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Existence of solutions for first order impulsive periodic boundary value
problems on time scales
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Abstract. In this paper we study a class of first order impulsive periodic boundary value problems on
time scales. We give conditions under which the considered problem has at least one and at least two
solutions. The arguments are based upon recent fixed point index theory in cones of Banach spaces for a
k-set contraction perturbed by an expansive operator. An example is given to illustrate the obtained result.

1. Introduction

Dynamic equations on time scales have attracted great interest since S. Hilger introduced the concept
of time scales [13] to create an idea that could combine continuous and discrete analysis. The theory of
impulsive differential equations has received significant attention recently as the differential equations with
impulses are more amenable to modeling [2, 3, 14]. Naturally, some authors have focused their attention
on the study of the existence of solutions for boundary value problems of impulsive dynamic equations
on time scales [4, 15]. In this work, we focus on the existence of at least one and at least two solutions for
first-order impulsive periodic boundary value problems on time scales.

In [11], Wang and Guan studied the following nonlinear first-order periodic boundary value problem
on time scales:

XA + p(Hx(0(®) = Af@t,x(0®), t €\t ... bl
x(ty) — x(t) = L(x(t)), kefl,...,m}, (1)
x(0) = x(a(T)),
where A > 0 is a positive parameter. By using the Leggett-Williams fixed point theorem, they provided
sufficient conditions for existence of three positive solutions of (1).
In [12], Guan, Li and Ma studied the following nonlinear first-order periodic boundary value problem
on time scales:
A+ pB)xot) =0, te]=[0,Tlr t#k k=1,2...m,
x(t) — x(t]) = L(x(t), ke (L,...,m), @)
x(0) = x(a(T)).
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By using the fixed point theorem in cones, they provided existence criteria for single and multiple positive
solutions to the class of nonlinear first-order periodic boundary value problems of impulsive dynamic
equations on time scales (2).

In [16], Li and Shu are concerned with the following first-order nonlinear impulsive integral boundary
value problem on time scales:

XA + pOx(0(t) = f(t, x(0(1),  t€ N\t tul,
x(t) = x(t;) = L(x(t)), i€fl,...,m}, 3
o) )
ax(0) - pro() = [ gEx(E)s.
0
They obtained some sufficient conditions for existence of at least one, two, or three positive solutions
for BVP (3) using Guo-Krasnoselskii and Legget-Williams fixed point theorem, respectively.
Motivated by the above studies, in this work we deal with the first-order multi-point boundary value
problem for impulsive dynamic equations of the form:

XA +ptx(ot) = f(Ex0(®), te ]\t tul,
x(t) - x(t;) = L(x(t)), kefl,...,m}, (4)
x(0) = x(o(T)),

where

(H1) T>0,0<t <... <ty <tyy =o(T)areright-dense, p € Ry, ] =[0,0(T)],
(H2) feC([0,0(T)] X R),
If(t,2)l <ar(t) + ax(t)lzl, te[0,0(T)], z€R,
a1,a2 € C(J),0<ay,a, <Bon]J, >0, for some positive constant B,
(H3) Iy € C(R),
k@) < bilzl* +c, z€R,
by,cr >0,k €{1,...,m}, are constants.
Let Jo = [0, t1], Jk = (tx, sl k € {1, ..., m}, and
PC()) = f{x:]->R:xeC(y), Ixt), x(t),

x(t) =x(t), kefl,...,m}}.

We will investigate the PBVP (4) for existence of solutions in PC(J) N C'(J\{t1, ..., tw})). Our main results are
as follows.

Theorem 1.1. Suppose (H1)-(H3). Then the PBVP (4) has at least one solution in PC(]) N C'U\t, ..., tw)).
Theorem 1.2. Suppose (H1)-(H3). Then the PBVP (4) has at least two solutions in PC(]) N C' U\t ..., tw)).

In [10], the PBVP (4) is investigated under the following conditions:

(G1) f:] xR — Ris continuous and there exist nonnegative constants « and K so that for any A € (0,1)

MfEx) <a(Aft,x)—pt)x)+K, te] xelR,
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(G2) Ir : R — Ris continuous and there exist nonnegative constants fx and N such that

|Ik(Z)| < ﬁklzl + Ny, ke {1,. . .,m}, z€R,

(G3) mBey(a(T),0) < ey(a(T),0) — 1, where f* = keI[IllaXm}‘Bk'
and it is proved that the PBVP (4) has at least one solution in PC(J) N C'(J\it1,...,tm}). When py = 1,
ke(l,...,m},in (H3), we get that (G2) and (H3) coincide. Note that (H2) is valid forany px > 0,k € {1,...,m}.
Therefore our results are valid for more classes Iy, k € {1,...,m}, than the results in [10]. Moreover, our
condition (H2) for f is different than the condition (G1) in [10]. Thus, we can consider the results in this
paper as complementary results to the results in [10]. Next, our conditions (H1)-(H3) ensure nonuniqueness
of the solutions of the PBVP (4). Also, the results in [10] are proved using the Schaefer fixed point theorem.
In this paper we propose new arguments based upon recent fixed point index theory in cones of Banach
spaces for a k-set contraction perturbed by an expansive operator.

The paper is organized as follows. In the next section, we make a short overview on time scale calculus.
In Section 3, we give some auxiliary results. In Section 4, we prove Theorem 1.1. In Section 5, we prove
Theorem 1.2, and in Section 6, we give an example.

2. Elements of Time Scale Calculus

Before giving further details, we give some of the main definitions for time scales extracted from [1], [5],
and [6] that we need in the sequel.

A time scale T is any closed subset of the real numbers. The forward and backward jump operators
o,p: T — T are defined, respectively as

ot)=inf{seT:s>t}, p(t)=supl{seT:s<t}.

The point ¢ € T is left dense, left scattered, right dense, right scattered if p(t) = t, p(t) < t, o(t) = t, o(t) > ¢,
respectively.

Definition 2.1. If T has a left scattered maximum m, then T* = T — {m}. Otherwise T* = T. In other words,

T = T\ (p(sup T),supT] ifsupT < o
T ifsupT=T"

Definition 2.2. For a function f: T — Rwe define f°: T — R by f°(t) = f(o(t)).

Definition 2.3. We define f*(t) to be the number with the property that given any € > 0 there is a neighborhood U
of t such that

|Lf(o(t) = f(5)] = £A(®) [o(t) = 5| < elo(t) = s

forall s € U. Here, fA(t) is called the delta derivative of f at t, and f is called delta differentiable in T provided that
FA(t) exists for all t € T,

Definition 2.4. A function f: T — R is called requlated provided that its right-sided limits exist at all right-dense
points in T and its left-sided limits exist at all left-dense points in T.

We define the indefinite integral of a regulated function f by

f F(HAE=F(t) + C,

where C is an arbitrary constant and F is a pre-antiderivative of f.
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Definition 2.5. A function F: T — R is called an antiderivative of f: T — R if
FA(t) = f(t) forall t € T".

Definition 2.6. f: T — IR is said to be rd-continuous provided that f is continuous at each right-dense point of T
and has a finite left-dense limit at each left-dense point of T. The set of rd-continuous functions will be denoted by
Cra(T) and the set of differentiable functions that posseses rd-continuous derivatives is denoted by C\,(T).

Theorem 2.7. Leta,b,c€T,a € Rand f,g € Cyy. Then,
b b b
i) f [f(t) + g(t)]At = f f(t)At + f g(t)At;
b b
(i) f @O = a f FOA
‘ b ‘ b
(i) f Fo®) DM = (F)b) - (Fo)a) - f FAOIOAL

fu b FHAH < f b gOAL

b
(v) if f(t) =0 foralla <t <b, then f f(HAL > 0;

()
(vi) if t € T, then FTAT) = uOf(t);

(iv) if|f(t)| < g(t) on [a, b), then

b b b
(vii) f [FOgOIA < f o] ae< sup [fo) f lg(0)| A

Definition 2.8. A functionp: T — R s regressive provided that 1+ u(t)p(t) # 0 for all t € T* where u(t) = o(t) -t
is the graininess function.

The set of all regressive and rd-continuous functions will be denoted by R.

Definition 2.9. Ifp € R, then we define the exponential function by

t
ep(t,s) = exp ( f Eun(P(T)AT )

where

log(1 + hz) )
5h<z>={ — 5 fho

z if h=0,
is the cylinder transformation for s, t € T.

Theorem 2.10. [5] Ifp,q € R, then

(i) eo(t,s) = Land ey(t,t) = 1;
. 1 )
(ii) ey(t,s) = 06D eep(t, s);
(iii) ep(tz u)ep(u,s) = ep(tr s);
(iv) eﬁ(t, to) = p(t)ey(t, to) for t € T* and to € T.
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3. Auxiliary Results

To prove our existence result we will use the following fixed point theorem.

Theorem 3.1. Let € > 0, B > 0, E be a Banach space and X = {x € E : ||x|| < B}. Let also, Tx = —ex, x € X,
S : X — E is continuous, (I — S)(X) resides in a compact subset of E and

{xeE:x=AI-S)x, |xl|=B}=0 (5)
forany A € (0, %) Then, there exists x* € X so that
Tx" + Sx* = x".
Proof. Define
—1ix if x|l < Be

=)
rl——x| =
€ Bx if

il [|x]| > Be.

1
Then r (_E(I - S)) : X — X s continuous and compact. Hence, by Schauder fixed point theorem, it follows
that there exists x* € X so that

1
—Sa-§)%) =
r( e( )X X
1 .
Assume that _E(I - S)x* ¢ X. Then

B

o= sy [ESER

1
€

> Be,

and

. B

e (1
X =m(1—5)x —7’( G(I S).X')

and hence, ||x*|| = B. This contradicts with (5). Therefore —é(l - S)x* € Xand

X = r(—%([ - S)x*) _ —%(1 _ 9
or

—ex” + Sx* = x7,
or

Tx" + 5x" = x".
This completes the proof. [J

Let X be a real Banach space.

Definition 3.2. A mapping K : X — X is said to be completely continuous if it is continuous and maps bounded
sets into relatively compact sets.
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The concept for I-set contraction is related to that of the Kuratowski measure of noncompactness which we
recall for completeness.

Definition 3.3. Let Qx be the class of all bounded sets of X. The Kuratowski measure of noncompactness o : Qx —
[0, o0) is defined by

a(Y) = inf 5>0:Y:UYj and diam(Y;) <6, je{l,...,m)},
j=1

where diam(Y ;) = sup{llx — yllx : x, y € Y;} is the diameter of Y}, j € {1,...,m}.
For the main properties of measure of noncompactness we refer the reader to [7].

Definition 3.4. A mapping K : X — X is said to be I-set contraction if it is continuous, bounded and there exists a
constant | > 0 such that

a(K(Y)) <la(Y),
for any bounded set Y C X. The mapping K is said to be a strict set contraction if | < 1.

Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction (see [9]).

Definition 3.5. Let X and Y be real Banach spaces. A mapping K : X — Y is said to be expansive if there exists a
constant h > 1 such that

IKx = Kylly = hllx - ylix
forany x,y € X.

Definition 3.6. A closed, convex set P in X is said to be cone if
1. ax € P for any a > 0 and for any x € P,
2. x,—x € P implies x = 0.

Denote P* = P\{0}.

Lemma 3.7. Let X be a closed convex subset of a Banach space E and U C X a bounded open subset with 0 € UL

Assume there exists ¢ > 0 small enough and that K : U — X is a strict k-set contraction that satisfies the boundary
condition:
Kx ¢ {x, Ax} forall xe dUand A > 1+ ¢.

Then the fixed point index i(K, U, X) = 1.
Proof. Consider the homotopic deformation H : [0,1] x U — X defined by
H(t,x) = 1 tKx
e+l

The operator H is continuous and uniformly continuous in ¢ for each x, and the mapping H(t,.) is a strict
set contraction for each t € [0, 1]. In addition, H(f, .) has no fixed point on dU. On the contrary,
o if t = 0, there exists some xy € JU such that xy = 0, contradicting xo € U

1+ 1+
e if t € (0,1], there exists some xy € P N U such that 1 tKxg = xp; then Kxy = gxo with Tg >1+g,
€

contradicting the assumption. From the invariance under homotopy and the normalization properties of

the index, we deduce
1

e+1

i KUX)=i0UX)=1
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Now, we show that
1
(KU X) = i(—= KUX)
We have

g+11<x¢x,\/xe<9u. (6)

Then, there exists y > 0 such that
1
||x— mKX” > YV, Yxedl

On the other hand, we have }_ 1 Kx — Kxase — 0, for x € U. So, for ¢ small enough

[IKx —

Y
€+1Kx||<2, Yxedl

Define the convex deformation G : [0,1] x U — X by

1
Kx.

G(t,x)=tKx + (1 _t)e+1

The operator G is continuous and uniformly continuous in ¢ for each x, and the mapping G(t, .) is a strict set

1
contraction for each t € [0, 1], since ¢ + m(l —t) <t+1-t=1. Inaddition, G(t,.) has no fixed point on
JU. In fact, for all x € JU, we have

—G(t = —tKx—(1—t K
lx = G(t, 0l Ilx x = ( )ngl x|
> — Kx|| — t||Kx — K
> lx " x|| — t|Kx e x|
> -—=> =
Y7373

Then, our claim follows, from the invariance property by homotopy of the index.
0

Proposition 3.8. Let P be a cone in a Banach space E. Let also, U be a bounded open subset of P with 0 € U.
Assume that T : QO c P — E is an expansive mapping with constant h > 1, S : U — E is a I-set contraction with
0<l<h—-1,and SU) c (I-T)Q). If there exists € > 0 such that

Sx#{I-T)x), (I-T)(Ax)} forallxedUNQand A >21+e¢,
then the fixed point index i, (T +S,UNQ,P) = 1.

Proof. The mapping (I — T)™'S : U — P is a strict set contraction and it is readily seen that the following
condition is satisfied

(I-T)'Sx¢{x,Ax} for all xedU and A>1+e.
Our claim then follows from the definition of i. and Lemma 3.7. [

The following result will be used to prove our main result.

Theorem 3.9. Let P be a cone of a Banach space E; Q a subset of P and Ui, Uy and Us three open bounded
subsets of P such that Uy ¢ U, € Uz and 0 € U,y. Assume that T : Q — P is an expansive mapping with
constant h > 1, S : Uz — E is a k-set contraction with 0 < k < h — 1 and S(Us) c (I — T)(C). Suppose that
Uy \ u)nQ+0, Uz \ Uz) N Q # 0, and there exists 1y € P such that the following conditions hold:
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@) Sx # (I—-T)(x— Aug), forall A > 0and x € IU; N (Q + Aug),
(ii) there exists € > 0 such that Sx # (I — T)(Ax), forall A >1+e¢€, x € dUpand Ax € Q,
(iii) Sx # (I - T)(x — Aug), forall A > 0and x € Uz N (Q + Auy).

Then T + S has at least two non-zero fixed points x1,x, € P such that
X1 e&UzﬂQandxz [S (U3\HZ)OQ

or
x1 € (U \U) N Qand x, € (Us \ Uy) N Q.

Proof. If Sx = (I - T)x for x € JU, N (), then we get a fixed point x; € U, N Q of the operator T + S.
Suppose that Sx # (I — T)x for any x € dU, N Q. Without loss of generality, assume that Tx + Sx #
xondl; N Qand Tx + Sx # x on U3 N Q, otherwise the conclusion has been proved. By [8, Proposition
2.11 and Proposition 2.16] and Proposition 3.8, we have

L(T+SUL1NQP)=i.(T+SUsNQ,P)=0and i.(T+ S UNQ,P)=1.
The additivity property of the index yields
i(T+S,(UL,\U)NQP)=1and i (T+S,(Us \ L) NQ,P) = 1.

Consequently, by the existence property of the index, T + S has at least two fixed points x; € (U \ U1) N
Qandx; € (E3 \Uz)ﬁQ [}

Let
—%;;('Q;;gfg(fjf% 0<s<t<o(l),
G(t,s) =
(s,)
ep;é}%, 0<t<s<a(T).
We have
ep(o(T),0)
P 7
sup |Gt s) € ———" =Gy
t,5€[0,0(T)] ep(a(T),0) -1

In [17], itis proved that the function G is the Green function for the PBVP (4) and x € PC(J)NC'(J\{t1, .- ., tm})
is a solution to the PBVP (4) if and only if it is a solution to the integral equation

o(T) m
u(t) = fo Glt,5)f(s, (@A + Y, Glt, b)ly(u(t), te ]
k=1

In X = PC(J) define the norm

lull = max { sup |u(t)}.
kefl,..., M te(tr b ]

For u € X, define the operator

o(T) m
Suat) = )~ [ Glt )5, o) = Y Gl 11t
k=1
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t € J. Note that if u € X satisfies the equation
Swu(t)=0, te], )
then u is a solution to the PBVP (4). Set

m
By = B+ G1B(1 + BY)o(T) + G, Z (bkBP* + ¢y) .
k=1

Lemma 3.10. Suppose (H1)-(H3). If u € X, ||u|| < B, then
IS1ull < By.

Proof. We have

|S1u(®)]

(T) n
u(t) - f; G(t,5)f (s, u(0(s)))As — Z G(t, te) L (u(tx))
k=1

A

o(T) m
< u()l +f0 IG(t,S)IIf(S,M(G(S)))IAS+ZIG(t, tO i (u(ti)|
k=1

IA

(T) m
B+ G foﬂ (a1 (s) + az(s)lu(a(s))ﬂ) As+ Gy Z (belu(t)Ps + cx)
k=1

B+ G1B( + B)o(T) + Gy Z (bkBP* + ¢
k=1

IN

= By, te]

This completes the proof. [

4. Proof of Theorem 1.1

Below, suppose
(H4) € €(0,1), A and B satisfy the inequalities eB1(1 + A) < Band AB; < 1.

For u € X, define the operator

A t
Squ(t) = mfo Siu(s)As, te].
Lemma 4.1. Suppose that (H1)-(H3) hold. If u € X satisfies the equation
Sou(t)y=C, te], (8)

where C is an arbitrary constant, then u is a solution to the PBVP (4). Moreover, if u € X and ||u|| < B, then
IS2ull < AB;.

Proof. Let u € X be a solution to the equation (9). Then

A t
m fo Slu(S)AS =C, te ]
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We differentiate with respect to  the last equation and we find

A
mSlu(t) =0, te ],

whereupon S;u(t) = 0, t € J. Hence, from (7), we get that u satisfies (4). Next, let u € X and |[u]| < B. Then,
by the definition of the operator S, and Lemma 3.10, we arrive at

A a(T)
< — A
IS2ull < O_(T)fo IS1ullAs

AB;.

IA

This completes the proof. O

Let Y denote the set of all equi-continuous families in X with respect to the norm || - ||. Let also, Y = Y be the

closure of ?,

Y={ueY:|ul< B}
Note that Y is a compact set in X. For u € X, define the operators

Tu(t) = —eu(t,x),

Su(t) = u(t,x)+eu(t)+eSu(t), te].

For u € Y, we have

NI =Sl = lleu - eSaull
< éllull + €l|Saull
< €By +€AB;
= €Bi(1+A)
< B

Thus, S : Y — X is continuous and (I — S)(Y) resides in a compact subset of X. Now, suppose that there is a
u € X so that ||u|| = B and

u=AI-Su
or

1

Xu = (I - S)u = —eu —eSyu,
or



S. G. Georgiev et al. / Filomat 37:10 (2023), 3029-3042 3039

1
for some A € (0, E) Hence, ||S,u|| < ABy < B,

1 1
B < (X + e)B - (X + e) lull = €l[Syul| < €B,

which is a contradiction. By Theorem 3.1, it follows that the operator T + S has a fixed point u* € Y.
Therefore

u(t)

Tu'(t) + Su'(t)

—eu(t) + u'(t) + eu’(t) + €eSu’(t), tej,
whereupon
0=Su't), te]
and
0=S5w'{t), te]
From here, it follows that u is a solution to the PBVP (4). This completes the proof.

5. Proof of Theorem 1.2

Let X be the space used in the previous section. Suppose the following.

(H5) Letm; > 0be large enough and A, B, r, L, Ry be positive constants that satisfy the following conditions

2
r<L<Ry, €>0, R1>(—+1)L,
51’711

L
ABy < g

Let
P={ueX:u>0 on Jh.

With P we will denote the set of all equi-continuous families in P. For v € X, define the operators

Tolt) = (1+me)o(t) - e%,

S3o(t) = —€Syu(t) — miev(t) — e%,
t € J. By Lemma 4.1, it follows that any fixed point v € X of the operator T; + S3 is a solution to the PBVP
(4). Define

Uy = P={weP:|v|<r}
U = Pr=weP:|ul<L}

Us = P, =f{oeP ol <R},

A L
R, = Ri+—B;i+—,
m 5my

Q = Pr,=eP:|vll <Ry}
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1. For v1,v, € Q), we have
ITho1 = Thooll = (1 + me)llor — 2|,
whereupon T; : Q — X is an expansive operator with a constant # = 1 + me > 1.
2. For v € Pg,, we get

A

L
ISs0ll - < €||520||+m16||v||+gﬁ

IA

L
E(ABl +miRy + E)

Therefore S3(¢’R1) is uniformly bounded. Since S3 : ﬁql — X is continuous, we have that 53(5121) is
equi-continuous. Consequently Sz : Pr, — X is a 0-set contraction.
3. Letov; € PRl- Set

1 L
Uy =01 + —Sov] + ——.
m 5my

L L
Note that S,v; + 5 > 0 on | because ||S,v1|| £ AB1 and AB; < 3 We have v, > 0 on | and

1 L
lo2ll < Mol + —IS201ll + =—
mq 51’}11
A
< Rl + —Bl + L
nmq 577’11
= R,.
Therefore v, € Q and
—EMVy = —EM101 — €S0 —e——€£
102 = 101 201 10 10
or
(I-T)v, = —-emo +e£
1)02 = 102 10
= 5301.

Consequently 53(5&) C (I -Ty)(Q).
4. Assume that for any uy € P" there exist A > 0 and x € P, N (Q + Aug) or x € IPr, N (Q+ Aup) such that

S3x = (I - Tl)(x - Auo).

Then
L L
—€Sox — miex — eﬁ = —mye(x — Aug) + EE
or
L
=Sox = Amqug + =.
5
Hence,

L L
”SzX” = H/\mluo + EH > g

This is a contradiction.
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5. Suppose that for any e; > 0 small enough there exist a x; € 9P, and A; > 1 + €; such that A;x; € Pg,
and

S3x1 = (I = T1)(A1x1). )

S we have x; € 0P, Aix1 € ﬁz], A1 > 1+ €1 and (9) holds. Since x; € P,
1

and Axq € ﬁql, it follows that

In particular, for e; >

2
(5— + l)L < ML = A]lxq|l € Ry.

my
Moreover,
S L A + L
—€92X1 —M1€EX] — €E—= = —N\1NM1E€EX]1 + €E—=
10 10’
or

L
Sle + g = (Al - 1)7’}’113(1.

From here,
L L
25 > ||Soxg + 5| = (A = Dmy|lx]| = (A — 1)my L
and
2
—+1> A4,
5m1 =M

which is a contradiction.

Therefore all conditions of Theorem 3.9 hold. Hence, the PBVP (4) has at least two solutions u; and u; so
that

lluall = L < [Juzll < Rq
or

r <llmll <L <ljuzll < Ry.
6. Example

4
LetT = U[Zi, 2i + 1], where each interval [2,2i + 1],i € {1,...4}, is real-valued. Letalso, T =7, m =3,

p(b) = ax(t) =

1
,al(t)=O,t€],l=1,pk=2,bk=1,ck=O,k€{1,2,3},and

1

1 1
L=5 r=4 =10, A=—, €= ——
o TES 0 m ' 108" 5Bi(1+A)

Ry =10, B=
and

t=0, tH1 =2, th=4 1t3=6,
Then

2
eBi(1+A)<1, AB1 <1, r<L<Ry, R1>(%+1)L.
1
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Thus, (H4) and (H5) hold. Consider the following PBVP

x(o(t))

xXA(t) +x(a(t) = T+ @o)?

te J\{ti, ta, t3},

Here

2
X)) - x(t) = % kef,...3), (10)
x(0) = x(8).

f(t/x) = 1 _icxz S 1/

2
Ik(X)=mS1, kE{l,,S}

Thus, for the PBVP (10) Theorem 1.1 and Theorem 1.2 hold.
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