. We will solve this problem with both Taylor series of order

2 formula and with the Trapezoidal rule. Recall that by the Example 4.2.1 we have

& { f 20x(r) + se(8(t) + z57) zds}
" |

1+ (x(2) + sa(g(t) + ﬁ))2
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1
X (g(t) + —xz(t) " 1).

Let

A :g(t)+ W

Then the expression above becomes

1
A = g () - (f 20x(1) + sad) 2als) X A.
0o [1+ (x(2) + saA)?]

Let x(t) + asA = u, so that «Ads = du and the integral above becomes

fx(t)+a/A 2u du ~ 1
0 (1 +u2)2aA oA

1 1 < )
B a_A(1+(x(t)+aA)2 1+ x(0?)

—(1 +u?»)™!

x(1) +aA]

x(1)

This yields

o At+1( 1 1 )
=8O T o0 rdd?  1+x02)

On the time scale T = aN,, we have

ho(t,s) =1, h(t,s)=t—=s

and from
7 at tA_t+a+t @
2 2 V) T T T
we compute
! °  ar !
hy(t, s) = S (t—9)AT = (E -5 ST) )
? at 2 as ) (t—-s5)t-s5s—a)
===t | -5 = .
2 2 2 2 2
Choosing constant step size q > « the Taylor seies of order 2 formula gives
1 —
Xiv1 = X+ q|8(t) + + G a)xiAz,
X2+ 1 2
where
1 1 1
A? A
A= g + — — :
Y =8 a(1+()c,~+a/A)2 1+xi2)

On the other hand, the Trapezoidal rule yields

1 q—a 1
t;) + + t; + .
(g( ) o 1) > (g( +1) R 1)

i+1

+a
2

Xiy] = X +
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The second formula is an implicit relation and to find x;., we rewrite it as

3
i+1

2
i+1

2(1 + x?

i+1

asx: , +ax; , +aixi+1 +ao

where

az =2,

1
a, = — (2Xi + (g + a)(g(t) + 2z )+ (g — Q)g(fm)) ,

+1

a; =2,
1
ap = —2x; + (g + &)(g(t;) + m) +(q— @)g(tis1) + q — .
We apply the Newton’s method to find x;;, at each stepi = 0,...,N — 1. In what

follows, we take g(t) in two different forms and compute the approximate solutions.

Case 1: Take g(t) = 2t. Then we have g"(t) = 2. The computations are done with
Matlab for different values of q, a, ty and xy. In Tables 4.1 - 4.3, the values of computed
and exact solutions obtained with Taylor series method are given. These solutions are

shown graphically in Figures 4.1 - 4.6 .

Case 2: Take g(t) = . Then

2+1°

+a t

A(t)_m—m_ -2 —at+1
8 @ @+ D[+aP+1]

The computations are done with Matlab for different values of q,a,ty and xy. In
Tables 4.4 - 4.6, the values of computed and exact solutions obtained with Taylor

series method are given. These solutions are shown graphically in Figures 4.7 - 4.12
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Table 4.1: The values of the exact solution x,, solution obtained with Taylor series
method x;; and solution obtained with Trapezoidal rule x,, for g(¢) = 2t with g = 1,
a=1,tp=1landxy=1.

4

xe(ti)

|

xts(ti)

|

xtr(ti) ‘

1.00

1.00000000

1.00000000

1.00000000

2.00

3.50000000

3.50000000

3.50000000

3.00

7.57547170

7.57547170

7.57547170

4.00

13.59259857

13.59259857

13.59259857

5.00

21.59798190

21.59798190

21.59798190

6.00

31.60012106

31.60012106

31.60012106

7.00

43.60112149

43.60112149

43.60112149

8.00

57.60164724

57.60164724

57.60164724

9.00

73.60194854

73.60194854

73.60194854

10.00

91.60213310

91.60213310

91.60213310

100
90
80
70
60

g s0
o

30

20

# Taylor serles solution| |

O Exact solution

Figure 4.1: Computed and exact so-

lution with Taylor series method for

gty =2twithg=1,a=1,1 =1

and xo = 1.

X-axis

#*  Trapezoidal rule solution

) exact solution

Figure 4.2: Computed and exact so-
lution with the Trapezoidal rule for
gt) =2twithg = 1l,a=1,1 =1

and xo = 1.
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Table 4.2: The values of the exact solution x,, solution obtained with Taylor series
method x;; and solution obtained with Trapezoidal rule x,, for g(¢) = 2t with g = 1,
a=05f=1andxy=1.

100
90
80
70
60

2
§ 50

30

20

i

‘ xe(ti)

‘ xts(ti)

‘ xtr(ti) ‘

1.00

1.00000000

1.00000000

1.00000000

2.00

3.83247423

3.83247423

3.89049337

3.00

8.37847407

8.37847407

8.44043411

4.00

14.88932428

14.88932428

14.95192932

5.00

23.39296660

23.39296660

23.45572276

6.00

33.89449804

33.89449804

33.95730012

7.00

46.39524684

46.39524684

46.45806575

8.00

60.89565433

60.89565433

60.95848034

9.00

77.39589444

77.39589444

77.45872378

10.00

95.89604487

95.89604487

95.95887591

100

90

80

70

80

50

x-axis

40

30

20

*  Trapezoidal rule solution

) exact solution

t-axis

Figure 4.3: Computed and exact so-
lution with Taylor series method for
gty =2twithg=1,a =051 =1
and xo = 1.

Figure 4.4: Computed and exact solu-
tion with Trapezoidal rule for g(¢) = 2t
withg=1,a=0.5,1=1and xo = 1.
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Table 4.3: The values of the exact solution x,, solution obtained with Taylor series
method x,,; and solution obtained with Trapezoidal rule x,, for g(r) = 2t with g = 0.5,
a=025f=1andxy=1.

’ li ‘ X (1) ‘ Xe5(2i) ‘ X, (1) ‘
1.00 1.00000000 1.00000000 1.00000000
1.50 2.31866953 2.31866953 2.33191647
2.00 | 4.00633223 4.00633223 4.02244175
2.50 6.15553259 6.15553259 6.17246640
3.00 8.79143018 8.79143018 8.80864784
3.50 | 11.92196037 | 11.92196037 | 11.93929010
4.00 | 15.55003699 | 15.55003699 | 15.56741616
4.50 | 19.67687559 | 19.67687559 | 19.69427864
5.00 | 24.30303849 | 24.30303849 | 24.32045396
5.50 | 29.42880855 | 29.42880855 | 29.44623088
6.00 | 35.05433808 | 35.05433808 | 35.07176441
6.50 | 41.17971388 | 41.17971388 | 41.19714264
7.00 | 47.80498780 | 47.80498780 | 47.82241810
7.50 | 54.93019208 | 54.93019208 | 54.94762339
8.00 | 62.55534749 | 62.55534749 | 62.57277946
8.50 | 70.68046779 | 70.68046779 | 70.69790022
9.00 | 79.30556234 | 79.30556234 | 79.32299510
9.50 | 88.43063767 | 88.43063767 | 88.44807066
10.00 | 98.05569843 | 98.05569843 | 98.07313159
10.50 | 108.18074796 | 108.18074796 | 108.19818125

100
90
80
70
60

F 50

30 ®

20 *®

*  Taylor series solution
n

O Exact solutio

X-axis

#*  Trapezoidal rule solution

O exact solution

Figure 4.6: Computed and exact solu-
tion with Trapezoidal rule for g(r) = 2t
with ¢ = 0.5, « = 0.25, 1) = 1 and
X0 = 1.

Figure 4.5: Computed and exact so-
lution with Taylor series method for
g(t) =2twithg =05, =0.25,1 =1
and xo = 1.
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Table 4.4: The values of the exact solution x,, solution obtained with Taylor series
method x,; and solution obtained with Trapezoidal rule x,, for g(¢) =

a=1,tp=1landxy=1.

_t
2+1

G

xe(ti)

xts(ti)

xtr(ti) ‘

0.00

1.00000000

1.00000000

1.00000000

1.00

1.50000000

1.50000000

1.50000000

2.00

2.30769231

2.30769231

2.30769231

3.00

2.86578398

2.86578398

2.86578398

4.00

3.27432958

3.27432958

3.27432958

5.00

3.59493895

3.59493895

3.59493895

6.00

3.85906722

3.85906722

3.85906722

7.00

4.08415254

4.08415254

4.08415254

8.00

4.28071266

4.28071266

4.28071266

9.00

4.45553736

4.45553736

4.45553736

Figure 4.7: Computed and exact so-
lution with Taylor series method for
g(t) = sy withg=1,=05,1 =1

and xo = 1.

withg =1,

% Trapezoidal rule solution
O exact solution

Figure 4.8: Computed and exact solu-
tion with Trapezoidal rule for g(r) =

2+1
X0 = 1.
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Table 4.5: The values of the exact solution x,, solution obtained with Taylor series
method x,; and solution obtained with Trapezoidal rule x,, for g(¢) = ﬁ withg =1,
a=05f=1andxy=1.

G

xe(ti)

xts(ti)

xtr(ti) ‘

0.00

1.00000000

1.00000000

1.00000000

1.00

1.64512195

1.64512195

1.57202022

2.00

2.35842934

2.35842934

2.30274677

3.00

2.86999968

2.86999968

2.82458937

4.00

3.25405149

3.25405149

3.21401314

5.00

3.56021668

3.56021668

3.52339411

6.00

3.81509146

3.81509146

3.78042471

7.00

4.03389026

4.03389026

4.00079323

8.00

4.22599490

4.22599490

4.19411132

9.00

4.39756224

4.39756224

4.36665890

Figure 4.9: Computed and exact so-
lution with Taylor series method for
g(t) = sy withg=1,=05,1 =1

and xo = 1.

% Trapezoidal rule solution

O exact solution

Figure 4.10: Computed and exact so-
lution with Trapezoidal rule for g(r) =

2+1
X0 = 1.
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Table 4.6: The values of the exact solution x,, solution obtained with Taylor series

method x;; and solution obtained with Trapezoidal rule x,, for g(¢) =

a=025fn=1landxy=1.

&

|

xe(ti)

|

xts(ti)

|

xtr(ti)

0.00

1.00000000

1.00000000

1.00000000

0.50

1.29416836

1.29416836

1.28466340

1.00

1.68543859

1.68543859

1.67159828

1.50

2.05282097

2.05282097

2.03984486

2.00

2.36613670

2.36613670

2.35468250

2.50

2.63119427

2.63119427

2.62096986

3.00

2.85846282

2.85846282

2.84914236

3.50

3.05659282

3.05659282

3.04793822

4.00

3.23197353

3.23197353

3.22382162

4.50

3.38925642

3.38925642

3.38149504

5.00

3.53186629

3.53186629

3.52441668

5.50

3.66237141

3.66237141

3.65517683

6.00

3.78273556

3.78273556

3.77575405

6.50

3.89448833

3.89448833

3.88768814

7.00

3.99884148

3.99884148

3.99219805

7.50

4.09676978

4.09676978

4.09026373

8.00

4.18906812

4.18906812

4.18268390

8.50

4.27639280

4.27639280

4.27011773

9.00

4.35929160

4.35929160

4.35311521

9.50

4.43822636

4.43822636

4.43213987

x-axis
w

) exact solution B

Trapezoidal rule solution

Figure 4.11: Computed and exact so-
lution with Taylor series method for
with g = 0.5,

g = 75
tp=1landxy=1.

0.25,

_t
2+1

with g = 0.5,

x-axis
w

Trapezoidal rule solution
) exact solution

Figure 4.12: Computed and exact so-
lution with Trapezoidal rule for g(¢) =

2+1
X0 = 1.

72

L with g = 0.5, @ = 0.25, 1, = 1 and



Example 4.5.2 Consider the IVP given in Example (3.4.2), that is,

() + (£ + 2)x2(8) + 2tx(t) = 0
x(0) =a, x*(0)=b

The IVP can be written as
X} (1) = xa(1)

x2(1) = = (1 + 2)xp(1) = 2tx,(2) -
x1(0) =a, x(0)=>b

q(qg - @)

From the Example 4.5.1 we have hy(t;1,t;) = >

for r, = q = constant.

Then, the Trapezoidal rule yields

XLi+1 = X1, + (f] "(‘éq“))x = q(q )Xz i+1
Xojirl = Xp,; + (CI 4= a))( (t; + 2))621 2t:x1,)

+q(‘§—;") (=1 + 2)x2,i01 = 21341 X1,i41)
which can be simplified as

_ q+a q—a
X1+l = X1, + 5 X0 + 5 X241
i q+(l
X2,i+1 = X2t (=(t + 2)x2; = 2tix1;) -

+ 55 (=t + 2)x2441 = 211 X141)

We solve the second equation for x, ;. as

1
1+ 92 + 1)

X2,i+1 =

4.7)

2+ t;
[—fi(q +a@)xy; + (1 - T(q + CY)) Xp,i = tiv1(q — @)Xy g1 |,

and we insert x, ;.1 from the above relation into the first equation of the system (4.7).

Then we obtain

_ qta
X141 = X1, + 5 X2

gy |1+ @x+ (1= Hg + @) 3= (g = @)xia .

Then we get
(q B a’)2ti+1
2[1+ S22 + 1,y)]

X1,i+1

_ q+a ti(g—a)(g + a)
=X,; t Xoi — X2,i

277 2(1+ 2@ + 1)
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— 2+tl'
((q_(t) a) (1 - (q + (}’)) X2,
2(1+ 522+ 1)) 2
Let
s=1+ q;a(2+t,~+1)

2+ll’
p=1- g+ )

Finally we obtain

o 1 gt ti(g*—a?) ) g+a)p ..
X1,i+1 = _+ @y [Xl,z + X2, 55 XL + 3y X2,
2s

1
1
s

Xoi1 = < |—ti(q + @)x1; + pxo; — tiv1(q — @)Xy 441]

fori=0,...,N—1. We compute the approximate solution for different values of a, b, q
and a using Matlab. Note that this example has been solved in Chapter 3 as Example
3.4.2. In order to compare the results of Euler method and Trapezoidal rule we use

the same values for the parameters as in the Example 3.4.2.

The graphs of computed and exact solutions are presented in Figures 4.13-4.16. The

values of the computed solution are denoted by x. and those of the exact solution by

x, and are shown in Tables 4.7-4.10.
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Table 4.7: The values of the solution obtaind with Trapizodal rule x., and the exact
solution x, at points of the interval [0, 5] forg = 0.5, = 0.25,a=1and b = 1.

xc(ti) ‘

&

‘ xe(ti) ‘

0.00

1.00000000

1.00000000

0.50

1.37500000

1.38235294

1.00

1.31054688

1.32745098

1.50

0.95248413

0.98458204

2.00

0.52808928

0.55646233

2.50

0.22263740

0.23114111

3.00

0.07300364

0.06801888

3.50

0.01999308

0.01455120

4.00

0.00506632

0.00283129

4.50

0.00126701

0.00058205

1.4 -

12}

08

X-axis

06

045

0.2

CHe

(

*  computed solution
O exact solution

Figure 4.13: Computed and exact solution with g = 0.5, @ = 0.25, 1y = 1 and xy = 1.
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Table 4.8: The values of the solution obtaind with Trapizodal rule x., and the exact
solution x, at points of the interval [0,5] forg = 0.2, =0.1,a=1and b = 1.

&

|

xe(ti)

|

xc(ti)

0.00

1.00000000

1.00000000

0.20

1.18000000

1.18046805

0.40

1.28386000

1.28464264

0.60

1.31856803

1.31986163

0.80

1.29190451

1.29396970

1.00

1.21397699

1.21695199

1.20

1.09730509

1.10111712

1.40

0.95586455

0.96023347

1.60

0.80358999

0.80810258

1.80

0.65284066

0.65705947

2.00

0.51323229

0.51679912

2.20

0.39106043

0.39376349

2.40

0.28934219

0.29113384

2.60

0.20834357

0.20931411

2.80

0.14637441

0.14670002

3.00

0.10062943

0.10051550

3.20

0.06790883

0.06754488

3.40

0.04513247

0.04466623

3.60

0.02963571

0.02916568

3.80

0.01928460

0.01886539

4.00

0.01246847

0.01212233

4.20

0.00802693

0.00775581

4.40

0.00515367

0.00494916

4.60

0.00330371

0.00315357

4.80

0.00211600

0.00200794
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1.4

12}

15

08

X-axis

06

04

0.2

¥  computed solution
©  exact solution

t-axis

3 3.5

Figure 4.14: Computed and exact solution with g = 0.2, @ = 0.1, = 1 and xy = 1.

Table 4.9: The values of the solution obtaind with Trapizodal rule x., and the exact
solution x, at points of the interval [0, 5] for ¢ = 0.5, @ = 0.25,a =0.5and b = —1.

|

‘ xe(ti)

xc(ti) ‘

0.00

0.50000000

0.50000000

0.50

0.12500000

0.10000000

1.00

0.03125000

0.02000000

1.50

0.00781250

0.00400000

2.00

0.00195312

0.00080000

2.50

0.00048828

0.00016000

3.00

0.00012207

0.00003200

3.50

0.00003052

0.00000640

4.00

0.00000763

0.00000128

4.50

0.00000191

0.00000026
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0.5 T T T T T T T T T
¥  computed solution
0.45 O exact solution 1
0.4 r 1
0.35
0.3r kg
@
50251
»
0.2 7
015 b
4]
011 * J
0.05 : .
O
i @ g o e g b g
0 + # A+ + 4 +
] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

t-axis

Figure 4.15: Computed and exact solution with ¢ = 0.5, @« = 0.25, t, = 0.5 and
X0 = —1.

0.5 T T T T T T T T T

*  computed solution
0.45 O exact solution

0351

0251

X-axis

0.15 b

0 0.5 1 1.5 2 25 3 35 4 4.5 5
t-axis

Figure 4.16: Computed and exact solution with ¢ = 0.2, @ = 0.1, t, = 0.5 and
X0 = —-1.
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Table 4.10: The values of the solution obtaind with Trapizodal rule x., and the exact
solution x, at points of the interval [0,5] forg = 0.2, =0.2,a =0.5and b = —1.

’ S xe(ti) xc(ti) ‘
| 0.00 | 0.50000000 | 0.50000000 |
| 0.20 | 0.32000000 | 0.31818182 |
| 0.40 | 0.20480000 | 0.20247934 |
1 0.60 | 0.13107200 | 0.12885049 |
| 0.80 | 0.08388608 | 0.08199577 |
| 1.00 | 0.05368709 | 0.05217912 |
| 1.20 | 0.03435974 | 0.03320490 |
’ 1.40 | 0.02199023 | 0.02113039 ‘
’ 1.60 | 0.01407375 | 0.01344661 ‘
| 1.80 | 0.00900720 | 0.00855693 |
[ 2.00 | 0.00576461 | 0.00544532 |

| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
s
[ 2.20 | 0.00368935 | 0.00346520 |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |

| 2.40 | 0.00236118 | 0.00220513 |
| 2.60 | 0.00151116 | 0.00140326 |
| 2.80 | 0.00096714 | 0.00089299 |
| 3.00 | 0.00061897 | 0.00056826 |
| 3.20 | 0.00039614 | 0.00036162 |
| 3.40 | 0.00025353 | 0.00023012 |
| 3.60 | 0.00016226 | 0.00014644 |
| 3.80 | 0.00010385 | 0.00009319 |
| 4.00 [ 0.00006646 | 0.00005930 |
| 4.20 | 0.00004254 | 0.00003774 |
| 4.40 | 0.00002722 | 0.00002402 |
| 4.60 | 0.00001742 | 0.00001528 |
| 4.80 | 0.00001115 | 0.00000973 |
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CHAPTER 5

CONCLUSION

The concept of time scale has been put forward for the first time about 35 years ago.
Since then, the theory on time scales, including one and multivariable calculus, dy-
namic and partial dynamic equations and the relevant theoretical results have been

almost completely developed [7, 2, 3, 13, 21].

On the other hand, very little has been done about the numerical analysis on time
scales. On very recent studies the Euler method and Taylor Series method of order 2
have been considered on time scales [22, 23]. However, there is a little information

on the numerical applications of these method to particular examples.

In this thesis we applied both the Euler and the Taylor series method of order 2 to
various examples on different time scales. We computed the approximate solution and
compared it with the exact solutions of the initial value problems under consideration.
For the first time we applied both Taylor series of order 2 and the Trapezoidal rule to a
given initial value problem. We also applied both Euler method and Trapezoidal rule

to an initial value problem for a second order dynamic equation for the first time.

The numerical computations show that as in the case of differential equations, the
Euler’s method produces “poor” approximate solution in the sense that it results in a

large error.

The Taylor series method of order 2 is much more efficient since it is convergent
of order 2. The drawback of the method is the difficulty of the computation of X

involved in the formula, which requires applying the Potzsche Chain Rule.
The Trapezoidal rule, in which computation of x%” is not required is more appropriate.

80



However, it also has a drawback due to the fact that it is an implicit formula. There-
fore, computation of the approximate solution requires use of root finding methods

such as Newton’s method.

In conclusion the numerical methods discussed in this thesis initiate the theory of
numerical methods for dynamic equations on time scales and provide directions for

further studies on this subject.
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APPENDIX A

ALGORITHMS

In the following we give the MATLAB codes for the programs used in the numerical

examples.

A.1 MATLAB Code 1

The following is a MATLAB code for the Example 3.4.1.

clear all
g=input(’enter the step size =’);
y(1)=input(’enter the initial value = ’);
a=y(1)
ye(l)=a
x(1)=1;
xe(1)=1
for i=1:4
x(A+1D)=x(i)+1;
y(A+1D)=y (D) +(1+y (1)) /(1+y(1)+y (1) "2);
xe(i+1)=xe(i)+1
ye(i+1)=y(i+1)
end
p=>5/4d;
b=ye(5)
for i=5:p+4
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x(1+1)=x(1)+q;
y(A+D=y(1)+q* (1+y (1)) /(1+y () +y (i) "2);
end
c=5-(b"2/2)-1og(1+b)
f=@(s,t) (t"2/2)+log(l+t)-s+c
for i=6:p+4
v=x(1);
t=fzero(@(t) f(t,v),y(i))
yee(i)=t
end
fileID = fopen(’dataexl.txt’,’w’)
for i=1:5
fprintf(filelID, %2d %4.2f %10.8f %10.8f \ n’,i,x(i),ye(i),y(1))
end
for i=5:p+4
fprintf(filelID, *%2d %4.2f %10.8f %10.8f \ n’,i,x(i),yee(i),y(i))
end
fclose(fileID)
figure
figl=plot(x,y, ’b*’)
x1lim([1,10]);
ylim([1,61);
xlabel (’x-axis’)
ylabel(’y-axis’)
hold on
plot(xe,ye,’ro’)
hold on
fimplicit(£,[5 10 1 6],"Color",’r’)

legend(’ computed solution’,’exact solution’,’exact solution’)
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A.2 MATLAB Code 2

The following is a MATLAB code for the Example 3.4.2.

clear all
g=input(’enter the step size =’);
alp=input(’enter the value of alpha =’);
a=input(’enter value of x_ 0 = ’);
b=input(’enter value of x"D_0 = ’);
x1(1)=a;
x2(1)=b;
xe(1)=a;
xel(l)=a;
u(l)=b+2*a;
t(1)=0;
te(1)=0;
tlast=fix(5/q);
telast=fix(5/alp);
for i=1:tlast
t(i+1)=t(i)+q;
end
for i=1:telast
te(i+l)=te(i)+alp;
u(i+l)=(1l-alp*te(i))*u(i);
xe(i+l)=alp*u(i)+(1-2*alp)*xe(i);
end
for i=1:tlast
x1(1+1)=x1(i)+q*x2(i);
x2(1+1D)=x2 (1) -q*((t (1) +2)*x2(1)+2*t (1) *x1(1));
end
m=q/alp;
for i=1:tlast

p=i*m+1
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xel(i+1)=xe(p);
end
fileID = fopen(’dataeulerex2.txt’,’w’)
for i=1:tlast
fprintf(fileID, %4.2f %10.8f %10.8f \ n’,t(i),xel(i),x1(i))
end
fclose(fileID)
figure
figl=plot(t,x1,’b*’)
x1im([0,5]);
xlabel(’t-axis’)
ylabel (’x-axis’)
hold on
plot(t,xel,’ro’)

legend(’ computed solution’,’exact solution’)

A.3 MATLAB Code 3

The following is a MATLAB code for the Example 3.4.3.

clear all

g=input(’enter the step size =’);

alp=input(’enter the value of alpha =’)

a=input(’enter value of t_0 = ’);
b=input(’enter value of x_0 = ’);
t(l)=a
x(D=b

tlast=fix(10/q)
for i=1:tlast
t(i+1)=t(i)+q;
end
for i=1:tlast
x(1+D)=x(D)+q*((t (1) /(t (1) "2+1))+1/(1+x(1)"2));
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end
telast=fix(10/alp)
xe(1)= b;
te(l)=a
for i=1:telast
te(i+l)=te(i)+alp;
xe(i+1)=xe(i)+alp*((te(i)/(te(i) "2+1))+1/(1+xe(i)"2));

end
xel(1)=b
m=q/alp
for i=1:tlast+l1

p=(i-1)*m+1

xel(i)=xe(p);
end
fileID = fopen(’dataeuler3.txt’,’w’)
for i=1:tlast

fprintf(fileID, '%4.2f %10.8f %10.8f \ n’,t(i),xel(i),x(i))
end
fclose(fileID)
figure
figl=plot(t,x,’b*’)
x1im([0,10]);
xlabel(’t-axis’)
ylabel(’x-axis’)
hold on
plot(t,xel,’ro’)

legend(’ computed solution’,’exact solution’)

A4 MATLAB Code 5

The following is a MATLAB code for the Example 4.5.1, Case 1.

clear all
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g=input(’enter the step size =’);

alp=input(’enter the value of alpha =’)

a=input(’enter value of t_0 = ’);
b=input(’enter value of x_ 0 = ’);
t(l)=a
x(1)=b
xt(D=b

tlast=fix(10/q)
for i=1:tlast
t(i+1)=t(i)+q;
end
for i=1:tlast
bc(i)=2*t(1)+1/(1+x(i)"2);
r(i)=1/(1+x(1)"2);
xs(1)=2+(1/(alp*bc(i)))*(1/(1+(x(i)+alp*bc(i)) "2)-r(i)) *bc(i);
x(i+1)=x(1)+q*bc(1)+(q*(q-alp)/2) *xs(1);
end
for i=1:tlast
s(1)=xt(i);
c=xt(i)+(q+alp) *t(1)+0.5*(g+alp) *(1/(1+xt (i) *xt(i)))+(g-alp) *t(i+1);
for j=1:150
d1=2%(s(j) "3)-2*c*(s(j) "2)+2*s(j)-2*c-q+alp;
d2=6*(s(j) "2)-4*c*s(j)+2;
s(j+1)=s(j)-(d1/d2);
end
xt(i+1)=s(151);
end
telast=fix(10/alp)
xe(1)= b;
te(l)=a
for i=1l:telast
te(i+l)=te(i)+alp;
xe(i+1)=xe(i)+alp*(2*te(i)+1/(1+xe (i) "2));
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end
xel(1)=b
s=q/alp
for i=1:tlast+l
1=(i-1)*s+1
xel(i)=xe(1l);
end
fileID = fopen(’datataylorexl.txt’,’w’)
for i=1:tlast
fprintf(fileID, '%4.2f & %10.8f & %10.8f & %10.8f \ n’,

t(i),xel(1),x(1),xt(i))
end

fclose(filelID)

figure
figl=plot(t,x,’b*’)
x1im([0,10]);
xlabel(’t-axis’)

ylabel (’x-axis’)

hold on
plot(t,xel,’ro’)

legend(’Taylor series solution’,’Exact solution’)

A5 MATLAB Code 6

The following is a MATLAB code for the Example 4.5.1, Case 2.

clear all

g=input(’enter the step size =’);
alp=input(’enter the value of alpha =’)
)5

ok

a=input(’enter value of t_0

b=input(’enter value of x_0

t(1l)=a
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x(D=b

xt(1)=b

tlast=fix(10/q)

for i=1:tlast
t(i+1D)=t(i)+q;

end

for i=1:tlast
bc()=(t(1)/(t (1) "2+1))+1/(1+x(1)"2);
r(1)=1/(1+x(i)"2);
v=t(i) "2+t (i)*alp-1;
w=(t(1) "2+ *((t(1)+alp) "2+1);
xs(i)=-(v/w)+(1/(alp*bc(i)))*(1/(1+(x(i)+alp*bc(i)) "2)-r(id)) *bc(i);
x(i+1)=x(1)+gq*bc(1)+(q*(q-alp)/2) *xs(1);

end

for i=1:tlast
s()=xt(i);
c=xt(1)+0.5*(q+alp) *(t (1) /Ct (@) *t(i)+1))...

+0.5*(g+alp) *(1/(1+xt (i) *xt(i)));
cl1=0.5*(g-alp) *(t(Ai+1)/(t(GE+1)*t(i+1)+1));
for j=1:150
d1=2*(s(j)"3)-2*(c+cl)*(s(j) "2)+2*s(j)-2*(c+cl) -g+alp;
d2=6*(s(j) "2)-4*(c+cl)*s(j)+2;
s(j+1)=s(j)-(d1/d2);
end
xt(i+1)=s(151);
end
telast=fix(10/alp)
xe(1)= b;
te(l)=a
for i=1l:telast
te(i+l)=te(i)+alp;
xe(i+l)=xe(i)+alp*(te(i)/(te(i)*te(i)+1)+1/(1+xe(i)*xe(i)));
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end
xel(1)=b
s=q/alp
for i=1:tlast+l
1=(i-1)*s+1
xel(i)=xe(1l);
end
fileID = fopen(’datataylorex4.txt’,’w’)
for i=1:tlast
fprintf(fileID, '%4.2f & %10.8f & %10.8f & %10.8f \ n’,

t(i),xel(1),x(1),xt(i))
end

fclose(filelID)

figure
figl=plot(t,x,’b*’)
x1im([0,10]);
xlabel(’t-axis’)

ylabel (’x-axis’)

hold on
plot(t,xel,’ro’)

legend(’Taylor series solution’,’Exact solution’)

A.6 MATLAB Code 7

The following is a MATLAB code for the Example 4.5.2.

clear all

g=input(’enter the step size =’);
alp=input(’enter the value of alpha =’);
a=input(’enter value of x 0 = ’);
b=input(’enter value of x"D_0 = ’);

x1(1)=a;
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x2(1)=b;

xe(1)=a;

xel(l)=a;

u(l)=b+2%*a;

t(1)=0;

te(1)=0;

tlast=fix(5/q);

telast=fix(5/alp);

for i=1:tlast
t(i+1)=t(i)+q;

end

for i=1l:telast
te(i+1)=te(i)+alp;
u(i+l)=(1l-alp*te(i))*u(i);
xe(i+1)=alp*u(i)+(1-2*alp)*xe(i);

end

for i=1:tlast
s=1+0.5*(g-alp) *(2+t(i+1));
r=1-0.5*2+t (1)) *(q+alp);
r1=1/(1+((g-alp)*(q-alp) *t(i+1)) /(2*s))
x1(1+1)=r1*(x1(i)+0.5*(g+alp) *x2(1)-(t (i) *x1(i)*(g*q-alp*alp))/(2%s)...

+0.5%(q-alp) *(r/s)*x2(1));
x2(1+1)=C1/s)* (-t () *(g+alp) *x1 (1) +r*x2(i)-t(i+1)*x1(i+1)*(q-alp));
end
m=q/alp;
for i=1:tlast
p=i*m+1
xel(i+1)=xe(p);
end
fileID = fopen(’datatrapnewl.txt’,’w’)
for i=1:tlast
fprintf(fileID, %4.2f %10.8f %10.8f \ n’,t(i),xel(i),x1(i))
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end

fclose(filelID)
figure
figl=plot(t,x1,’b*’)
x1im([0,5]);
xlabel(’t-axis’)
ylabel (’x-axis’)
hold on
plot(t,xel,’ro’)

legend(’ computed solution’,’exact solution’)
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