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ABSTRACT. In this paper, we address an open problem posed by Bai and Xia in [2]. We
study polynomials of the form f(x) = 24T + X257 + X274 over the finite field Fyx, which
are not quasi-multiplicative equivalent to any of the known permutation polynomials in the
literature. We find necessary and sufficient conditions on Aj, A2 € Fsx so that f(z) is a
permutation monomial, binomial, or trinomial of Fsax.

1. INTRODUCTION

Let I, be a finite field with ¢ elements, where ¢ is a prime power. A polynomial g(z) € F,[z]
is called a permutation polynomial (PP) over IF, if g(x) is a bijection of F,. Due to their simple
algebraic structure and extraordinary properties, there has been a great interest in permuta-
tion polynomials with a few terms, such as binomials or trinomials. Permutation polynomials
are also very important in terms of their applications in areas such as cryptography, coding
theory and combinatorial designs. As far as we know, the studies on permutation polynomials
go back to the work done by Dickson and Hermite (see, [I3] [I7]). As an introduction, the
books on finite fields (see, [28] and [29, Chapter §]) could be very helpful for the interested
reader to get into the topic. Furthermore, the survey papers (see, [19] 21], 31, 39]) could also
be useful as they consist of many of the recent results on permutation polynomials over finite
fields. We refer the interested reader to [6, [7, [15] 20, 25] 26], 30] and the references therein for
more results on permutation polynomials over finite fields.

In [2], Bai and Xia proved that the polynomial g(z) = x®~Da+! 4 P — 30+P=1 gyer the
finite field F,2, where p = 3 or 5 and ¢ = p* with k being a positive integer, is a permutation
trinomial for IF2 if and only if & is even. Later, in [I4] Gupta and Rai investigated the trinomial
f(x) = 2 + aa®? 4 29 over the finite field Fsor, where o € Ff, with & being a positive
integer. They proved that the trinomial f(z) permutes Fsox if and only if « = —1 and & is
even. In this paper, our aim is to determine the permutation properties of the more general
trinomial f(z) = @D+ 4 X\ 2P 4 \yz9tP~1 € F [z] over F 2, where F,, is of characteristic 5.
Our results include the ones in [2, [14]. Note that while proving our main result (see Theorem
in the absolutely irreducible case, we use a bound (see |23, Theorem 5.28]) which is derived
from the well-known Hasse-Weil bound for function fields. For the characterization of some
planar functions and related structures, like exceptional polynomials and APN permutations,
the theory of algebraic curves over finite fields and in particular, Hasse-Weil type inequalities
become a very useful instrument. In recent years, there have been very interesting studies on
these topics through the Hasse-Weil approach (see for instance, [4], [8], [11], [18], [34] and the
references therein).

The paper is organized as follows. Section [2[ contains background material that is used in
the rest of the paper. Section [3|and 4] contain our main results, where we prove necessary and
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sufficient conditions on A, Ay € Fye so that f(z) permutes Fser. Finally, Section [§]investigates
the quasi-multiplicative equivalence of the polynomial f(x) with the existing permutation
trinomials in odd or arbitrary characteristic.

2. PRELIMINARIES

In order to determine whether a polynomial that can be written in the form f(x) =
x"h (x(q"_l)/d) permutes Fy» or not, mostly a well known criterion due to Wan and Lidl
[37], Park and Lee [32], Akbary and Wang [I], Wang [38] and Zieve [42] is being used, which
is given in the following lemma.

Lemma 2.1. 37,32, 1} 38, 42| Let h (z) € Fyn[z] and d,r be positive integers with d dividing
q"—1. Then f (z) = z"h (J:(qn_l)/d) permutes Fon if and only if the following conditions hold:

() ged (r (" — 1) /d) = 1,
(i) 2"k (2)" " permutes pq, where pg = {6 € Fr. | 04 =1}

In this paper, we plan to apply Lemma over the finite field F 2 with d = ¢ + 1 and
r =5, using

(2.1) h(z) = \a® + z* + o, with A\, Ay € .

Condition (i) of Lemma [2.1| holds as ged(r, (¢" — 1)/d) = ged(r,q — 1) = ged (5,55 — 1) = 1.
Instead of finding the conditions for which g(z) = 2"h(z)?"" permutes 1,41, we will use the
following idea throughout the paper:

Let z € Fp2 \ F, be an arbitrary element. For any € Fy, let ®: F, U {oo} — 1411 be the

map defined by ® (x) = %, where @ (00) = 1. Tt is not so hard to observe that ® is one to
T+ 2z

one from F,U{oo} to p,11 and thus onto since the number of elements on both sides are equal.
q _

Then we obtain that &' (z) = xf Z, for any z # 1 with ®~! (1) = co. In this setting, we
—x

have g(z) = 2"h(2)9! is one to one on j,.; and therefore permutes p,41 if and only if the

map (P! o go®) is one to one on F, U {oo}. In our situation, g(1) = (\; + A +1)771 =1

when h(1) # 0. Then oo is a fixed-point of the map (®~! o g o @), and it suffices to investigate

its action on IF,. We note that an analogous idea has been used in a few more studies before,

see for instance [3] 6] 22].

This situation can be easily summarized in the diagram below:

F,U {oo} =% F, U {oo}

(2.2) l@ ch*l
Hg+1 T Hq+1
Moreover, we will make a suitable choice of the element z € F 2 \ F, that results in simpler

computations.

3. THE TRINOMIAL h(z) OF DEGREE 5 IN ARBITRARY CHARACTERISTIC

As a preliminary step to apply Lemma [2.1, we investigate for which A;, Xy € F, the poly-
nomial h(z) = M\2® + 2* + Az € F [z] does not have any roots in 41 without restrictions
on the characteristic.
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If h(1) =0 or h(—1) =0, then h(x) has a root in p,4; trivially. Therefore we characterize
all such polynomials in the next proposition under the assumptions h(1) # 0 and h(—1) # 0.
For this we first need to prove some lemmas.

Lemma 3.1. The polynomial h(x) has a root in pg41 \ {1, =1} if and only if there exists
A € F, such that m(z) = 2® + Az + 1 is irreducible over F, and m(x) divides h(x).

Proof. The set pig11 \ {1, —1} contains exactly the elements 6 € F 2 \ F, with 677! = 1.

Let 6 € F2 \ F, be such that () = 0 and 077" = 1. As h(z) is a polynomial over F,, 64
is another root of h(x). Then m(x) = (x — 0)(x — 09) = 22 — (0 +09) + 077! = 22 + Az + 1
divides h(x). Moreover m(z) is the minimal polynomial of # over F, and hence irreducible.

For the converse, assume that an irreducible polynomial m(x) = 2 + Az + 1 divides h(z).
The roots 6, and 03 of m(x) = (x—6;)(x—0s) are roots of h(x) as well. As m(x) is irreducible,
the roots lie in F2 \ F, and they are conjugates, i.e., 6 = #7. From the constant coefficient
of m(x) we find 1 = 6,0, = 9. O
Lemma 3.2. The polynomial h(z) = \z®+x*+ Xz € F[z] is divisible by m(x) = 2>+ Az+1
with A € Fy if and only if Ao # 0 and
(31) S()\l, )\2) = )\:13 — )\%)\2 — )\1)\% -+ )\g — )\2 =0.

Proof. Let hy(x) = \z* + 23 + Ay such that h(z) = zhy(x). If h(z) is divisible by m(x), then
m(x) must be a factor of hy(z). If we divide hy(x) by m(x) = 2* + Az + 1, the remainder is
(32) (—APA + A2 4+ 2AN — 1)z — AP\ + A+ A + A = a1z + 6.
The polynomial h;(x) is divisible by m(x) if and only if both ¢y and ¢; are zero. Direct
calculation shows that

S()\l, )\2) = (—AQ)\% + AQ/\1>\2 - A/\Q + /\% + 3/\1/\2 + /\%) Co
(33) + (A)\% — A)\l)\z + )\2) Ct.

Hence s(A1, Ag) vanishes when hy(x) is divisible by m(z). When Ay = 0, condition ({3.1)
reduces to A3 = 0. Then hy(x) = 23, which contradicts divisibility by m(z).

For the converse, assume that Ay # 0 and define

A2 — N2
1~ A2

(3.4) hia(z) = 2° + o2 +1
2

(3.5) and hia(x) = Ma® + (=X + AD)z + Ao
Direct calculation shows that

(3.6) I () — hoa(2)hys(z) = <(A1 + Ai)f —7 ) (s o).

Hence the condition in (3.1]) implies that the polynomial h; () in (3.4) is a factor of h(z). O

Combining Lemma [3.1] and Lemma we obtain the following characterization of the
roots of h(x) in 41 \ {1, —1}.

Proposition 3.3. The polynomial h(z) = M2’ +x*+ \ea € Fylz] has a root in prgq \ {1, -1}
if and only if all the following conditions hold:

(1) AQ 7& 07
(i) (01, Ao) = A3 — A2Xg — A A2+ A3 — A, = 0,
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(iii) (a) Ai/Ae — 3 is not a square in F, when q is odd,

A
(b) A1 # Ay and Tr <)\2 2)\2) =1 when q is even.
17— A2

Proof. By Lemma [3.2] conditions (i) and (ii) are equivalent to h(z) having a factor m(z) =
2% + Az + 1. From the proof of Lemma [3.2]it follows that m(z) = hy1(z) given in (3.4). If
m(z) was a multiple of hyo(z), then Ay = Ay, which by (ii) implies —A\y = 0, contradicting
(i). In order to apply Lemma we have to investigate when h; () is irreducible. For odd
characteristic, this is the case if and only if the discriminant D of h;;(x) is not a square in
FF,. Direct calculation yields

A1+ Ay
A3
For the last equality, we have used condition (ii). In even characteristic, m(z) = 2? + Az + 1
is irreducible if and only if A # 0 and Tr(1/A) = 1. Applying this criterion to m(z) = hy1(x)
yields the conditions in case (b) of (iii). We are left to investigate whether the second factor
hy2(z) in has a root in pg4q \ {1,—1}. If that is the case, we get Ay = X3. Then
$(A2, A2) = =Xy = 0, a contradiction to condition (i). O

(37) D:)\l//\2—3+< )S()\l,)\g):)\l//\g—?)

Note that necessity of condition (ii) was shown in |14} Lemma 3.1] for the polynomial h;(x)
of degree four in the case of characteristic five.

4. PPs OVER FINITE FIELDS OF CHARACTERISTIC FIVE

With this preparation, we study the action of g(z) = x°h(z)?"" on the set ji,.1, using
the idea of diagram (2.2)). Assuming that h(x) has no roots in y,4; and using the relation
7 =1 for © € pi441, we have

z° (/\li + e + /\21>
sh(z)?  2®(A\adl 4+ 24 + Myz) x®  xt x
g(x) -7 ]’L(I) - )\11‘5 + Tt + /\QZE - /\1£L’5 + xt + /\QCL’
M Aot
N )\1]75 + rt + )\2$.
Let z be an arbitrary element in F2 \ F, and let ® (x) = vt and &' (z) = i Z, for
T+ 24 11—z

any x # 1. We obtain
oz 2) @ 4 29) + (2 4+ 2) (@ 4+ 29+ Ay (4 29)
(4.1) (go®)(z) = M(T+ 2+ @+ 24 (2 + 29) 1 N7 + 2) (2 + 29)

Let A(z,z) = Xo(z + 2)* (@ + 29) + (z + 2)(z + 29)* + N (x + 29)°, then we have
A(2%2) = Mz + 29 2+ 2) + (x4 20) (x4 2)' + M (2 + 2)°.

Then we get
(© 10 god) = A(z,x)z9 — zA(zq,a:)'
A(an LL') - A(Za 1’)
Choosing 27 = —z, i.e., z is the square root of a non-square in IF,, we get that the denominator

1S

(4.2) A(29,x) — Az, 2) = (=g + 1) (22" + 2°2%) + (201 + 2\ — 2)2°.
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Similarly, computing the numerator we get
(4.3) A(z,2)27 — 2A(2%,2) = —22(A\1 + Xg + 1)2° + (Ag + 1)2°%2% + (N + 1)2°2.
The following theorem is our main result.

Theorem 4.1. Let F, be a finite field, where ¢ = 5. Let h(z) = \z® + z* + Aoz with
A, Ao € Fyoand assume that h(1) = A\ + XA+ 1 # 0, h(—1) = =X\ — Ao+ 1 # 0. Then
f(z) = 2Ph(z971) = Ma®? + 2277 4 \ox®™ is a permutation polynomial of Fpe if and only if
one of the following holds:

(i) A1 =0, Ay # £1 and k is even,

(ii) Ay =1, Ao = —1 and k is even,

(iii) Ay = =1, Ao =1 and k is even,

(iv) (M, A2) = (2,1) or (A, Xe) = (3, —1) for ¢ =5.

Proof. By Lemma we have to show that g(z) = 2°h(x)?"! permutes the set p,1. We
apply the idea shown in diagram (2.2)) and hence show that (&' o g o ®) permutes F,. For
this, we consider the curve defined by

(2~ ogo®)(z) — (2~ ogoD)(y)
r—Yy
and show that is has no rational points off the line x = y over F,.

We first assume that —\y + 1 # 0, that is, Ay # 1 and consider the map (! o g o ®)(x)
which is given by

(4.4) Cla,y) =

5 20 +2 20 +2
Mttt T T T e
Ay — 1 3)\1+3)\2+224
Ay —1
We investigate whether this map in injective on F,. Recall that h(x) may not have any root in
fqt1- In particular, h(1) = A\ + Ao + 1 # 0, i.e., the prefactor in is non-zero. Moreover,
we have assumed Ay # 1, i.e., the prefactor does not have a pole, and we can ignore it.

(4.5) 2
x4+ 2222 4

The denominator of the expression in brackets in (4.5) is the quartic polynomial
3N +3N+2
-1
and we investigate when it has a root in F,. First note that the constant coefficient is non-

zero, since h(—1) = —A\; — Ay + 1 # 0. Using the substitution ¢ = 2, we obtain a quadratic
polynomial for ¢ with discriminant

(4.6) ot + 222 +

M —A+1
4.7 D= —2%.
(4.7) ! o1
When D; is not a square in Fy, then there is no solution for ¢ in F,, and hence (4.5) has no
3A — A+ 1
pole in F,. Note that z* is a square in F,, and hence it is sufficient that 1/\—21+ is a
Y —

non-square in [F,.
Next assume that D; is a square in F,, i.e., D; = 6%2* for some ¢ € F,. Then (4.6]) factors
as

(4.8) <x2 — (1 + 5)272) (:1,2 —9(1 - 5)%).
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Hence, (4.6)) has a root in F, when D; is a square in F, and additionally 2(14-6)2? or 2(1—4)2?
is a square in F,. As 2? is a non-square in F,, the second part is equivalent to 2(1 + ) or
2(1 — ¢) being a non-square.

First consider the special case that D; = 0, i.e., Ao = 3\; + 1. Then (4.8) has a root in F,
if and only if 222 is a square in F,, which is equivalent to ¢ = 5* with k£ odd. The roots are

++/2z. For these values of z, the numerator of ({.5) is nonzero, i.c., (#.5) has a pole. That
implies that we do not get a permutation polynomial when Xy = 3\; + 1 # 1 and ¢ = 5%, k
odd.

When D; is a non-zero square, we have roots of (4.6) with
(4.9) 2 =2(14+0)2°

Recall that the constant coefficient of is non-zero, and hence = # 0. In order to obtain
a permutation polynomial, must not have a pole in F,, i.e., it is necessary that the
numerator of vanishes as well for the roots that lie in F,. We fix one root z and
compute for the fixed choice of the sign in the factor 1 % o:

20+2 5,4 2X+2 |,
S —— A A
A+ +1 A+ A+ 1
2Xo0 + 2 2X0 + 2
4 2 2.2 2 4
x(x+)\1+/\2+1zx )\1+/\2+1z)

20 + 2
=z (412t 2212
x(( R Ve

0=2"+

2Xs + 2
2(1 £ 0)z* + Ao 4)

T —
A+ A +1

(4.10) =2’ (4(1 +6)* + (4(1 £ ) +2)%).

Using that both x and z are non-zero, this reduces to the condition

A +1
411 A0 +6)2+ (4(1£0) +2)———) =0
From (4.7)) we get the condition
3N — A +1
4.12 6=
(4.12) pV—

For either choice of the sign in the factor 1 &+ §, combining (4.11) and (4.12)) implies that
A1 = 0 or s(Aq, Ay) = 0. This can be shown computing an elimination ideal in Magma. These
cases are treated below, yielding reduced equations for C(z,y) in (4.22)) and (4.27).

In summary, excluding the last two cases, (4.5)) does not have a pole if and only if one of
the following conditions holds:

3M — A +1
(4.13) (i) bl is a non-square in F,,
Ay —1
(4.14) (i) Ay =3\ +1and g =5" k even,
3N — A+ 1
(iii) M T 52 ih s e F,
Ay —1

(4.15) and 2(1+0),2(1 — ¢) are both squares in [F,.
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In the calculations with the possible factorizations of the curve (4.17)) below, we check every
possible outcome in terms of these conditions and we verify that they all satisfy one of the
conditions above. Therefore, we do not add these conditions in the statement of the theorem.

Returning to the curve (4.4)), consider the normalized denominator and numerator in (4.2)
and (4.3)) to obtain
a® + A’ + Aoy’ + Ay’ + Agy
r* + Biz* + By y* + Biy* + By

rT—Y
Simplifying this expression and considering the numerator, we obtain the following curve
defined by a polynomial
C(z.y) == a'y" + Bi(a'y? + 2°y") + Bo(a" +y") + (B1 — Ay)z’y’
+ (B(] — A(])(.Z'By + acy3) + (BO + AlBl — A0>I2y2

(417) + A1B0(5E2 + yz) + (AlB() — AOBl)xy + A()Bo,

where we have used

(4.16)

Ay =
TP WNIS W P

2\ +20—2) 5
By =z~

Recall that we have chosen z € Fp2 \ F, such that 2* € F,.

First assume that the curve in (4.17) is absolutely irreducible. Note that the underlying
idea here is first of all estimating the number of F -rational points of the curve C(z,y) in
([£.17). For this purpose, one can use Hasse-Weil type bounds (see for instance [33, Theorem
5.2.3| for the Hasse-Weil bound given in terms of algebraic function fields, [24] for the Lang-
Weil bound). In this paper we use [23] Theorem 5.28] which involves a bound obtained from

the Hasse-Weil bound. Let C(X,Y, Z) € F,[X,Y, Z] be the homogeneous polynomial defined
as

—(A+1)
A =
T n D)

(4.18) By =

. XY
_ 8
C(X,Y,2)= 2% (-Z,—Z).

XY
Homogenization of C(z,y) in (4.17) by substituting (E’ E) yields a homogeneous poly-

nomial of degree d = 8. Let P*(F,) denote the projective space consisting of projective
coordinates (X :Y : Z). Let N = [{(z,y) € F, x F, | C(z,y) = 0}| be the number of affine
F,-rational points of C. Let V = |[{(X : Y : Z) € P2(F,) | C(X,Y, Z) = 0} be the number
of projective F,-rational points of C. Let Vo and V; be the numbers of projective F -rational
points of C corresponding to the cases z = 0 and z # 0 respectively. Namely,

Vo= |{(X:Y:0) e PXF,) | C(X,Y,0) = 0}

and Vi =[{(X:Y:1)eP*F,) |C(X,Y,1) =0}
It follows from the definitions that N = V; and V = Vj; + V. Moreover it follows from (4.17))
that C(X,Y,0) = X*Y*. This implies Vo = [{(1:0:0),(0:1:0)}| = 2. Using |23, Theorem
5.28| we get

(4.19) IV —q| < (d—1)(d —2)¢"* + ¢(d) = 42¢"? + 197,
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where ¢(d) = 1d(d — 1)> + 1 and d = 8. The arguments above imply that

(4.20) V=N+2
Combining (4.19) and (4.20)) we conclude that

IN =gl =|(V—q) =2 <|V — gl +2 < 42¢"* +199.
Note that
{(z,y) € F; | C(z,y) =0 and z = y}| <8

as C(z,z) is a polynomial of degree 8 in F,[z]. Therefore, if ¢ — 42¢'/? — 199 > 8, then
C(x,%y) has an affine point off the line 2 = y. We note that ¢ — 42¢'/? — 199 > 8 for any
q = 5° with & > 5. As a result, we deduce that f(r) is not a permutation polynomial of
F,2 if C(z,y) is absolutely irreducible and ¢ > 5*. In characteristic 5, it remains to consider
q € {5,25,125,625}. Using MAGMA [9], we obtained the following:

(1) Over F5, f(z) permutes Fos when (A, A2) = (2,1) and (A, Ag) = (3, —1).

(2) Over Fys, f(x) permutes Fgos when (A1, A2) = (—1,1), (A1, A2) = (1, —1) and (A1, \2) =
(0,¢) where ¢ € Fos \ {1, —1}.

(3) Over Fig5, f() is not a PP of Fss for any (A, A2) € F2,. \ {(0,0)}.

(4) Over Fgg5, the situation is similar to Fo5, with ¢ € Fgos \ {1, —1}.

Hence, except the first item corresponding to item (iv) of Theorem where C(z,vy) is
absolutely irreducible, all the remaining cases are covered by items (i)—(iii) of Theorem 4.1

In order to obtain a permutation polynomial for ¢ > 5° the polynomial C(z,y) in (4.17)
has to be reducible. We consider all possible non-trivial factorizations of C(z,y), noting the
symmetry which keeps C(z,y) fixed when we interchange x and y. Without loss of generality,
we fix a monomial ordering by taking x > y and start with all factorizations of the leading

monomials z*y* which are symmetric with respect to interchanging x and y. There are 22
possibilities listed in Each factor has the form

p(,y) = m(z,y) + Y em'(x,y),

m/<m

where m(z,y) is the leading monomial from the factorization of z*y*. For each of the mono-
mials m/(z,y) with m’ < m and for each of the factors p,,(z,y) we use a different variable ¢;
as coefficient.

We use the notion of Grobner bases (see for instance [12]) in order to solve for the coeffi-
cients with the help of the computer algebra program MAGMA [9]. Namely, we subtract the
products of the generic factors p,,(x,y) from C(x,y) in and compute a Grobner basis
of the ideal generated by the coefficients of this difference. The elimination ideal with respect
to A1 and Ay provides necessary conditions on A\; and Ay for the particular factorization to
exist. More details can be found in A similar approach has, for example, been used in
[5]. We obtain the following necessary conditions:

(a) Ay =0, or
(b) )\1 =1 and )\2 = —1, or
(C) )\‘1; — )\%)\2 — )\1)\% + )\% - )\2 =0.

For each of these cases, we recompute the equation for the curve C(z,y) in (4.16).
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First, assume that A\; = 0. In this case, (4.4) yields
St 1 vy + 222 (x +y)? + 24
Ay — 1\ 22y? +222(22 +y2) — 24 )’

and from the numerator we get the equation

(4.21)

(4.22) Clz,y) = 22y* + 2% (x +y)* + 2%

The equation factors as

(4.23) C(z,y) = (zy + 202(z — y) — 2°) (zy — 2az(z — y) — 2°)

where o® = 2. For ¢ = 5 and k odd, a € F2 \ F, and a? = —a. Then (az2)! = az, ie.,
C(z,y) factors over F,. For y = —x, equation (4.21)) reduces to

Ao+ 1 (2% — 222
2 .
Ay — 1 \ 22+ 222
This implies that the curve has the F -rational point (az, —az) off the line 2 = y, and we do

not get a permutation polynomial for k£ odd.

For k even, o € F,. Then the two factors in (4.23) are conjugates over Fp[z,y]. Any
[F,-rational point is hence a root of both factors, and also of their difference which equals
az(x —y). Hence the curve has no F,-rational points off the line x = y, we get a permutation
polynomial when k£ is even. This completes the proof of item (i) in Theorem

Next, for case (b) assume that \; = 1 and Ay = —1. Then (4.4)) yields
rlyt + 22(2y? + 23y + 2yt) — 22t + 2y + 2%y + 2y + y?)

(72 — 222)2(y2 — 222)2 ’
and from the numerator we get the equation

C(z,y) = z*y* + 2% (a'y? + 2°y® + 2%y?)
(4.25) — A2t 4+ Py + 2%y ooy o).
The equation factors as
C(z,y) = (2°y* + 2az(z’y + zy?) + 2*(22% + 2y + 2y%))

(4.26) (%Y — 2az(2%y + xy?) + 2%(22° + 2y + 2¢°)) ,
where o = 2. Eq. (4.24) must not have a pole. Condition (4.14) requires that ¢ = 5 with
k even, and hence o € F,. Then the two factors in (4.26)) are conjugates over Fp[z,y]. Any
F,-rational point is hence a root of both factors. Computing the prime decomposition of
the zero-dimensional ideal generated by the two factors we find that the only solutions are

(0,0) € F; and (az, —az), (~az,az) € F5 \ F2. As the curve has no Fy-rational points off

the line z = y, we get a permutation polynomial when £ is even. This completes the proof of
item (ii) of Theorem [£.1]

For case (¢), assume s(Aj, Ag) = A3 — A2y — M A2+ A3 — Xy = 0. As the case \; = 0 is
covered in case (a), we can assume \; # 0. Then the equation for the curve is
Clx,y) = (A + Ay + D)z?y? — 22(A2 + 20 — A3 + 2\ — 2)(2® +17)
(4.27) + 22\ = Ao — Day 4+ 2H(=A2 + 20 + A3 + 2 + 1).
Using similar techniques as described in [A] we find that A\; = 0 for all possible non-trivial

factorizations of this polynomial of degree 4. As this contradicts our assumption, there are
no permutation polynomials in this case. Note, however, that case (c) is not excluded by

(4.24)
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Proposition The condition s(A;, A\2) = 0 is only necessary for h(z) to have a root in
fg+1 \ {1, —1}, i.e., that one does not obtain a permutation polynomial.

Going back to and (£.3), we now consider the case when Ay = 1. Recall that
Az, )29 — zA(29, x)
A(z9,2) — Az, 2)
Again choosing z € F2 \ F, with 27 = —z we get that the denominator is
A(2%z) — Az 2) = 20 2°.
Similarly, computing the numerator we get
Az 2)27 — 2A(2% 1) = —22(\ + 2)2° + 22°2° 4 22°7.

(@ logod) =

In this case
(Pt ogo®)(z) — (P ogo®)(y)
r—Yy
is a polynomial in F 2]z, y], and hence has no poles. After simplifying we obtain the following
curve

(4.28) Clz,y) = 2* + 23y + xy® +y* + 2%y* + A(2®* + vy + ) + B,
.2 A
where A= —~ B=—"__ The degree of the curve in (4.28)) is smaller than the degree

A+ 2 A+ 2
of the curve in (4.17). Therefore the case of C(x,y) being absolutely irreducible has already

been covered above.

Hence, assume that C(z,y) in (4.28)) is not absolutely irreducible and it is decomposed as
follows:

(x2 + oqzy + oy’ + asx + oy + a5)(51x2 + Boxy + Bay® + Bux + Bsy + Bs)-

Comparing the coefficients of this decomposition and C(x,y) in (4.28)) we first obtain that
Bi=1,0=3063=1a =3, a, =1, By = —as, f5 = —ayu, S5 = as. Moreover, we get that
32 = B and B = 2A. Thus B = (2A4)? which implies that

424 —24

(4.29) T
and so \; = —1.

Now assume that \; = —1 and Ay = 1. Then the curve has the equation
(4.30) Clx,y) = a* + 2%y + 2%y* — 22(2* + 2y +v°) + 2 +y* — 2%
The equation factors as
(4.31) Clz,y) = ((z —y)* + az(z +y) — 22%) ((z — y)* — az(z + y) — 227),
where o = 2. As before, az € F, for ¢ = 5* and k odd. For y = —z, we get
(4.32) C(z,—x) = (v + 2a2)*(x — 2a2)*.

This implies that the curve has the F,-rational point (2ccz, —2az) off the line x = y and we
do not get a permutation polynomial for k£ odd.

For k even, o € F, and the two factors in (4.31) are conjugates over Fp[z,y]. Any
F,-rational point is hence a root of both factors. Computing the prime decomposition of
the zero-dimensional ideal generated by the two factors we find that the only solutions are
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(az, —az), (—az,az) € ng \IFF2. As the curve has no Fg-rational points, we get a permutation
polynomial when k is even.

For all the other decompositions of C(z,y) in (4.28)), we obtain a contradiction after com-
puting its Grobner basis by MAGMA. This completes the proof of item (iii) of Theorem
A1l

In all items in the statement of Theorem [4.1] the values of A; and Ay do not satisfy at least
one of the conditions of Proposition [3.3]and thus i(z) does not have any roots in piyq. O

Remark 4.2. Ttems (ii) and (iii) in Theorem [4.1 have already been obtained in [2] and [14],
respectively.

5. COMPARISON WITH EXISTING PERMUTATION TRINOMIALS

Definition 5.1. [36] Two permutation polynomials f(x),g(x) € F,[z] are said to be quasi-
multiplicative (QM) equivalent, if there exists d € Z, 1 < d < g—1 with ged(d,¢q—1) = 1 and
f(x) = ag(cz?) (mod 2¢ — x) , where a,c € Fi. If ¢ = 1, then f(x),g(z) € Fylz] are called
multiplicative equivalent.

In this section, we show that the permutation trinomial considered in this paper is not QM
equivalent to some known classes. We first observe that two QM equivalent permutations must
have exactly the same number of terms. Therefore, we only need to compare the permutation
trinomials found in this paper with known permutation trinomials over F,. where ¢ = 5*.
We use the method in [36] for this purpose. In order to determine whether the permutation
polynomial f(x) = z%™ + \j2% + M\z?™ € F [z] is QM equivalent to any permutation
trinomial of the form g(z) = a;2°* + agr® + azx® € F,[x], we will use the following strategy:
Step 1: Determining whether there exists an integer k, 1 < k < ¢* — 1, such that ged(k, ¢* —
1) =1 and {ksi, kss, ks3} = {4q+1,5¢,q¢ + 4} mod (¢* — 1).

Step 2: Comparison of the coefficients of f(x) and byg(b1x*).
In the above strategy, if Step 1 is not satisfied, then f(x) and g(z) will not be QM equivalent,
otherwise we will go on with Step 2 and compare the coefficients of f(z) and byg(b2*).

In [2], Bai and Xia characterized the multiplicative equivalence of f(x) when (A1, o) = (1,4)
and their result can be modified to the more general setting that we consider in this paper.
The proof of the following is very similar to Proposition 1 in [2], therefore it is omitted.

Proposition 5.2. In characteristic 5, the polynomial f(x) = x4 4+ X% + \gz?™ € F [z]
with ¢ = 5* is multiplicative equivalent to the following permutation trinomials of Fge:
o fi(z) = Ma 4 x@5 D@D 3 G @)+
2041

o folr) =2+ N3 (=1+1 4 Ao,
o f3(x) = Xz + 27+ )\133(1%5(‘]71)“-

Bai and Xia presented a list of known polynomials in Table 3 in [2] to which f(z) is not
multiplicative equivalent. Therefore we omit the polynomials listed in Table 3 in [2] and we
consider the polynomials given in Table [I| below. We applied the method in [36] above using
MAGMA and we have verified that f(x) is not QM equivalent to any of them. To the best
of our knowledge, the list in Table [I| below is complete.

We now consider case (i) in Theorem [4.1] where A\; = 0 and we have the binomial f(z)
21tt + A\px9t Observe that f(x) is QM equivalent to the linearized polynomial g(x) =
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ala) a Conditions Referenee
o | 7 }d¥ / | 2a+3 li UULI{U1U%E\‘JLLD l‘lbl[\‘/llﬁ TTCTCT
T UL T L ally U, Ul qZ llUJ
q..kq(g—1)+1 k(g—1)+1 ng(k,q + 1) =1, 7
alz +ax +cr | any acFy, ccF, [27)
az=(@=D+L 4 pgla=DF1 4 ey any a,b,c e Fly [27]
z + azd@~ DL 4 pa2(e-D+L 1 odd a,b € Fr, [7, 35]
z— ' (@D 4 gale—D+L 5F k odd [40]
2l — g5 @D+ 4 p2a-D+1 [ gk k odd 0]
27 — g @D+ 4 T =D+ | gk k odd [40]
2? — gala=D+L 4 5 a1+ 5k k even [40]
v+’ @D+ _ gale=D+1 5k k even [40]
r s(g—1)+r 2s(g—1)+r ged(r,g—1) =1
"+ Mo + Ao odd sed(r—2s,g4 1) =1 [10]
L2 (g—1)+1 aa-+1 | =k | My A2 € {(-1,-1),
r+ Mz 2 + Aoz 5 1,1), (1, =1)} [10]
g3 D)+3 4 ppla=1+3 4 g3 any ged(3,g—1)=1 [30]
s = A1
cx — x® + 29 odd . (g+132 [41]]
~ i

TABLE 1. The known permutation trinomials of F ..

29 + br € Fplz], where f(z) = g(z%*) mod (2% — x) with b = )y € F,. Since g(z) is
linearized, Theorem 7.9 in [2§] tells that g(z) = 27 + bx permutes F 2 if and only if g(z) only
has the root 0 in F2. This happens if and only if (—b)?"! # 1. Indeed, if g(w) = 0, for
some w € Y, then —b = w?! and therefore (—b)"*! = 1. Conversely, if (—b)"" = 1, then

—b = ~*@=Y_ for some k € Z and some primitive element v € F*,. In that case, g(y*) = 0.

Hence, g(x) permutes Fp if and only if (—=b)?*" # 1. In our case where b = )y € F,, this
corresponds to (—Xo)? = (=X3)2 = A2 £ 1 (i.e. Ay # +1).

Remark 5.3. Note that this QM equivalence holds in any characteristic p since f(x) =
g Datl L\ patp=l — g(g0t2=1) mod (29 — x) with g(z) = 29 + .
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APPENDIX A. FACTORIZATIONS OF C(z,y)

A.l. Overview. We consider all factorizations of C(z,y) given in (4.17). Out of 108 non-
trivial factorizations of the leading monomial zy*, it is sufficient to consider the 22 cases
that are invariant with respect to interchanging = and y. We did not impose that symmetry
on the factors themselves, but used different coefficients ¢; for all factors. For each of the 22
cases listed below, we consider the coefficients with respect to x and y of the difference of
C(x,y) in and the product of the factors. Those generate an ideal in the polynomial
ring with variables Ay, A1, By, B1 and ¢;. From the substitutions we obtain additional
polynomial relations between Ag, Aq, By, By and A, \s. We treat z as a variable, too. In the
derivation of the equations, we made the following assumptions: Ao # 1, Ay + Ao + 1 # 0,
A1+ A2 —15#0, and z # 0. Those can be accounted for by considering the saturation of the
ideal by the corresponding polynomials, i.e., computing ideal quotients.

While computer algebra systems like MAGMA [9] provide implementations of all the re-
quired algorithms, the computations can be simplified a lot in our case. As we are only
interested in the solutions of the system of polynomial equations, we can replace any non-
square-free polynomial by its square-free part. Moreover, if a polynomial in the basis of an
intermediate result splits, we can treat each factor separately. We first use so-called grevlex
order, and in the final step an elimination order to obtain the conditions on \; and Ay. The
whole computation took less than 3 hours, with cases 7 and 19 taking about 45% and 25% of
the total time, respectively. The calculations did no use more than 1 GB of memory.

When the final Grobner basis contains the constant 1, then we have no solution to the
original equations or those equations imply that some of the expressions that are assumed to
be zero vanish. We summarize those cases by just stating that we obtain a contradiction.

A.2. The 22 cases.

1. (22 +crory* +coxy® + cszy® +cray+cer+ syt +cay® +esy? ey +c) (y+cnn ) (e +crgyt +
cisy® + cray? + cisy + c12) (Y? + cisy + c17) (xy + coa + cazyt 4 cooy® 4 a1y + ca0y + Cr9)
In this case, we obtain a contradiction.

2. (y+c1)(x+ eyt + e5y° + cay® + csy + ¢2) (Y + coy® + csy + 1) (2 + coar®y* + coz?y® +
CooT?y? + o122y + coox? + cromyt + gy + crrxy? + cigry + cisr + eyt + i3y +
c12y® + ¢y + cio)

Here, we again get a contradiction.

3. (y+e1)(x+cgy + sy + cay? +ezy+ o) (22?4 crisx®y + crrw? + crgryt + cisry® 4 crary? +
C132Y + Crax 4+ eyt + c10y® + coy? + csy + ¢r) (XY + C2a + Co3y* + ooy + co1y? + c20y + C19)
In this case, we obtain two possibilities: either Ay = 0 or A3 =M g — M AZ+A3— )y = 0.

4. (y+ec)(x+ceyt +csy® + cay? + c3y + o) (xy + crom + eyt + croy® + coy® + csy + 7)) (y +
c1sT 4 ciryt + iy + 15y + c1ay + c13) (TY + e + a3y + 0y + ca1y? + c20y + C19)
Here we get A; = 0.
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(y+a)(@+esy + sy +aay? + sy + o) (xy? + cizzy 4 crar + eyt 4 croy® + oy’ + csy +

1) (Y + Coa®® + co3xy* + C2o Y + e TY? + CooTY + Crox + 1y + Cr7y® + 16y +ci5y+c14)
We again have \; = 0.

(@33 + ey + crrrdy + e + crs 0yt + curyd + ci3r?y? + crpry + e x? + croryt +

cowy® + csxy? + crry + cox + eyt + cay® + cs3y® + coy + 1) (Y + cro) (T + coqy? + cozy® +
Coay® + a1y + C20)
We have either \; = 0 or A\¥ — My — M A3+ A3 — X\ =0,

(22 +croryt+egmyd+csry - crry+cox+csyt+cayP sy oy ) (y+cenn) (y+ein) (2 +

c1ryt + ciey® + c15y® + ey + c13) (T + coay® + a1y + ca0y? + croy + c18) (Y + coay + 23)
In this case, we get a contradiction.

(y+a)(y+c)(z+ eyt +cey® + esy? + cay + c3) (x4 cray? + ey + croy® + coy + cg) (Ty +

c18 + c1ryt 4 ciey® + cisy? + ey + cis) (Ty + caa + cozy* + oy + ey + ca0y + C19)
We have A\ = 0.

c(y+er)(y+er) (@ + eyt + ey + sy +eay+es) (x4 crayt + ey ey + coy +cs) (22y? +

CoaT?Y + Co3? + Conry® + 1 xyP 4 oo y? + Cromy + CrsT + iyt + iy + e15y® + cray +crs)
Here, Ay = 0 or A3 — A2hy — M\ A2+ A3 — Ay = 0.

(y+c1)(y+ca)(y+cs) (@ +csy® +cry® +cay® + csy -+ ca) (T + casy* + oy’ + eny® +croy +
co)(z + c18y* + c17y® + c16y? + ci5y + c14) (TY + coa + co3y® + 22y + a1y + ooy + C19)
Here, we get a contradiction.
(y+c1)(y+c2)(y+c3)(y+ca) (x4 coy® + csy® + cry? + coy + c5) (T +cray® + c13y® + cray® +
ey + c0) (@ + ey 4 cisy® + ciry? + ciey + 15) (2 4 caay® + casy® 4 caoy® + o1y + ¢20)
We again get a contradiction.

(22 +croryt+coryd+csxy® +erry+esrtcsyt ey +esy oy +c) (Yt croy+en ) (wy+
c1s8T + ciryt + iy + c15y? + c1ay + c13) (TY + coa + a3yt + c2y® + ca1y® + c20y + Cr9)
In this case we obtain A\; = 0.

(22 +cro0zy* +eory® +esry® +errytcsrtesyt ey’ oy’ Feaytar ) (2P ety tea 7+
ooyt + croxy® + C182y® + iy + i+ sy’ + c1ay® + cizy? 4 croy + cin) (Y + coay + Co3)
In this case we obtain that either A\; = 0 or A3 — A3\; — M A2 + A3 — Ay = 0.

(2 +cr0zy* +cory® +eszy® 4 crry+cer+esyt + ey’ + sy’ +eay+er) (Tat ey +crory’ +
c1s2y? + cirxy + e + cisy* + cray® 4+ c13y? + croy + ) (Y2 + Cooy + €01) (Y + Coay + C23)
We obtain a contradiction in this case.

(3 +c3y® + coy+ 1) (22 + 12y + crrr?y® + crery? + cisay + e + cizryt 4 crozy® +
cnxy?+eiory+cordesyt + ey + gyt esy+ca) (Ty+eaat oyt oyt +coy +eagy+cig)
We obtain a contradiction.

(Y + cay® + c3y® + coy + 1) (2 + coa2®y* + co3x3y® + co03y? + o123y + 2023 + cro2? Yyt +
182’y + cirr®y? + 162y + c152” + cuxyt + cisry® + cery® + cnizy + ciox + coyt +
sy’ + ey’ + oy + )

We again get a contradiction.

(2y? + crzy +cor + c5y* + cay® + c3y® + oy + 1 ) (XY + c182? + crrryt + crery® + crsTy? +
14y + i3+ oyt +en1y® +croy? + coy+cs) (Ty+ coa 4 Cagy® + a2y + 21y + Ca0y +C19)
In this case we obtain A\; = 0.

(%Y + c1s2y? + 1723y + c1673 + 1522yt + 142y + c132%Y? + crax?y + e + eyt +
coxy® + cszy® + crzy + e + sy + cay® + csy? + ey + 1) (2y + coay® + casy® + cany® +
o1y + 20y + C19)

Here we have Ay = 0 or A3 — A2\y — M A2+ A3 — Ay = 0.

(2% + c102%y + e 2? + crozy® + cory® + cgry® + crwy + cox + syt + cay® + c3y? + ey +
1) (zy+cisztciry* + ey +cisy? ey tcis) (Ty+coat+cogyt 4 coy® +ca1y* +cooy+cig)
We get A\; = 0 or A3 — X2y — M A2+ A3 — Xy = 0.
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20. (zy+cex +csyt + cay® + csy? + coy + 1) (wy + croz + eyt + croy® + coy? + ey +cr) (xy +
18 + ciryt + iy’ + sy’ + cray + e13) (TY + coa + cosy® + co2y® + ca1y® + 20y + C19)
In this case we obtain A; = 0.

21. (zy® + cswy® + crzy + cot + csy* + cay® + csy® + oy + 1) (BPY + cur® + eyt +
o213 + co172y? + ooy + cr97? + gyt + crray® + crexy? + cisTY + clax + eyt +
cray® + cny? + cioy + co)

We again get \; = 0.

22. (22y? + cro2y + 1122 + croay® + comy® + cry® + cray + cex + syt + cay® + csy? 4+ oy +
) (@Y + a2y + Co3x® + oy + cnzy® + coxy? + croxy + sz + 17yt + ciey® +
c15y® + cay + ci3)

In this case we obtain that either \; = 0 or A3 — X2\ — \A3 + X3 — Xy = 0, or
A1 =1,y = —1. Note that the last one is the same as the result of Bai and Xia [2].
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