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ABSTRACT

Conservative schemes for the three coupled nonlinear Sctdinger equation

Ertug, Sevim
M.S., Department of Mathematics

Supervisor : Assoc. Prof. Dr. Ayhan Aydin

April 2016, 73 pages

The N-coupled nonlinear Schdinger N—CNLS) equation is one of the highly used mathematical
models in many scientific areas including physics, optiasjgum mechanics and fluid dynamics. In
recent years, although there are many numerical studidseaminlinear Sclidinger (NLS) equation
and coupled NLS (2-CNLS) equation, numerical studies oretleaipled NLS (3—CNLS) equa-
tion are rare. This system of equations has some physicagometric) properties such as mass
(or charge) and energy conservations. Standard numedicahges do not preserve these properties
and usually these properties are destroyed in the numeiabation. Recently, constructing conser-
vation methods that preserves this type of physical pregsehas an increasing interest among the
researchers. The purpose of this thesis is to develop sonse@tive methods that preserve one
or more physical properties of the 3—CNLS equation. Two comskquantities, namely energy and
mass conservations of 3—-CNLS equation are obtained. Thee, tlumerical schemes are constructed
that preserve the discrete versions of these conserveditipggander some suitable boundary con-
ditions such as periodic or homogenous boundary conditibirst, an energy preserving algorithm
Is proposed by using a method known as Average Vector FialtF\Anethod. Then, a two-step (or
three level) scheme is proposed that preserves the mass efjtlation. Finally, a one—step scheme
(or two level scheme) is proposed for the numerical solutibthe equation that preserves both the
energy and the mass of the equation. Linear stability, @oyusind convergence of these methods are
discussed. Dispersion relations of the energy preserghgmse and the mass conserving schemes
are analyzed. Many numerical experiments are performearityuhe dficiency and invariant con-
servation property of the schemes. Numerical results sheitvthe new methods constructed here
have excellent performance in simulating the periodicgleirand colliding soliton solutions of the

equation in long time.
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Uclii lineer olmayan Schiddinger denklemi icin yapi koruyan sayisal yntemler

Ertug, Sevim
Y Uksek Lisans, Matematik@umi

Tez Yoneticisi : Dog. Dr. Ayhan Aydin

Nisan 2016, 73 sayfa

Birlesik N denklemli lineer olmayan Scédinger N—CNLS) denklemi fizik, optik, kuantum mekaji
ve akiskanlar dinargi gibi bircok alanda siklikla kullaniladnemli matematiksel modellerden biridir.
Son yillarda lineer olmayan Sdhdinger (NLS) denklemi ve ikili lineer olmayan Sdudinger (2-
CNLS) denklemi icin yapilmis cok sayida calisma varkegili lineer olmayan Sclidinger (3-CNLS)
denklem sistemi igin yapilan sayisal ¢calisma sayisukatd azdir. Bu denklem sistemleriniritie
korunumu ve enerji korunumu gibi bazi fiziksel (ya da georkpkorunumaozellikleri vardir. Stan-
dard sayisal§ntemler buiir korunumlari korumamakta ve korunum sayisgignde bozulmaktadir.
Son yillarda bu tipdzellikleri koruyan sayisal@ntemler gelistirme ¢alismalarina ilgi arastirmacil
arasinda hizla artmaktadir. Bu tezin amaciil lineer olmayan Sclkidinger (3-CNLS) denkleminin
bir veya birden fazla fiziksel (ya da geometrikgelligini koruyan sayisal gntemler gelistirmektir.
3-CNLS denkleminin enerji veiktle olmakiizere iki korununbzelligi elde edilmistir. Daha sonra,
periyodik ve homojen sinir sartlari gibi uygun sinir iartaltinda, bu korunumlarin ayrik hallerini ko-
ruyaniic tane sayisaldntem gelistirilmistir.llk olarak, Ortalama Vekir Alani (AVF) olarak bilinen
bir yontem kullanilarak, enerji koruyan sayisahgem tasarlanmistir. Daha sonra denkleniitidsini
koruyan iki adimli (ya déi¢ basamakli) bir sayisabptem tasarlanmistir. Son olarak, denklemin hem
kiitle hem de enerijisini koruyan bir adimli (ya da iki basamaldyisal yntem tasarlanmistir. Tasar-
lanan sayisalgntemlerin dgrusal kararhlik, dgruluk ve yakinsaklik analizleri yapilmistir. Enerji ve
kutle koruyan sayisaldntemlerin dgilim dzellikleri incelenmistir. Sayisaldntemlerin etkinkjini ve
yap! korumadzelliklerini dogrulamak icin bir cok sayisal uygulamalar yapiimisBayisal sonuclar
uzun zaman arainda hefic sayisal gntemin de denklemin periyodik, bir soliton ve carpisalitgn

coziimlerinin de ¢ok iyi sonuglar vergini gdostermektedir.
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Anahtar KelimelerUclii lineer olmayan Sckidinger denklemi, yapi koruyan sayisahgem, d&ilim

denklemi, soliter dalga, periyodik dalga
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CHAPTER 1

PRELIMINARIES

In this chapter, we shall introduce the concept of the gepmigitegration by using the equation of
simple harmonic oscillator. Then, we will introduce thegdennonlinear Sclidinger (NLS) equa-
tion and the 2—coupled nonlinear Sotdinger (2—CNLS) equation. We will summarize the recent

numerical methods that are proposed for the numericalisakibf NLS and 2—CNLS equations.

1.1 Historical Bibliography

Efficient and accurate numerical methods for approximateisakiof initial value problems (IVP)
andor boundary value problems (BVP) for thefférential equations appearing in physics, engineer-
ing and in the other fields of sciences have been a goal oftst®for decades. One can argue that
there are four traditional numerical "techniques” for themerical solution of ordinary éierential
equations (ODESs) and partialftérential equations (PDES); namely, finitéfdrence, finite element,
spectral and meshfree methods. Each technique startegearip mathematics literature in succes-
sive decades, namely finiteftirence methods in the 1950s, the finite element methods OB@s,
spectral methods in the 1970s and meshfree methods in tl@s.198

The finite diference methods are still one of the most important and useditihematical tool for

engineers and scientists. It remains as a fundamentalitpehim many software programmes.

Many practical problems in science and engineering are RizgHravolve conserved quantities such
as conservation of mass godconservation of energy and lead to PDE of this type of vewlent
class. A PDE, in principal, can be solved by using the invescatering transform [1, 2]. But,
this solution is not the general solution; it is a speciakcasich is known as soliton solutions. In
fact, we know much about the mathematical structure of tegsations and their solutions, such as
conserved quantity and symmetry. Therefore, in order teetstdnd the dynamics of the complete
soliton of the model, we have to develop some numerical d@lgos. But in numerical solutions

of these problems, the mathematical structures such agm@usquantity and symmetry, are not
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generally preserved. Therefore, it is natural to developlgarithm that preserves these properties.
Preservation of such structures oftdrential equations by numerical integration methods has tiee
subject of many researches [3]. The theory of structuresgpvesy algorithms is developed infterent
areas of science such as celestial mechanics [4] and mafteyriamics [5]. Numerical experiments
have shown that the structure preserving schemes give bestdts than the non-preserving schemes.
In addition, structure preserving schemes dfieient in long time simulation and do not show blow-
up [6]. Conservation of energy has a priority and has a farniegamportance within the topic of
the conservation properties. Several works have been domé ¢his structures for the fikerential
equations. In [7], two energy conserving schemes are piegéor Sine- Gordon equation. In [8, 9]
and [10], some conservative methods have been developd&bi&enou-KdV equation, regularized

long wave equation and Sdidinger Bousinessq equation, respectively.

A numerical method designed to preserve some qualitativetstres of the dierential equation may
also preserve additional properties of the equation. Famge, symplectic methods are designed
for Hamiltonian diferential equations that preserve the symplectic structitiee Hamiltonian sys-
tem. In addition they have excellent performance on energgguvation (due to the backward error
analysis), and can conserve angular momentum and othefantsof the Hamiltonian system [3].

Hamiltonian diferential equation is written in the form

dx oH d_p_ oH

Ao =2 i=z12..-.d 1.1
dt opi dt 0% ! (1)
where the Hamiltoniakl (X(t), p(t)) : R* — Ris areal-valued function. The vector (X, Xz, - - - , Xq)
represents the generalized coordinates of the systemastign or anglesp = (P, P2, -+, Pq) IS

the set of generalized momenta in mechanics é@isglthe degrees of freedom’s of the Hamiltonian
system. Hamiltonian (or the energy) can be expressed as Skimetic energy and the momentum

energy. Itis a constant of the motion, that is

d
SHO. p()

I
M=

o) Q_>|Q_'>
T

-

M
=1k

e

)l

H(x(t), p(t)) = const

for all timet. If H(x, p) = T(X) + U(p), then the system (1.1) is said to beperable A remarkable
property of the Hamiltonian system (1.1) is the symplegticif its true flow [11]. In one-degree
of freedom (I = 1) symplecticity implies preservation of area. In highemdnsion ¢ > 1), it

corresponds to preservation of volume under flow map. A nicaleone—step method is said to be

2



symplecticif it preserve the symplectic structure of the Hamiltonigstem. An example for the
symplectic method is the the implicit midpoint method. A essary and dficient condition for a
Runge—Kutta method with Butcher tableau

c|l A
: b,ce RY, Ae R
bT
to be symplectic is that

bia,-j + bjaji - bibj =0
foralli,j =1,2,---,d. (see [11]). In the geometric integration context, it is wealbwn that sym-
plectic Runge—Kutta method preserves all quadratic inmggialn the following example, we will

illustrate this fact by applying the conservative implizitdpoint method and non-conservative Euler
method to the harmonic oscillator equation as a Hamiltosiatem.

A one dimensional simple harmonic oscillator is a secortkepnODE

d?x
mw +kx = O, (13)
which describes by a mass-spring system with potentialg@rn?{x2 and the kinetic energgkpz.
Here,m represents the mass of the spring &nslthe spring constant. The solution of this equation,

X(t), gives the positiorx of the oscillator at any time

The equation (1.3) has a separable Hamiltonian
1 p?
H(x, p) = Ekx2 o (1.4)
The associated Hamiltonianftérential equations can be written as
- X pm
op (1.5)
b = M —kx
P= "ox T

In the first equatiorx represents the velocity of the particles p/m. The second equatigm= mv =
ma = F gives the force law corresponding to the potential en%ﬂgs? on the spring. Note that for
the parametem = k = 1, the Hamiltonian (1.4) is the circle

['(t) = x(t)? + p(t)? = C?, forall t (1.6)

3



whereC is a constant. Applying the forward Euler method to the Heonin system (1.5) with
k = m= 1 and choosingp as the size, we get,

Xnt1 = Xn+h p,

(1.7)
Prir = Pn—h X
and the implicit midpoint rule for the same system yields
1+
Xl = Xo+h (—p” > p”),
o1+ X, (1.8)
Pri1 = Pn-— h (%)

We see that, in the case of the Euler scheme (L.if)(1.6) evolves through the solution (1.7), to the
new circle given by

Xop + Py = (1417 (3¢ + pd) = 1+ h?)C?, (1.9)
which can be seen in the Figure 1.1(a). Note that the areasewtby the discrete solutior,( p,)"
has increased by a factor ofs1n?. Figure 1.1(b) shows the increasing oscillation in time.ha tase

of the implicit midpoint rule (1.8), it can be shown tHats mapped to the same circle

Xoo1 + P = X0 + PR (1.10)
so that
X1 Praa = X0+ PR = =X+ pp = C%, (1.11)
wherexZ + p3 = C? represents the circle at the initial tihe= 0. This phenomenon can be seen in
the Figure 1.1(c). Figure 1.1(d) shows the periodic odaifaof the positiorx with respect to time.
Notice that after some time the positi@meaches the same point. One can conclude that the implicit

midpoint rule (1.8) is a conservative scheme for the simplentonic oscillator (1.3) that conserves
the property (1.6).

In numerical analysis, an ODE can be classified @atid non stt equation. For sff equations im-
plicit Runge—Kutta (RK) methods turned out to be suitableaolowever, for non i equations an
ideal method is explicit ones. For Hamiltonian systemselexist symplectic methods that preserve

a quadratic conservation law on first variations of solwgion

In the last several decades, there has been a great deatm@sintor numerical solution of ODE or
PDEs while preserving one or more (geometric) propertie®upund—df error (see [3, 12] and ref-
erence therein). It is well known that all Runge—Kutta (RK) Inoels preserves linear invariants [13]
and symplectic RK methods preserves quadratic invariantiaafiltonian systems [14]. Symplectic
integrators, in general do not exactly conserve the Hamédin The discrete Hamiltonian displays
an oscillating behavior. The amplitude of the oscillatisbounded with respect to the time and the
Hamiltonian is nearly conserved.



(a) Forward Euler (b) Displacemenk(t)

(c) Implicit midpoint rule (d) Displacemenxk(t)

Figure 1.1: Simple Harmonic Oscillator. Left: Phase Padraright: Displacement

However, for polynomial Hamiltonian functions of degreeaper than two, such conservation prop-

erties are lost [15]. lavernaro et.al [16] introduced alaiss—stage trapezoidal methods that exactly

preserves a polynomial Hamiltonian function of separaldenitonian system. Recently, an energy

preserving B—series method has been proposed in [17]. ltlisdc&verage vector field” (AVF)

method and described as a novel class of B-series methodz#isatrves the energy for all Hamilto-

nian vector fields [19]. For the filerential equation

%J: f(u, ueR"

the second order AVF method is given by [17]

Un+1 — Up _ '
e = fo f((1 = &)Un + EUna) dE.

For example, iff (u) = u, then the integral turns into

Uny1 + Up

1
f (L b+ £un) e = 0
0

which means that the scheme (1.13) is equivalent to the wellvk implicit midpoint rule

Un+1 — Un _ Un+1 + Un
At 2

(1.12)

(1.13)

(1.14)



If f(u) = u? (quadratic), then the integral yields
2

1 u
fo F((L = £)Up + EUuy) dé = 0

1+ UnsUn + U2
3 b

and the AVF scheme (1.13) becomes

2 2
Unsp —Un Un,1 T UnsaUn + Uy

= 1.15
At 3 ( )
If f(u) = u® (cubic), then the integral gives
1 ud .+ U2 Up + UpgU2 + U3
[ f@- s+ e g = B2t TR
0
and the AVF scheme (1.13) becomes
Unpz — Un Up,q + UA,qUn + Unpal] + U (1.16)

At 4
AVF method is a discrete gradient method. The use of disgratgient method has advantage for the

vector field of the form
f(u) = S(u)VV(u)

whereS(u) is a skew—symmetric matrix. For Hamiltonian systé() = S(u)VH(u) whereH is the
energy. When we apply the AVF method to the Hamiltonian systemenergy conservation of the

numerical solution is guaranteed at each step for any clodites integration step—size [17, 18].

To verify the order of the convergence of the average vecstd fnethod (1.13), we consider the
simple harmonic oscillator problem (1.3)

d?x
W +x=0 (117)
with the initial conditions
x(0) = xX(0) = 1. (1.18)

Writing the equation (1.17) as a first—order system @fedéntial equations (see Eg. (1.5)), one can
apply the average vector field method (1.13) to each equati@h5). The equation (1.17) together
with the initial conditions (1.18) has the exact solutix{t) = cos() + sin(t). We solved the problem
on the regiont( x) € [0, 1] x [0, 2]. We choose the step siz¢ = 5.0 x 1073 to minimize the error.

The error in this numerical calculations is measured as
l1€alleo = maxju(x;, tn) — ufl. (1.19)

Table 1.1 provides the results forfidirentAt values. We see that decreasing the temporal step size
leads to decrease in the error. From the table, it can be Batthe scheme has second order conver-

gence, where the order is calculated by

order~ In(llex(At)ll/llen(At1)l)/ In(Atz/Aty). (1.20)

6



Table 1.1: Rate of convergence of the average vector fieldhselie.13).

At l1€nlleo order
0.1 2.501x 10°% -
0.05 6.268x 10™° 1.996
0.025 1.568x 10°° 1.999
0.010 2.509x% 10°© 1.999
0.005 6.274x 1077 1.999

Although no RK method preserves polynomial invariants inegah replacing the integral in (1.13)
by a quadrature, Celledoni et.al.[20] showed that theréeaiRK method that preserves polynomials
of any order if the polynomial is the energy invariant of a@aical Hamiltonian system. A modifi-
cation of collocation methods extending the AVF method tghkr order is proposed in [21]. It was
shown that the new method exactly preserves polynomial mfpadynomial energy for Hamiltonian
systems. Symmetry and conjugate—symplecticity of the mé¢ggrator have also been discussed. An

extension of the AVF method (1.13) to the non—canonical Htaman system of the form

= I0THO. Y =¥o (121

has been discussed and a new class of numerical integrgampesed in [22]. The most simple one

is

Un+1 — Un - (Un+1 + Un

1
= ) [ M- e+ ) de
In [23], the AVF scheme (1.13) is applied to Hamiltonian grdifferential equations (PDESs) with
constant symplectic structure. The method is then apptisdme PDESs in bi-Hamiltonian form with

non constant Poisson structures in [24].

1.2 Nonlinear Schivdinger Equation

The single cubic nonlinear Sdbdinger equation (NLS)
Wt x) Yt x)

ot OX?
arise in many applications such as nonlinear optics [28]olly [26], quantum mechanics [27], and

+ aly(t, X)Py(t, X) = 0, (1.22)

hydrodynamics [28]. In the equation (1.22)t, X) represents the wave function at the state point
x and the timet € R*. The constana is a real parameter. In quantum mechanids, xX)|> repre-
sents the probability density of the system at the stadad the time [29]. The cubic nonlinearity
lu(t, X)2y(t, X) arises in the simulation of Bose-Einstein condensates [B0& NLS equation (1.22)

has infinite number of conserved quantities [31]. For examible associated Hamiltonian energy is

defined by
H(t) = f (

7

2

W|m_a
i 2|w|)dx (1.23)




The energy is preserved in time; meaning that for all tipvee have
H(t) = H(0).
Two other conserved quantities are the mass (or charge)

Q) = f " witdx = Q) (1.24)

and the momentum N

P(t) = f Y dx = P(t). (1.25)
In principal, the NLS equation (1.22) can olo)e solved by usimgpiise scattering transform [2, 32].
However, the corresponding solution is a special solutioomkn as soliton solutions. They are not
exact solutions. Various numerical techniques were pregas the literature for the NLS equation
(1.22) such as finite element method [33, 34], spectral ntefB6] and finite diference method
[36]. In the last three decades, extensive numeriffaltehas been devoted to construct conservative
schemes for NLS equation (1.22) [37]. A conservative schisnaenumerical method that preserve
the discrete analog of the conserved quantities such agye(te23) and mass (1.24) for the NLS
equation (1.22). By extensive numerical experiments, itbheen shown that conservative schemes
can perform better than the non—conservative schemes,ranenp the nonlinear blow—up when the

discretization is fine enough [38].

In [39], a new energy-preserving method has been consttdoteNLS equation based on Fourier
pseudo—spectral discretization in space and the averager\ieeld method in time. In [40] an ex-
plicit scheme, Hopscotch method, Ablowitz Ladik scheme,n&rilicolson implicit scheme, split
step Fourier method and pseudo—spectral (Fourier) methee been introduced for the numerical
solution of the NLS equation. Some other conservative selsdmve been developed in [6, 37, 41].
A new six point scheme based on multisymplectic formulath@s presented in [42]. A relaxation
scheme that preserves both mass in (1.24) and energy in (&a&3proposed in [43]. Several geo-
metric integrators were developed by symplectic and muttectic integration in [31, 44, 45]. Fei
et al. [46] proposed
iw?ﬂ _w?—l WTﬁ wn+l wn+l ¢J+1 2¢rj1—1 + l//?:%
2At 2AX? (1.26)
~SWIP (U + 0.
as a conservative scheme for (1.22). It has been shown thactieme (1.26) has constant energy

and mass given by
2

AX Ti]l. - werl lﬁj+1 lﬁn 2] n+1,2; ,n2
N Pl
2. [ x| Z | (1.27)
Q" = = Z (lw |2 i W/n+l )’
j

which are the discrete analogs of the conserved quantttig8)and (1.24).
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1.3 Two Coupled Nonlinear Schbdinger Equation

If there are two modes for describing the dynamics of slovdyying wave packets in nonlinear
optics and fluid dynamics, then the coupled nonlinear &tinger (CNLS) equations is the relevant
model. It models several physical phenomena for opticat,ffhed dynamics representing the beam
propagation in water wave interaction, the pulse propagdir fiber communication system and
soliton switch in birefringent optical fibers (see [47] amfierence therein). The CNLS equation

.0 0?
S+ S (P puel)vs = O
X
N (1.28)
. 2 2
=t e T (,3|l/’1|2+|lﬂ2|2)¢’2 = 0

Is a mathematical model for two interacting nonlinear waaekets in a conservative and dispersive
system [48]. In equation (1.28).(t, X) andy(t, ) are the complex wave amplituddész V-1 is
the imaginary number anglis the constant which represents cross-phase modulafign= 0, then
the equation (1.28) is reduced to two uncoupled single ddbi8 equation (1.22). The CNLS system
(1.28) have admits several conserved quantities undexrtdeiboundary conditions, such as periodic
boundary conditions.

1 |r? |0y 1
> f i (— | 1ol §(|w1|4+|z//z|4)+ﬁ|w1|2|wz|2)dx= const (1.29)
f i (2l + lyol’) dx = const (1.30)
foo MYy + Yoxtho)dX = const (1.31)

Here, (1.29) is the energy conservation law, (1.30) is thegolaarge conservation law and (1.31) is

the momentum conservation law, respectively.

In recent years, the CNLS system (1.28) has been studied roatheby several authors. In [49],
a mass conserving finite fierence method has been introduced. In [50] a third orderrexgal
time differencing Runge-Kutta (ETD3RK) scheme based o2)(Pade approximation to exponential
function has been presented for the numerical solution of £&guation. In [51], multisymplectic
schemes are proposed. A symplectic scheme and a multisgticpgex point scheme which is equiv-
alent to Preissman scheme are derived to investigate thedpgewaves [52] and the solitary wave
solution [53] of the CNLS system. In [54], a conservative &relement Galerkin method is studied.
In [55], the CNLS system is simulated by using a fourth ordgaliek Runge-Kutta method. Fourier
pseudospectral method and wavelet collocation methodlsoeapaplied to the CNLS system [56].
Following the conservative scheme (1.26) for NLS equatib2Z), Ismail et.al [57] proposed the

9



linearly implicit conservative finite dierence scheme

n+1 n-1 n+1 n-1 n+1 n-1

ACARED

oAt X T Ak 2

o - usyt (V55 +vsy! N e e
o [T) voRlnpee) T
where
U = a2+,
AWy = (vl +ewal),
fo(y1,y2) = (e|1/’1|2+|¢’2|2)-

It has been shown that the scheme (1.32) is conservative isethse that

ST wER) = 3 (R + W),

J J

(W) = (1w + ).

J J

10
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CHAPTER 2

THREE COUPLED NONLINEAR SCHR ODINGER EQUATION

The N-coupled nonlinear Schdinger equationN-CNLSE) is one of the most important models
which is relevant in some branches of mathematics, engimgeand science. It is widely used in
different fields of modern physics such as quantum mechanicsl@d]ldynamics [28] and nonlinear
optics [58]. TheN-CNLSE is a nonlinear partial flerential equation system with second order
dispersion and cubic nonlinearity defined as [59]

0 0

| ;l + o g))i;l + (0'11|lﬁ1|2 + ool + - + ‘TlNl‘/’le) v =0,

0 0

| <;pt2 + @ (9:(#22 + (0'21|9//1|2 + ool + - + 0'2N|‘//N|2) o =0, (2.1)
0 0

I% toan afZN + (O'Nlllﬁll2 + oNalal? + -+ GNNIWN|Z) Un = 0,

wherey,(t,X), n=1,...,N are complex functions which, in application, describe thmpktude of

the wavep,, n=1,..., N are the dispersion céiecients andrj,, j # nare coupling parameters.

There are several theoretical and numerical studies foNth@NLS equation withN > 3. In [60],
exact bright one soliton and two soliton solutions fgr= 1,,j = 1,2,3 ando = e have been
obtained and some shape changing collisions have been ¢iviE1], a new six—point scheme which
is equivalent to the multisymplectic Preissman scheme baea derived for (2.1) wittN = 3. In
addition, a new periodic wave solution of 3-CNLS equationtieen obtained and its stability analysis
has been discussed. In [62], various split step spectré&RPSchemes have been presented\for
coupled nonlinear Schdinger equation (2.1) withl = 3,4. In [63], a semi-explicit multisymplectic
splitting scheme has been proposed to solve the systemwW#H)N = 3. In [64], a new central
difference and quartic spline approximation based on exp@h¢intie diferencing Crank-Nicolson
ETD-CN method has been used for the numerical solution of (@th N < 3. In [50], a new version
of the Cox and Matthews’ third order exponential timé&eliencing Runge-Kutta (ETD3RK) scheme
based on the (1,2)-Padapproximation to the exponential function has been intted and some

numerical results have been presented for (2.1) With 2 and 4.
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The N—CNLS equation withN = 3 has some conserved quantities; namely, energy conservati
and the mass conservation. All of the numerical methodshgalmve forN = 3 ignore the energy
and mass conservation of tihe-CNLS equation witiN = 3. The aim of this thesis is to construct
conservative schemes that preserves energgoanthss folN—-CNLS withN = 3. In the following

section, we will find energy and mass conservation propedi¢heN—-CNLS equation witiN = 3.

2.1 Conserved Quantities 08-CNLS equations

In this thesis we will consider the following 3—coupled naehr Schodinger equation

Oy 521/’1
IE + M7 + ((T|lﬁ1|2 + eyl + 0'|l//3|2) v = 0,
O Y,
=5+ ar s+ (el +olel + eaf)ye = 0, (2.2)
OY3 Y3
= * ®5e T (UWll2 + elyal” + U|l//3|2) y3 = 0
in the domain
Q={(xt):x <x<xg, 0<t<T},
with initial conditions
Y(%, 0) = Yo(X), k=123, (2.3)
and periodic boundary conditions
(X, 1) = Yi(Xe, 1), k=123, (2.4)
or the homogenous boundary conditions
lﬁk(XL,t) =0, lﬁk(XR, t) =0, k=123 (25)
Using
U1(xt) = a(x t) +ib(x, 1), ya(x 1) = u(xt) +iv(x,t), (2.6)
ws(x 1) = pOG ) +iq(x 1) |
we can write (2.2) as
i(a + iby) + a1(aw + ibyy) + [o(@® + b?) + e(p? + ¢?) + o (> + V?)](a+ib) = O,
[(Pr + i0) + @2(Px + G + [6(8% + 0%) + o (p? + &) + &(? + V¥)|(p+ig) = O, (2.7)

i(Ug + 1V + a3(Uxy + Vi) + [0(@% + 0%) + e(p? + ) + o (U? + V)] (U + Vi) 0,

12



and decomposing the real and imaginary parts we get thevedabd system of equations

a + aiby + [0(@+b?)+e(p?+ ) +o(+Vv)b =
P+ @l + [e(@+bY)+o(p?+ )+ e+ V) =
U + a3Vy + [0(@2+ %) +e(p?+ ) +o(WP+V)v =

- -

-

O O 0O 0o o o

(2.8)
by — aaw — [o(@+b?) +e(p?+ ) +o?+Vv)la = 0,

G — aPxx — [@+b)+o(P?+P)+e+V)]p = 0,

Vi — asly — [c@+)+e(p?+ ) +o(P+V)u =

Now, we investigate the qualitative properties of the sotubf the 3-CNLS equation (2.2). In partic-
ular, we derive certain a priori bounds involving the inedgnvariants associated with the equation

(2.2). The equation (2.2) has the following solution praojest

Theorem 2.1.1 The solution of th&-CNLS equation (2.2) satisfies the mass conservations

Q) = f kP dx = f T 0Pdx = Qi(0),
Q) = f sk HPdx = f W 0Pdx = Qx(0), (2.9)
Q) = f sk P dx = f W O)Pdx = Qs(0).

Proof. To prove the first conservation

Q= [ wixofdx= [ Wik 0Fdx= QO
L L
in (2.9), we decompose the real and imaginary parts of thieslipgation in (2.2) and get
i(a + iby) + @1 (Boc+ i) + [o(@® + b?) + e(p? + ) + o (U? + V)| (@ +ib) = O, (2.10)
Taking complex conjugate of (2.10);
—i(ay — i) + a1 (A — 0, + | (8% + ) + &(p” + &) + o (1? + V)| (a— ib) = 0. (2.11)
Multiplying (2.10) bya — bi and multiply (2.11) by-(a + bi) and add them up to get
i [(a +ib)(a-ib) + (a — ib)(a+ ib)] + @1 [(a— ib)(ax + ibxx) — (@ + ib)(axx — ibxx)] = 0. (2.12)
Taking the integral of (2.12) from to Xg with respect tax;
i fXLXR % [(@+ib)(a—ib)] dx+ a; fXLXR [(@a—ib)(axx + ibxx) — (& + ib)(axx — ibx)] dx = 0.

Under the periodic boundary conditions (2.4) or the homogerboundary conditions (2.5), the sec-

ond integral vanishes, i.e.

021 fXR [(a—ib)(axx + ibyy) — (& + ib)(axx — ibyx)] dx =0,
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by using integration by parts. Therefore, it remains

a (%
—f (a+ib)(a—ib)dx =0
at Jy,

thatis

XR
XL

f (@ + b?)dx = f ly1(x,t)?dx = const
XL

This proves the first result in (2.9).

Second and third conservation properties in (2.9) can besisonilarly. O

Theorem 2.1.2 The solution of th&-CNLS equation (2.2) satisfies the energy conservation

2 2 2

N N 0o 3
M) = EL{—M Wil | 22— |2
+elyl® [l + o [l lwal® + el sl (2.13)

+Z (Wl + ol + lpslf)} dx = H(0).

Proof. To prove the energy conservation, we write the real and inaaygiparts of the first equation
in (2.2)

i@ + i) + a1 (B + by + [o(@® + 0%) + &(p? + ) + (U + V)| (a+ ib) = O, (2.14)
Taking complex conjugate of (2.14) to get
—i(ag - i) + a1 (B — 0, + | (@® + ) + &(p? + &) + o (U? + V)| (a— ib) = 0. (2.15)

Multiplying (2.14) by @ — ib;) to obtain

i(a — iby)(a; + iby) + a1 {(a; — iby)(axx + by}
+ [O‘(a2 + bz) + QE.‘(p2 + qz) + O'(U2 + v2)](a+ ib)(a —iby) = 0. (2.16)

and multiplying (2.15) by4; + ib;) we get

—i(a; —iby)(a + iby) + a1 {(a + iby)(axx — by}
+ [o‘(a2 + b2) + e(p2 + qz) + O'(U2 + VZ)](a— ib)(a +ib) = 0. (2.17)

Adding (2.16) to (2.17) to get

ay {(axx + ibxx)(at - |bt) + (axx - ibxx)(at + |bt)}
+ [or(@® + 0% + &(p® + @) + (U + V)| ((a + ib)(a — iby) + (a— ib)(a +iby)) = 0. (2.18)

14



Integrating this result fromx,_ to xg with respect tox gives
a1 [ (Bt D)@ = 0 + (3 Ibu)(ac + i)

+ fXR[a(a2 +b?) + e(p? + ) + o (W + vz)]g ((a+ib)(a—ib))dx=0. (2.19)

If we use integration by parts for the first integral in (2.,18en (2.19) turns out that

XR

a1 [(a — iby)(ax + iby) + (a + iby)(ax — iby)]

XL

— a1 fXR [(@x + iby)(axt — ibxt) + (axt + ibxt)(ax — 1bx)]

+ fXLXR[G(a2 +0?) + e(p? + ) + o (U? + VZ)](%(|a2 +b%)%dx=0. (2.20)

In (2.20)

a1 [(a —iby)(ax +ibx) + (& +ib)(ax —iby)] | =0
under the periodic boundary conditions (2.4) or the homogsrboundary conditions (2.5). Then

(2.20) reduces to

_alfxiRg(a +b2)dx+f [o(@® + b?) + e(p? + &) + o (U? +Vz)] (a +P)dx=0. (2.21)

Following the same steps for the second and third equatio(&2), we arrive

o [ S0 @ [ (o )+ (4 ) 4 ol AN+ X0, (222)

—angR%(u§+v)2()dx+ [a(a + %) + e(p? + ) + o (U? +v2)] (u +Vv)dx=0. (2.23)

L XL

Adding (2.21), (2.22) and (2.23) together, and using theabiyu

0
2 2 2 2 2\2
o(a +b)_8t(a +b%) = 6t(a + b?)

2

we get
f %(—al(ai 1) — an(P2 + @) — aa(2 +12)
(ax+b)2+(px+qx)2+(u V)2
+ e%(a2 +b?)(p? + o) + (rg(a2 +b%)(U% + V7)) + eg(pz - 2+ A)dx= 0.
le.
% fXLXR —a1 (82 + b2) — ap(p2 + ) — (Ll + )
+%[(a + 027+ (P2 + Q) + (U2 + V2]

e[@ + b?)(p* + )| + o (P + ) +V?)| + e[ (® + b?)(? + V?)| dx = 0.
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Therefore,
[ e+ ) - i+ ) - s + D)
+ 5 @+ D7+ (B + 6+ (U + )7
+e|@ + )P+ )| + o [(0° + )P + V)| + e + bP)(u® + v?)| dx = const;

which proves the conservation law (2.13). O
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CHAPTER 3

NUMERICAL METHODS FOR 3-CNLS EQUATION

In this chapter, we will propose threefidgirent numerical methods for the solution of the 3—CNLS

equation (2.2) and discuss their properties in terms ofe@masion of mass (2.9) and energy (2.13).

3.1 Average Vector Field Method for3-CNLS equation

In this section, we will propose an energy preserving nucaémethod by using average vector field
method for 3-CNLS equation (2.2).

We start by writing the 3CNLS equation (2.8), as the infinite dimensional Hamiltorf@m
7 = S(i)ﬂ(z) (3.1)
t — 62 s .
wherez = (a, p, u, b, g, v)" with the skew-symmetric matri$
0 -l
I 0 |
where0Q is the zero matrix antis the identity matrix with dimension:33. The variational derivative

OH _oH _, (oH) o (0H)_
oz B 0z X 6ZX X aZxx '

S =

is given by [65]

where
ﬂ(z):fH(z,zX)dx (3.2)

H is the Hamiltonian for the system (2.2) defined in (2.13).

We consider the 3CNLS equation (2.2) with the initial conditions (2.3) and theriodic boundary
conditions (2.4). For approximating this problem, we iduoe the following spatial discretization

XR — XL

Xj=X +JAX,]=0,12...M, Ax= v

17



and temporal discretization

-
th=nAt,n=1212,...N, N

whereAx > 0 andAt > 0O are fixed space step and time step, respectively. The poittie domain

[X., Xg] X [0, T] define a regular grid (or mesh) in two dimensions. We use th®e

Xy Ya(t)
X=| : |, Y= :
X Um(t)
with
i) = (X, 1).

Since we use periodic boundary conditions, we also set

YUmer = Ya(t),  Yo(t) = ym(b), t>0.

The second order spatial derivative is discretized by

Py Yii— 2+ Yia
ox2 = AX2 ’

j=1-,M.

Then the system of equations in (2.8) yield the following sehscrete problem

daj bj_l + 2bj + bj+1
o T T ae ot
dp; Qj-1 + 20; + Gjs1
o T T ae
du; Vi1 + 2Vi +V,
—1 = e 12 = S1.jVjs
dt AX (3.3)
dbj dj_1 + Zaj + dj+1 .
W oC T ae U
do Pj-1+ 2pj + Pjs1
AT ae P
de Uj-1 + 2Uj + Uj+1
O T T ae oW
where
S1j = o(@ + b%) + e(pf + o) + o (Uf + V)
and

Syj = €@ + %) + o(pf + o) + e(uf + V7).
This is a nonlinear system o equations with  unknowns &, b, p;, g;, U, V)", j = 1,2,..., M.
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To understand the structure of the above system, we writBrgte@quation of (3.3) explicitly as

da by + 2b; + b
@ T T ae S
d b, +2b,+b
T e S
: (3.4)
day_1 - bv-2 + 2Dp-1 + by +S b
ot 1 NG 1,(M-1)Pm-1,
daM bM_]_ + 2b|\/| + b]_
W = —Q1 Ao + Sl,MbM'

The other equations in (3.3) can be written similarly. Thalmear system of equations (3.3) is
a Hamiltonian system of equations. In fact, by introducihg vectorz = (a,b;, p;, g, u;, V)",

j=212,...,Mandthe 81 x 6M skew—-symmetric matrix

(3.5)

_i Osmxam =l 3mxam
~AX

Ismxam  Osmxams

whereQOzuxam andlauxam are Mx3M zero and identity matrices, respectively, we can express th
system of equation (3.3) as a finite dimensional Hamiltoeiqmation of the form
dz

= = JVH@). (3.6)

where the Hamiltoniai (Z) given by

M 2
1 dj+1 — 4, 2 bj+1 — bj
H(Z) = Ax —{—al( j ) —cxl(
JZ‘ 2 AX AX

_az( j+1 — Pj )2 B az(th —q; )2
AX AX
Uj+1 — Uj 2 Vit1 — Vi 2 (37)
_a3( AX ) —CY3( AX )
+e(aj? + bjz)(pj? + qu) + a(aJ? + bjz)(uj? + vj?)

+e(P? + o) (W2 + \2)],

which is the discrete analog of the ene®yz) in (2.13).
This means that the time evolution will be generated by theiHanian equations

da _ 10H db _10H dp_ 10H
dt Axabj’ dt Axaaj’ dt Axaqj’ (3.8)
ﬂ _ 1 0H de B 1 0H de _ 1 0H '

Gt " Axap Gt - Axav dt - Axauy
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which can be written explicitly as a matrix equation

(g | [ 0 0 0 -lym o ol A&

of 0o 0 0 0 —lyiu O || axon
dju | 0o 0 0 0 0 ~lmaw || acis
dt| p, I nixw 0O O 0 0 Ol &a
aj 0 Imm O 0 0 Of| &
L vi] [ 0 0 lww 0 0 0f] £

In order to check the Hamiltonian formalism (3.6), we wrig7) explicitly forj = 1,2,...,M and

obtain

-
H(Z) = E]; {(az + a1)2 + (a3 + az)z + ...+ (aM + a|\/|_1)2 + (aM+1 + aM)2

+ (b2 + b1)2 + (b3 + bz)z + ...+ (bM + b|\/|_1)2 + (b|\/|+1 aE b|\/|)2}

- 2% {(p2+ P1)? + (Ps + P2)* + ... + (Pu + Pw-1)” + (Pu-1 + Pu)?
+(0p + Cll)2 + (0 + QZ)Z +...+(Ou + QM—l)2 + (Ome1 + qM)Z}
- ZCiTi( {(Uz +Up)% + (Us + W) + ... + (U + Up_1)? + (Upis1 + Un)?

+ (V2 + Va)? + (V3 + Vo) o (Vi + Vine1)® + (Viier + Vi) +)

eAXx

—5 (@ +03) (P + ) .. (& + b3, (PR + )]
. %‘X [(ad + %) (uf +v2).... (&, + b (s + &)
- (04 ) (D) .. (PR + ) (s + 8

" UTAX [(a§ 02) + (2 + )+ (2 +B)

In equation (3.6), the first term of the gradi&itH(Z) is

oH _ -1 2 2
ob, - Ax [— (b2 = by) + (by — bw)] + eAX[bl (pl + ql)]

+ orAX [bl (U + v%)] + 0AX [(aﬁ + bi) bl]

= %( [(bz — 2b; + bu)] + eAX[bl(pi + qf)]
+ oAX [bl (uf + vf)] + oAX [(aﬁ +b?) bl] (3.10)
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so that the first equation of (3.6) is

da B -10H
dt ~ Axaby
_ ;;:(,; [(by — 2b + by)] - [O-(aiq- b%) + e(pi'i‘q%)'i'O'(U%'Fvi)] by,

which is the first equation in (3.4). The other equations camdyified similarly.

The system of ordinary fferential equations (3.6) can be discretized in time by ugiaghVF method
[23, 17],

Zn+1 - Zn

1
N :JfOVH((l—g)zn+gzn+l)dg. (3.11)

Equation (3.11) conserves the energy (3.7). In order togotioat the method (3.11) preserves energy,

we take the scalar product with

T

1
( fo VH((L = &)Zn + £Z01a) de

on both sides of the equation (3.11) and get

1 1
- f (Zuns - 20) VH((L = )Z0 + £Zoy1) dé = O,
0

1 (td
At . afH((l_'f)Zn"‘fzml)df:O' (3.12)

Using Fundamental Theorem of Calculus, we get
1
A1 (Znin) — H(Zn)) = 0, (3.13)

and therefore
H(Zn1) = H(Zn), (3.14)
which means that energy is same at every time step i.e., thieoth€onserves the energy. The

existence of the above discrete energy conservation law)8uarantees that the numerical scheme
will not blow—up and the scheme (3.11) will be stable [46,.66]

Now, we write the equations in (3.11) explicitly to discubks solution of this non—linear system of
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equations. Applying the AVF method (3.11) to each equatmof8i6), one obtains:

i _—1 aH ((1
At

prt - Pl _ 1 1 oH (-
At 6q,

W -l -1 oM (-
At AX ér‘vJ

b -b 1 ('oH M (1
At AX 8a,

qT+1—qT _ i 6H ((1
At ap,
1

Vrj1+ _VT _ 1 1 oH ((1
At AX 6uJ

Evaluating the partial derivatives we get

arl—a’
j
At

Haf + g™, .. (1= V] + &) de,
Haf +cad™, ... (1- V] + v de,
Haj +éal™, ... (1= V] + &™) de,
Ha + g™, (1- V] + &) de,
ga)+éa, . (L= V) + &) dg,
gal+&at, . (1- oV + e de.

l —
i _ fo (=) (By - 20]+ 1) + (b - 20+ b

n+1
j+1

)

oo+ (a-ont ]

- e[((l —op+epr) +(W-o )+ fq’}”
o [((1 U+ e + (- V) + &™)

P -F  (t-a
JTtJ:fo A—Xg((l—f)(Q?_l—ij"‘b

n
j+1

2

)+ & (afrs - 207

n+1
+ q1+1

- { e[((l —-é&aj + fa?*l)2 +((@- &b + &)

+0o [((1 —9 P+ + (-8 ) + g

+ e[((l —Hul + fu’;*l)z +(@-Hv+ gv”*l ]

uMt —u?

1
JAt J:jc; AXZ(( —§)( 1 + j+1)+§(vrj‘j_2vrjl+l+vn+
~{r|(@-aa )« (-2 b+ b))

/]

n+1

el(@-op+em) +(@-ad + &

2

/]

V| (@-ab)+ ety ez,

)

Il
|
Ha-oa

(3.15)

)dé,

+o [((1 —Hul + fu?*l)z + ((1 -V + f\/'j‘+1)2]} ((1 -V + f\/jwl) d¢,

22



b+t —
J J

1
= [ (a2 ) (e 2o )

oo +{a-011 ]
2

e[((l —9 P +ep) + (- ) +£qp) ]
o|(@-ou+ai) + (@-9v+ ey | (@ -oa+ e,

N+l _gn

e [ (- (- 200 ) - 200 112
+{el(@-a+ e (- o0+ ey

”[((1 &Pl +epi) + ((1- f)q,+§qT+l)]

+el(@-au+ai) + (@-vi+ a8 |} (@-o 5+ oY) e,

g -ﬂAﬁm-mwlﬂHw4+ﬂTin+¢m

el(a-am s + (oo
y e[((l £) pﬁfp?”) + (- rs)q,+§q,”+1 ]
rol(@-uan) +(@-avi+ar (e - o+ i) e

Evaluating the integrals on the right—hand side of the egnsatyields &1 non-linear equations with
6M unknowns. The equations (3.15) yieltMéonlinear systems of equations

o= (" — ) — o208 (b 4 — 28] + b, + ']~ 20+ b7
BT
rel(@-op e + Q- + e
ro[(@-gup+ ey v (@- v+ an ) (@ - 1)+ eof) de,

(Zzﬁt
2AX2

- At fo 1 {e[((l -&a + fa‘;*l)2 +(@-9b+ gbf;ﬂ)z]

n+1 n+1

Faoj = (P = b)) = 5 (df-s — 20 + b,y + '} — 2" + of1])

to [((1 —Op ) +(W-o )+ fq,””)z]
+e[((1 &)Ul + fu?ﬂ)z + ((1 — V) + gv’j‘*l) ]} ((1 —od + fqrjwl) d,
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(G- 24 4y + id = 24 )
— At f {0‘ —dal+¢ n+l) +(1-9 b';+§b?+1)2]

[((1 ) p] " é;pn+1) i ((1 £) q] n scqn+1)2]
[ 1-Ou+ ) +(Q-V+ gv';”)z]} (@-9v)+ e de,

alAt n
2AX2 (a'

*A‘f {o|(@-ga+ ey + (@-ab) + o))

Faj = (B - 17) + —2a) +a,, +a"] - 24 + at])

[( Q-9 P +ep) + (-] +§q”+1)]
ro|(@-gu ey +(@-avi+an) @ - o & + ea ) e,

n+1 n+1

Foy = (o — o) + 5 N (Fha - 200 + By + Pt 20+ )
At fo 1 { e[((l —oa e ) + (A-9b) + gb’;”)z]
to [((1 O P +Ep ) + ((L-&)d +&q) ]
re(@-au+ant + (@- v+ e |} (@-o o + oY) de

CYgAt
+ o (U

1
+ At‘fO‘ {0' [((1 £) a + & n+1) + ((1 =) b’; + é:b?+1)2:|
+ e[((l &) p +§pn+1) + (-9} +&q0) ]
ro|(@-u+ ) + (@- v+ e (- o+ v ae.

n+1 n+1 n+1
J —2u) + Ul + Uty = 20 +uj+1)

with the Jacobian matrid

[ OFj OF1; OF1; OFyj OF1j OF1j ]
n+1 n+1 n+1 n+1 n+1 +1
oal 6bj ap] o] ot 6\/”
0F2 0F2; 0F2; 0F2j OF2; 8F21‘
n+1 n+1 n+1 n+1 n+1 +1
oaj 6bj apf o] ou; 6\/n
OF3; OF3; OF3; OF3j OF3j 19F3]
n+1 n+1 n+1 n+1 n+1 +1
el (')bj op; aq] o (')VJU (3 16)
OF 4] OF 4] OF4j OFa4 OF 4] OF 4] : ’
n+1 n+1 n+1 n+1 n+1 +1
0a" ﬁbj 6pj 6qj auj 6\/']-1
0Fs | OFs, | OFs | OFs 0Fs | 0Fs |
n+1 n+1 n+1 n+1 n+1 +1
oaj b apf aa; ou; av?
aFe’j 5F6’j BFG’J' 3F5,j BFG’J' BFG’J'
| (')aerl abrjvrl apljwl aquwl 3UT+1 (')V'j”l

“6Mx6M

24



This non-linear system of equations can be solved by usintgeative scheme such as Newton’s

method or fixed point iteration [67]. Here we use Newton'’s moelt

[ at | [ & [ Ryl vart v |
prj1+1 p? F, (a?’ L V?, a?+l’ ; VT+1)
un+t u" B Fs (af‘, Loovarmt oo Vn+1)
éﬂ::b%-kwﬂn¢¢$ﬁmNW)Fdé'Aa%{ Nﬁ). (3.17)
A || Fo (8l
VL | Fo (@ Ve ) |

Newton’s method for solving a non-linear system of equatfx) = 0 uses the Jacobian matrix
of G, i.e. Jg at every iteration. But inverting the Jacobian matrix at gvegration is dificult and
time consuming. Therefore, to find the inverse of the Jacoimatrix dficiently, first we consider the

linear systems of equation by setting

J;l(a” R

LAt VIR (LA V) = X

i j i
in (3.17) and first solve the linear system of equation

F(a”...,vn

i j,an+l,...,VT+1)=J|:x

i
by using the LU decomposition of the matdx = LU. Then we get
F=(LU)X, (3.18)
whereL andU are lower and upper triangular matrices, respectively. Let
ly =F=y=L""'F

and
UX =y
X =U7y.

Finally, the Newton’s method (3.17) proceeds by

) a'j”l o a )
n+1 n
P; P;
u+l u”
b= =X (@At v
bl bo i i i
J J
n+1 n
q; q;
vl Vi
L 7] | L )

up to the error tolerand@™?* — Z"| < tol = 1077, whereZ = (a;, bj, p;, 9;, Uj, vj) "
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Two iterations satisfy
|Z™ - 7" < tol

for tol = 10~’. When we decrease the tolerancadab= 10715, three iterations satisfy the required

accuracy in Newton iteration.

3.1.1 Linear Stability Analysis

In this section, we investigate the accuracy, linear stgkaihd truncation error of the AVF method
(3.11). Although an application of the linear stability &s#s to nonlinear equations cannot be justi-

fied, it is found to be fective in practice. Consider the linearized form [49] of t@&tion (2.2):

er + all/’lxx + S_lwl = O,
o + oo, + S22 = 0, (3.19)
ilﬂgt + (1/31//3XX + S_]_lﬁ3 = O,

where the constant terms are

S; = max{ol + eyl + olyal},
XxSXSXR

XTEE((R{Gll//ll + ool + elyal}.

Sz

Application of the AVF scheme (1.13) to the linear equati8ri9) yields the implicit midpoint rule
(1.14)

- gp Mg (gl
Vi Vi o Yk 2% c5| e T g (3.20)

At 2

whereS =S, fork=1,3andS =S, fork = 2,
S2Y" = 1 (l/,f‘ — 2" + " )
Vi = e Vi j TV

Theorem 3.1.1 The AVF method (3.11) for the equations (3.19) is a condistethod with the order
of accuracyO((At)?) + O((AX)?).

Proof. We start by assuming that the numerical method is exact agritigooint (x;,t,). Then the

local truncation error is

LT o U tan) — X t) S (l/’k(xj’ tnea) + Yi(X, t”))
At 2
S (l//k(xj,tn+l)2+ ‘/’k(xi’t”)), k=123 (3.21)

Taylor’s series expansions of all terms in (3.20) about tie gpint (t,, X;) can be given as follows:

26



The first term in (3.21):

Yt =R At At2
% = (lﬂk,t + Elﬁk,tt + ?'ﬁk,ttt + - ) : (3.22)
The second term (3.21):
@ lﬁﬂjil - Zlﬁﬂjl + lﬁﬂ,ﬁl N W1~ 2 + ¥k
2 AX? AX?
@ AXA AX2AL AXCAL2
= I:(Z (Zlﬂk,xxAX2 + lﬁk,xxxxﬂ + l//k,xxtT + lﬁk,xxtt 2 + ) s (3-23)
and the third term in (3.21):
S S At?
> fwt+ v} = > (zwk + A+ U + ) . (3.24)

Substituting (3.22)-(3.24) into the equation (3.21) letds

LTE = ('ﬁk,t + akgbKXX + STlﬁk)

. At by At? . AX? y At? . At
2 Ykt 6 Ykt + @ 12 Yk xxxx 2 Yk xxtt 2 Yixxt

a1 At?
+ S(?wk’t + ka,tt +.. ) (3.25)

Note that in the expansion (3.25), the teirm (Ve + afyxt + Syy) IS the derivative of the terrfy, + ayyy + Sy)

with respect td. Therefore, it remains

LTE = (‘Pk,ttt N Yioxxit N §lﬁk,tt] AP 4 o (wkl oo

2 D)
4 o . : )Ax ; (3.26)

This shows the second order accurayAt)?) + O((Ax)?) both in time and space. The method is
consistent since principal part of the local truncatiomegoes to zero asx andAt go to zero. This
completes the proof. O

Now, we discuss the stability of the AVF method (3.11) by gdime von Neumann stability analysis.
This method is only applicable for linear system. For thesan we will consider the linear system
(3.19).

Theorem 3.1.2 The AVF method (3.11) is unconditionally stable and corsetrgn linear sense.

Proof. According to the von Neumann stability analysis, we assurae t
ya] = asrel™, (3.27)

wherea € R andé; € R is the amplification factor. If we substitute (3.27) into first equation of
(3.20) we get
S;At

(-1 +r (fle_iﬁ AX _ g, 4 &P 4 @A _ D 4 eiBAX) =

E+1) =0
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or

(£ - 1) = —réy (e 4 @M= 2) 41 (e 4 @ - 2) - S

5 (é1+1)
- e+ e @ 2) - S e,y
= —r(¢1 + 1) (-2 sirf pAX) - Slet (0 +1)
=& +1) (Zr sir’ BAX + Sl;At).
Then, . —_
fl(i — 2r sinf BAX — Sert) = i+ 2rsir’ BAX+ SuAl
or

: ; Syrat
i+ 2rsirf pAx + SR

T - SirAt
i — 2r sin? pAx — 4

1

At . . .
wherer = %. Adopting the same procedure to the other equations in (3widyet

; : Sprat
_ i+ 2r sin’ AX + 32

; : Sorat

i — 2r sin? gAx — 224

&2

i + 2r Sin? BAX + SUAt

i — 2r sirf BAx — SyAt

&3

Therefore
&1 =1, & =1, &3] = 1,

which shows that the AVF method is unconditionally stabléhimlinear sense. According to the Lax

theorem the method is convergent since it is consistent acdnditionally stable [54].

3.2 ALinearly Implicit Scheme for 3-CNLS equation

In the previous section we have seen that the AVF scheme)(& Tdlly nonlinear which requires

nonlinear solver such as Newton'’s iteration. In Newtorgsdtion, we must calculate the Jacobian

matrix (3.16) in each time intervat,|t,,1], which is time consuming. The objective of this section

is to develop and analyze a linearly implicit numerical noetior the solution of 3—CNLS equation

(2.2).
We consider the 3-CNLS equation (2.2) with initial condisq®.3)

WK(X, O) = wk,O(X)’ k = 1’ 2a 3
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and periodic boundary conditions (2.4)

(X, t) = (Xsot), k=1,2,3.

Following [46, 57], we propose the linearly implicit twoegt(or three levels) scheme for the numer-
ical solution of 3—- —CNLS equation (2.2),

—WZ Atw bl —WZW v (s —wlzwﬁl _ o
% + @62 % + (S2)] % = 0, (3.28)
w”*lzmwggl . nglzwggl v ¢2§1;¢231 o
where
] = w5 (0~ 207+ 0]),

(S0 = ol > + el P + oyl 1% (S2)] = eyl 1P + oyl I° + ey 1.

This method is of second order in time and space. It is a lipeaplicit two—step method which

is not self-starting. In order to start the iteration in @,2wo initial valuea//(j’ andl//} are required.

¥ is obtained from the initial conditions* can be obtained from the Forward Euler method with a
small step sizét = 0.0001 Then,y?, ¢3,--- are obtained from the two-step scheme (3.28).

Theorem 3.2.1 The two-step scheme (3.28) is conservative in the sense that

N

Q= D (W PrwaR) = Qo= e = Q)
J:ll

QG = D (W™ Prwaf) = ¢t = - = QG (3.29)
J;l

QG = D (e P rwslf) = 4t = o = QS
j=1

forn=0,1,2,---,N, where @, Q) and ( are discrete masses.

Proof. In order to show that the proposed scheme (3.28) has conkguamntityQ", we multiply the
the first equation in (3.28) byp(_”l + lﬁ ) which gives

| (W + W) (wnﬂzmw ) (w”ﬂ + U l) 5 (lwl J2r l//rﬂl]

n+1 n-1
S n n+1 n-1 L] + L] =0 3.30
+( 1)1 l/’l’j +‘/’1’j 2 - Y ( . )
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The first term in the multiplication (3.30) gives

n+l _ /n-1

(wml W_Jl)[ 1] » L ]_ " ((//n+1 n+l l/,n+1 1// n+1 . Lﬁ )

2At {(|¢2+1 _ |wr11]1| )+wn+1¢/ 2+1 n- 1}

112
= oAt (|’J/T —|¢/’{,jl| )+ real terms (3.31)

The second term in the multiplication (3.30) gives

(wn+1 s 1)52 [%]

CYl 1
L (st - 20ttt - 20t ) (U + )

a1 1 o1
ZAXZ A s S e (3.32)
ZAXZ (l/’TJ}rl T+ ?ﬁl‘ﬁ? ]1 + Y7 J+1'»”2 + Yy ¥ 1) (3.33)
ZA 2( ¢n+1wn+1 ¢n+1w ,7[/ $n+1 9[’ w ) (334)

Shifting the indexj — 1 to j and taking the sum (3.32) ovgwields,

J

ay n+1,n+1 n+1 n-1,n+1 n-1,n-1

AR Z('//l,j YT L W LT Y U
=t

n1 el 0l -1 1, ,n1,n1
+ '7[’+¢’n+ l/’+lﬁ21 ‘Hﬁ Wm +w1,0l//2,1)

n+1,nel n+l,n-1 e
le 1J+1+w 1J+1 w lpl.]+1 w ¢1J+1)

N1, n+l n+l,n-1 Tl n-1
—|\¥1s ‘/’13+1 +¥1; ‘/’1J+1 + '7le Y1t ‘/’13+1)

+
— —

J-1

_ n+lonel n+1 n-1,n+1
= ZAXZZ(lp Liv1 T Y1 ¢’1u+1+¢1,j ¢1,i+1+w 1.+1

N+l nel n+l, n-1 il
(’ﬁ 1o+ T ¥ w1J+1+¢ 1J+1+W 1J+l)

wn+1 r11431+1 wn+1 1J+1 w 2311 w 1J+1 wn+1 n+l wn+1 w n+1 w
By using the periodic boundary condition§™* = y§** andy/}* = y§~! and taking sum ovej again,
we get
J
a;
220 2 (v + w T + R UL (3.35)
=1

Applying the same procedure to the equations (3.33), (3tBé)equations (3.32), (3.33) and (3.34)
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simplified to

ag

= n+l el N+l 1 n-1 " nel n+1
(VAT )+ (T - )

n-1 n-1 n+1 n-1,n+1
+(l//1,j+1i/’ + 1J+1) (‘//1]+1‘/’ + 1,j+1)

-2t - 2 - Z(W,W‘ AR 2 ) (3.36)

which is real since

(a+ib){c+1id) + (@a+ b)(c + id) = 2(ac+ bd)

is real. Finally, the nonlinear term in the multiplicatich 30) gives
wn+l + w?—'l
n n+1 —’J
son i+ o)

= (S0 (w3 + oL+ wi T + )

= ws + i +(w2,1w2 +¢f2ﬁt/f”*1) (3.37)

which is real, too. Thus, multiplying the first equation ina8) by @“*1 ijl), summing over and
taking the imaginary terms in the multiplication yields

J

Dz - o) = 0

=1

ZJ: (|¢2+Jl ? + |¢’21|2) = ZJJ (I',l/21|2 + |,/,2—Jl|2)

=1 =1

or

This means that
=gt = Q)
and it completes the proof of the first charge conservatiannga(3.29). Second and third conserva-

tions in (3.29) can be proven similarly. O

3.2.1 Linear Stability Analysis

In this section, we will explore the accuracy, stability anghcation error of the two—step scheme
(3.28). The notion of accuracy and consistency is cruciahiderstand how well a numerical scheme

approximates an equation. We first discuss the accuraceddheme (3.28).

Theorem 3.2.2 The two step method (3.28) fBICNLSE is a consistent method with the accuracy of
O((A1)?) + O((AX)?) .
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Proof. We start by assuming that the numerical method (3.28) istetabe grid point Xj, t,). Then

the local truncation error is

T(Xj,tn) =

i(Xj, tha) — lﬁk(Xj,tn—l) s’ (X, tar1) + Y(Xj, thoa)
2At HOx 2

+(3)" (wk(xj L) er wk(xj’t”‘l)), k=123, (3.38)

whereS = S; for k = 1,3 andS = S; for k = 2. By using Taylor Series expansion aboxt, (), we
obtain the followings:
The first term of (3.38):

P(Xj, thet) — (X, thot) A3
A Mzm S L 2AWy + i + - | (3.39)

The second term of (3.38):

K (l/’k(Xj—l, te) — 200(Xj, ther) + Yi(Xje1, thaa)

2 sz
+lﬂk(xjfl’ th-1) = 200X}, the1) + Yi(Xjua, thea)
AX2
AX Ax“ AXPAL?
2AX2 (4'//k x5 T AWk oo+ B xxtt——— 2 7 ) , (3.40)
The third term of (3.38):

TS X'9t+ X'9t7 (g)n
(S)ka( j>tn 1);%( > th-1) — 21 (2%_,_&2%’tt 4 )’ (3.41)

where each term on the right hand side is evaluates);at,}. Summing up (3.39), (3.40) and (3.41)
yields the truncation error

— At? AX? At? At?
LTE = (l/’k,t + aWixx + (S)?l/’k) + (?l/’k,ttt + EWk,xxxx"' Tlﬁk,xxtt + 7(8)?‘/’k,tt) (3.42)
or
LTE = (lﬁléttt %lﬂk,xxtt) AR 4+ (%Zl//k,xxxx+ %(g)f;l/,m) AXZ + O(AL3) + O(AXP), (3.43)

which shows that the two-step method (3.28) has the accofa@f(At)?) + O((AX)?).

Note that the two—step scheme (3.28) is consistent with #@&\8_S equation (2.2), since

1 1
(% + wk xxtt) At ( Zwk,xxxx"' E(S)T‘ﬁktt) AXZ -0
as (At, Ax) — (0, 0). This completes the proof. O

Theorem 3.2.3 The two step method (3.28) is unconditionally stable in lirssse.
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Proof. Application of the two—step scheme (3.28) to the linea€8ILS equation (3.19) yields

w1n+l wl?—l , wll’Hl + wlrj]—l _l/’1n+1 + wl?—l
oAt | T TS =0
w2n+l l// _—1 l//2n+l wzn—l _w2n+1 1//2('1—1
T e (344
lp3n+1 w j—l N 62 w3n+l '703'1:]_1 N S_lp3n+l w3?—l -
2At = 202 2 -

whereS; andS; are constants (see [57])

Si = max {olyf] + elwhl + aly3),
_ = (3.45)
Sz = max el +olyzl + eyl
Consider the first equation in (3.44). By using the von Neumaatnilgy analysis we set
wl? _ ggéﬁij, Wl?ﬂ = g;‘ge'ﬁ jAX’ wlrj)—l - f?fileiﬁmx’

whereg € R andé; € R is the amplification factor. If we substitute these into thstfequation of
(3.44), we get

i (fl - g;l) Fr (gl (e‘ﬁAX + e“ﬁAX) +&° (e‘mx . e“ﬁAx) = 2(51 + &7 1)) +

or

S laral) = o

(- &)+ (@ e -2 e+ £Y)+ o (G + &7 =0
Solving this equation fof;

[ (51 - f{l) - (51 + fil) (r(z COBAX — 2) + >

(fl_fl) = r(2- 4sm?ﬁﬁ(—2) Sist
§1+§1 2

&+ 4r S|n2’3AX - %) = &Ni—-4r sinZﬁ%( + Slet

SlAt)

)

and therefore _
s _ i—4rsin””§‘+%
; 22 BAX  SiAtT
i+ 4r sin? £2% — 24
Then taking the norm of both sides one gets
i — (4r sir? 25X — Sty

i+ 4r sin? 2% - S

é1* =

b

which means that
Eff =1= &l =1

agAt

wherer = %7,k = 1,2, 3. Applying the same procedure for the second and third equatio(3.44)
it can be shown that

&) =1 and &3] =

33



which shows that the two step scheme is unconditionallylesialihe linear sense. O

According to the Lax theorem the method is convergent sihce donsistent and unconditionally
stable [54].

3.3 A One-step Scheme foB—CNLS Equation

In sections Sec. 3.1 and Sec. 3.2 we have proposed two méitrodhe numerical solution of the

3—CNLS equation (2.2). The scheme (3.11) introduced in S&cwas energy conserving but not
mass conserving while the scheme (3.28) introduced in SBeav&s mass conserving but not energy
conserving. The objective of this section is to introducd analyze a numerical method for the

3—CNLS equation (2.2) which is both energy conserving andsroasserving.

In this section, we consider the 3-CNLS equation (2.2) withitiitial conditions (2.3)
Yi(X 0) = Yro(x), k=1,23

and the homogenous boundary conditions (2.5)

(XL 1) = Y(Xr, 1) =0, k=1,2,3.

Let z’J‘ be an approximation tz(xj,tn) andw’j‘ be an approximation tw(xj,tn). We introduce the

following notations:

M-1

@wWy=h) Zw, WP = @, w),
Jl\jl:l;l 5 M-1

W2 =0 (W) [T wrt =k wel (3.46)
B2+,

Wil = max|wf],  6F = ==

Following [49], we introduced the one—step (or two levelsjté difference scheme for the-8NLS
equation (2.2)

n+1 n n+1 n n+1 n
Rt NV 6 VL V) PN (el 1) IS
At X 2 1,j 2 - f
.wI’H—_l_wn_ wn-i—_l_'_wn_ lpn-l—_l_i_wn_
2“2 o L .l 5 o A T > 21 =0 (3.47)
n+1 n n+1 n n+l n
ilﬁ3,+j —%,j N a352 W3,+j +W3,j + S0 'p3,+j +w3,1' -0
2At T2 M2 o

where
1
81y = 5o (et al’) + e(lwsif + i)+ o (jusstl + s )|
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s, = 5| e(laf + ) + o (il + loa )+ e(lwarf + o P)|

Note that the scheme (3.47) is the Crank—Nicolson schemééoedquation (2.2). Since more than
one unknowns are involved for ea¢im the equation (3.47), the scheme (3.47) is an implicit sehe
For linear equations, the Crank—Nicolson scheme produgsepaear algebraic equations, since the
finite difference equation at any time levgl; has only three unknown cfiients involving space
nodesj — 1, j, andj + 1. In matrix notation these equations can be writteas- b. However, the
system of discrete equations (3.47) is nonlinear, theeefone has to solve a system of non-linear

algebraic equations for every time intervak t < t,;.

The equations (3.47) yield\® nonlinear systems of equations

At
Fuj = (& = a) = 3 By — 20] + b, + b} - 200" + b))
At

e ? {O’ [(aT)Z + (arj1+1)2 + (bT)Z + (b?+1)2]
+e[(p)? + ()7 + (o)’ + (a"")’]
n n+1

[(un)Z + (un+1)2 + (Vn)2 + (Vn+l) ]} b + df

n+1

) _ (IzAt

Fai = (P = P) - 5o (o — 20 + b,y + o] - 207 + o)
At
=5 [e]@)7 + @™ + (0 + (0’|
o [(P)? + (0™ + () + (@ )?]
n2 n+1\2 2 +1\2 qJ qT+l
+e|(U)? + (U + (M) + (F?]} 57—,
n+ n asAt +
F3J:(UJ’1_ J) 2AX2<‘1 2V} + Vi VT 2vj" +VT+%)
Azt { [(a )2 + (a +1)2 + (bn)2 + (bn+l) ]
+e|(p])? + (P + () + ("]
ny 2 n+1y2 2 +1\2 VT+VT+1
o [(W)? + U2 + (V)P + (2]} e,
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a 1At
2AX2

_ n+1 n n n n n+1 n+1 n+1
Faj = (] - 1f) + (ah ) - 2a + &, + "} — 227" + &y1)

+ % {O’ [(aT)Z + (arj1+1)2 + (bT)Z + (b?+1)2]
+e[(p])” + (P + () + (@)’
n n+1

e ()2 + (7 + ()7 + 7)) 2

(ZzAt

Foj = (o™ = of) + 5o (Pls = 20] + Py + Pt - 20] + 1)

- % {e|@)?+ @2+ (B))* + (0]™)?
+a[()? + (7 + (A)? + (o]

i

Fe[ (U7 + (7 + (V)P + (7] = ke

and

CL’3At (Un

Faj = (V" = v)) + 50z (Ul

n n n+1 n+1 n+1
J 1—2uj+uj+1+uj_1—2uj +Uu )

j+1

+ % {or| @7 + (@™ + (B)? + (0]

+e[(PN)? + (P + (o) + (@™)’]
n n+1

o [(UT)Z + (urj1+1)2 + (V?)Z + (Vrj1+l)2]} uj +2 J df,

with the Jacobian matrid

[ OF1j OF1; OF1; OFyj OF 1 OF1j ]

n+1 n+1 n+1 n+1 n+1 +1
0al o ap] o] ot 8\/'1-1
0F2j 0F2j 0F2j 0F 0F2)j 0F2)j
garl o1 apml aqml ou+l v+l

J J J J J J
OF3; OF3; OF3j OF3j OF3j OF3j
oan+l opn+1 apml aqml oun+l oyl

] J ] ] J J
OF 4] OF 4] OF 4] OF4 OF 4] OF 4] : (348)
6ar_1+1 abr_1+1 apr_w-l aqm—l aur_1+1 6Vr_1+1

] J J ] J J
OFs,j 0Fs,j 0Fs | 0Fs 0Fs | 0Fs |
6a?*1 BbTJ’l aprjwl aq?ﬂ 5u|j1+1 6V?+1

0Fe OFe OFe OFe,; OFe,j 0Fe
| aa'jHl ab'j”l ap?+l aqjml f?u?*l avjml

“6Mx6M

Then we apply the Newton method as described in Sec. (3.1)Newton method, three iterations
satisfy
iZ™t —Z" < tol

for tol = 10~". When we decrease the tolerancadb= 107*°, four iterations satisfy the required

accuracy.
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Theorem 3.3.1 The scheme (3.47) conserves the nehssge in the sense

Qo= il = @t = =@
QG =l = @t =... = (3.49)
Qo= vl = @t ==

Proof. We will prove the first conserved quantity
2 —
Q=i = At=...=
in (3.49). Conservations @) = Q5 andQj = Q3 can be shown similarly.

Multiplying the first equation in (3.47) by“” +y1 ;, we get

A (W= 00) + s (U — 20 s - 20 02 )
S ) n+1 n+1 n
7(%] +¢1J)(¢ +¢) 0. (3.50)

The first product in (3.50) gives
[
e (VT + T, - R T - 0 ).

Taking the sum fronj = 1toJ — 1 leads to

- J-1
AxAt[ e (v Wii‘[’ii)] AXAt (AXZ‘”M iy n)
2 2y L0 ;>
= o (7 = wilP )+ 55 3 (w9, -
=

AxAt (||1//T+1|| ||z//T||2)+ real terms (3.51)

Now taking the sum of the second term in (3.50), one obtains

ai n+1 n+1 n+1 n+1 n n
—Zszz(wlj 1W +Yr 1‘/’1]+¢1J 1’»” +l/f1,j—1l/’1,j
j=1
J-1
a1 n+1l  n+l n+1 Tnl
+ A2 Z (¢’1,j+1¢1,j + wl J+1'7//1J + l/’l j+1¢1 + wl J+1'//11
2AX —
J-1
i

- (W T+ v T + 20T (352)

=1
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Shifting j—1to j in the first term above, and using the homogenous boundaditemmsy o = Yk =
0,k=1,23.

J-2

ag n+1 ,n+l S n+1
2AX2 Z(d/lj w11+1+¢’ l/’11+1+'7011‘/’11+1+¢’11w11+1
j=1

N+l n+l n+1,n n+1 on n+l nel n+1 n+1 n n
Yoy H¥ig +€”10‘/’ +‘/’10W11i‘//1J Wi ¥ 1‘/’1Jiw1.] Wiy £V¥3a¥1;

J-1
ai

+m2(¢2ﬁ1¢1 +W2+J}r1¢11+¢11+1¢2 +W11+1¢1J)
j=1

J-1
Qg N+l n+l n+1 n+17n n+1 n on_
e D (e R R IR TG R MG
j=1
we obtain
g
1 n+1l,n+l n+17m Tl n 7n
AN Z (‘/’11 Yy T 2 ja Tt %1’11‘/’1“1 + ‘r//l,j‘/’1,j+1)
-1

J-1
a1 n+l - n+l n+1 n n+l n o
+ AR Z (¢1,j+1lrh1,j + W11+1W11 U alyy TVl

=1

J-1
ag

- > (WA Ul + LT + 02 TT). (359)

=1

which is all real. The third term in (3.50)
21 +ul ) (W o) = SY (e + WP+l +opioT)  @359)
is a real number, too. Taking the imaginary part of (3.50)Q|v&ain||l//?+l||2 - ||‘/’T||2 =0or
o2 = WP = o = -+ = sl

which completes the first conserved quantity in (3.49). O

Theorem 3.3.2 The scheme (3.47) conserves energy (2.13) in the sense

-1
" = % (on IR+ o P + s )+ (ol + ol + s )

eAX X O'AX X " 20 .n 12
2 21 'vl'lj| |¢’2]| E | 21| |¢’31| + 21‘ wl,j| |w3,j|
= =

=E"'=...=E" (3.56)
Proof. We multiply the first equation of (3.47) by} — ¢, and get
¢n+1 lﬁ? ¢n+1+ lﬁ? Sn . -
[ N i + 104 5 L+ (lﬁrfjl n wlj) ¢n+1 ‘ﬂ,j -o. (3.57)
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The first term in the multiplication (3.57),

g 0= 0 (7 - ) = 5 (o - w?*,-lwl, R+ 00
= it (W s P = a0 - wiria) 3.58)

gives a complex number which is pure imaginary. The secamd itethe multiplication (3.57) gives

S (ot - 2up W,il Uy - 200+ ) (V- )

2AX2 (lﬁﬁll’ﬁnﬂ ’»b?]ll 1 ‘H/’l] 1Wn+1 ’ﬁ?,j—l‘/’Tl,j)
s (VT — W, + R T — 00
ay —
- (U - I LT - LT ) (359)

Taking the sum of (3.59) fronmp = 1 to J — 1, shifting the index — 1 to j and using the homogenous

boundary conditiongg = ¥; = 0, we get

J-2

ay n+1 el T Tl nThn
ZAXZZ(%J Y~ ‘/’11+1+¢’11‘/’11+1 Y1
=1

n+1 ,n+1 n+1,n n+1 n on
+ (V2R — T, + VAR - i)
n+l o+l n+1 el n
+yYr 1¢n+ — Y15 +W13 1‘ﬁn+ =¥ 3a¥1

n+l n+l n+1 n n+1 n N
— YT S — W T U s

n+l ntl n+l 7 e n_on_
2AX2 (‘pl j+1¢’ " W1 ]+1w1] + ‘pl j+1¢’ g ¢’1,j+1w1,j)

04
- o (VAT — WO + LT - ). (360
whose real part is
=S (IR = I wa)3IP). (3.61)

Similarly, multiply the second equation of (3.47) W and the third equation of (3.47) by
m give
-2 (I P = 1w2)3). (3.62)
and
5 (1w 1P = wa)3IP). (3.63)

respectively.
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The nonlinear terms in all multiplications are

| = W)+ e+ o) + o (s + o )| @ = ot
3| (st + W)+ o (gt + g ) + eyt + oa )] =g,
(st + W)+ e{logif o o )+ (i + o, )] @7 =08). (369

Adding the three terms in (3.64), we get

J-1

3 s = bl = (sl = bosal) + (ll” = ol

=1
J-1 J-1
=1

venx Y (s sl — sl wal) + eax ) (a2 Jusrf - il i)
=1 j

J-1
roax ) (wsf s - i lvy?) @es)
j=1

Adding (3.61), (3.62), (3.63) and (3.65) and defini&tas the one in Theorem 3.3.2, we get (3.56).
O

3.3.1 Linear Stability Analysis

We note that the dlierence between the AVF scheme (3.11) and the one—step s¢Belvigare the

nonlinear terms. Application of the one—step scheme ()@ék the linear scheme (3.19). Therefore,
when we apply linear stability analysis for the one—steesuh (3.47), we get the same results as in
the linear stability analysis of the AVF scheme (see Sec.1p. Hence, we conclude that, the one-
step scheme (3.47) is unconditionally stable in linearseAscording to the Lax theorem the method

is convergent, since it is consistent and unconditionadile [54].
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CHAPTER 4

NUMERICAL RESULTS

In this chapter, several test problems are used to showfibeacy and accuracy of the average vector
field method (AVF) and the proposed numerical schemes; natheltwo—step method (TSM) (3.28)
and the one—step method (OSM) (3.47). Conservation of the aras the energy are measured by

using the error norms

n_ g0 Qn_QO
— i k k
1Elle = max|—=——/, Q. = max @ |
4.1
N En — E0|2 N Qrkl_Qtlzz (4.1)
1Bl = A2 | I = 4D, 7|
n=1 n=1 k

wherek = 1,2, 3 andE°, Q° are the initial discrete energy and the mass, BhdQ" are the discrete
energy and the mass fat nAt, respectively. Her&" is the hamiltonian (3.7). The discrete masses
Qg are defined ai}\il |:pk’j‘|2 for the AVF scheme and the one—step scheme (see (3.49) fesiame
scheme). The discrete masses (3.29) are used for the twoseteme. We solved the problem
(2.2)—(2.3) on the spatial domdjir, , xg] and the temporal domain [U] with the spatial step length
AX = (Xr — X)/M and temporal step siz&t = t/N. HereM andN represents spatial and temporal
grid points, respectively. While the periodic boundary dtads

'7[/k(XL’ t) = wk(XR’ t)’ k= l, 2, 3
are used for the AVF method (3.11) and the two step schem&)(:i@mogenous boundary conditions
(X t) = Yu(Xr, 1) =0, k=1,2,3

are used for the one step method (3.47). In all computatiensh@oser; = a, = a3 = 1 ando = 1.

In all figures the surfaces obtained by using the AVF schemslamwn because the surfaces obtained
by the one—step method and the two—step method are identibal nonlinear system of equations
obtained by the AVF method and the one—step (OSM) methodsaded by using Newton method
at each time step with an error tolerance “18s described in Section (3.1).

To advance the solution froty,; to t, while AVF method requires two iterations, the one—step (JSM

method requires three iterations in Newton method. We gatasi result for diferent error tolerance
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such as 10'°. For this point of view we can say that the AVF method is slighitter than the OSM.
The advantage of the two—step method (TSM) with respecta@®W method and one step method
(OSM) is that it is globally linear implicit, which means tret each discrete time level we only need

to solve a set of linear algebraic equations to;@g%.

4.1 Periodic Wave Solution

In the first test we will look at the evolution of unstable elic wave of the 3-CNLS equation (2.2)

with e = 1, [x_, Xg] = [-4n, 4n] andM = 128. The following initial conditions are used [61]

Ya(X) = a[l —ecos{x)],
Wo(X) = bo[l —ecos(x+ 0))], (4.2)
Y3(X) = co[l —ecosEx)],

whereay, by and ¢y are the initial amplitudes of the perturbed waves. A smathpeetere < 1
represents the strength of perturbatiéns the wave number of the perturbation ahis the phase
difference. A periodic wave is a wave that repeats itself relyulaan interval. They are characterized
by amplitude, frequency and wavelength. Length scale ofiagie wave in a spatial domain means
wavelength. Time scale of periodic wave in time domain meeamgd. More often frequency is used
instead of period in order to characterize the periodic wakieeh represents the number of waves

repeats in a second.

The following parameters are used in the test:

a=0.2,by=03,¢c=02 =01 ¢=05,6=0.

It is known that the plane wave is stable(if > \/Z(ag + b5+ cg) [61]. The choice oft = 0.5
implies that the plane wave (4.2) is unstable. We solved thblem (2.2) withAt = 5x 10~ and
compare the AVF method (3.11), the two—step scheme (3.2Bjh@one—step scheme (3.47) with the
Exponential time dterencing Crank—Nicolson (ETD—CN) method with a quartic spiimerpolation
approximation [64] and the multisymplectic six-point sofee[61]. For comparative purpose we
computelly4|l3 and|ly2ll5 and used the same erdq¢(~,T)||§ — (-, O)||§| as in [64]. Since the value
of ||w3||§ is same Witlelllg, it is not presented in the test. According to the initialuesd (4.2), the
exact values offy4||3 and|lyl3 att = 0 are 100515481265051 and30773221897576espectively.
From the Table 4.1 we see that the two—step scheme (3.28)endiep scheme (3.47) conserve the
massedyjll, j = 1,2 exactly. Moreover, the AVF scheme (3.11) preserves thes ietser than the
multisymplectic six—point scheme [61] and the Exponenimaé differencing Crank—Nicolson (ETD—
CN) method with a quartic spline interpolation approximatj64]. Figure 4.1 represents surfaces of

the wavesy; andy,. The surface ofys is identical to the surface af,, for this reason it is not
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Table 4.1: Periodic Wave Solution. Errors in conservatioig;||3, j = 1,2 via the multisymplectic
six—point scheme [61], the Exponential timéfdrencing Crank—Nicolson (ETD-CN) method with a
guartic spline interpolation approximation [64]

llyall5 ll2ll5
T=20 T =80 T=20 T =80
Errorin[61] 57e—-04 32e-05|87e-04 80e-05
Errorin[64] 11le—-05 22e-05|54e-05 60e-05
Errorin AVF  14e-07 94e-09| 22e—07 14e-08
Errorin TSM  25e—-14 10e-13| 3.8e—14 14e-13
Errorin OSM 36e-14 1le-13| 7.5e-14 16e-13

shown in the figure. From the figure we see that while the wavg dfas its amplitude around4)
the amplitude of the other wawvg, is around (6. There are two peaks within the length of spatial
domain. All schemes well simulate the periodic wave.

Figure 4.2 represents thé&ect of phase dierence in the surface of the destabilized periodic waves.
Notice that changing the value of the phas@elenced = 0 with § = 7x/4 in ¢, yields a decrease

in the number of peaks ;. Because the system is coupled, the evolution of the wa\etfects the
evolution ofy; andys.

Tables 4.2— 4.4 shows the mass conservations at various.tifiteese tables verify the theoretical
result in Section 3.2 and Section 3.3 that the two—step setsmd one—step scheme are mass con-
serving.

In addition, we see that the AVF scheme preserves the matswell. Table 4.5 represents energy
errors for the proposed methods. The table verifies the diieaf result in Section 3.1 and Section 3.3

that the AVF scheme and the one step scheme are energy pngsétrcan be seen that the one—step

(a) y1 (b) v

Figure 4.1: Surfaces of destabilized wave solutions of th€8LS equation (2.2) witlf = 0.5 and
6=0

43



Table 4.2: Periodic Wave Solution. Mass conservation-d&NLS equation (2.2) via the AVF method

@6=0

(b) 6 = 7rn/4

Figure 4.2: Hect of the phase fference on the surface ¢f.

with M = 128 andAt = 0.005

T a3 | Error | lyeli3 Error lysll3 | Error

0 10051 0.0000 1.5077 0.0000 1.0051 0.0000
20 0200342| 26e—6 | 0.446248| 0.03e—6 | 0.200342| 26e—-6
50 0200342| 6.3e—6 | 0.446248| 1.4e—6 | 0.200342| 6.3e—-6
80 0200342| 9.0e—6 | 0.446248| 2.0e—6 | 0.200342| 9.0e—-6

Table 4.3: Periodic Wave Solution. Mass conservation-eCRLS equation (2.2) via the two step

method withM = 128 andAt = 0.005

T llyall Error 2l Error ]l Error
0 10051 0.000 1.5077 0 1.0051 0.000
20 0396663| 1.9e— 11| 0.892477| 1.9e— 11 | 0.396663| 1.9e- 12
50 0396663| 6.6e—12 | 0.892477| 6.6— 12 | 0.396663| 6.6 — 12
80 0396663| 6.7e— 12 | 0.892477| 6.7e— 12 | 0.396663| 6.7e— 12

Table 4.4: Periodic Wave Solution. Mass conservation-6€RLS equation (2.2) via the one step

method withM = 128 andAt = 0.005

T llall3 Error 213 Error 1313 Error
0 1.0051 0.0000 1.5077 0 1.0051 0.0000
20 0197085| 3.6e— 14 | 0.446248| 7.5e— 14 | 0.197085| 7.0e— 14
50 0197085| 8.0e— 14 | 0.446248| 1.9e— 13| 0.197085| 8.3e—- 14
80 0197085| 1.1e— 13| 0.446248| 1.6e— 13| 0.197085| 9.0e—- 14

method (3.47) gives more accurate results than the AVF mghal).

4.2 Soliton Solution

Solitary wave or a soliton is a wave which does not changehiégps in long time period. It has

been first experimentally observed by John Scott Russell ®fttinburgh—Glasgow water channel
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Table 4.5: Periodic Wave Solution. Errors in energy with= 128 andAt = 0.005

T IEavelle | IEAVES | IEosMle | IIEosmls | IErsmle | IETs w5
0 0 0 0 0 0 0

20 77e—12 | 3.1e—10|45e—-16| 92e— 15| 24e—-5 | 6.8e—-4
50 20e—-11| 11e-9 | 79e—-16| 23e—-14 | 24e-5 | 99e-4
80 32e—-11| 24e—-9 | 7.7e—15| 29e-13| 24e-5 | 1.4e—-3

in 1845 [1, 2]. The solitary wave theory has been an impodabject after this date. The popularity
of soliton still in progress in wide range of research aremfi @s classical and quantum theory, fluid
mechanics, nonlinear optics and plasma physics in appletematics and physics [68]. Many non-
linear equation models such as Korteweg—de Vries (KdV) eguaNLS equation, 2-CNLS equation
and Sine—Gordon equation have soliton solutions. Russg#dthe following facts about solitary

waves [68]:

e a solitary wave has a hyperbolic secant shape and travepeithanent velocity and form.
¢ soliton can interact with each other without change of amyl ki
¢ a suficiently large initial mass of water produces two or more peledent solitary waves.

¢ larger amplitude waves move faster than the smaller antigitvaves.

Therefore, in a conservative system amplitude, shape dodityeof a solitary wave should be pre-
served after colliding (interaction) of two or more solitf@8]. A simple form of the solitary wave
can be expressed as

u(x,t) = seclfx—ct), ceR.

In this section, the evolution of solitary wave solution bét3-CNLS equation will be investigated

to authenticate the adaptability and accuracy of the ptedenethods.

4.2.1 One Soliton Solution

First, we will consider the one soliton solution for the gyst(2.2). The problem is solved in the
region ,t) € x[—-20,60] x [0, 10] with temporal step sizat = 0.01 and spatial step sizex = 0.3.
The initial conditions

k=123

Y(%,0) = %secl(x) ¥, (4.3)

are used in this test. The initial condition (4.3) represeslitary wave located at the spatial position
x = 0 with the amplitude 1V3 as shown in Figure 4.3. Note that the initial data decdjcently

rapidly agx| — oo which plays an important role in conservation propertie3-6ENLS, as described
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Table 4.6: One Soliton Solution. Errors in mass and energgexwations

Figure 4.3: Initial profile of single soliton

Method 1Qull2 11Qlleo IEll2 Il

AVF 1.370e—-4 | 5300e-6 | 2774e— 12| 9.238- 14
OSM 1848 - 14 | 2.331e—- 15 | 4.484e—- 14 | 5481e—- 15
TSM 4591e—-14 | 432%-15| 017179 0.008363

in Section 2.1. The spatial doma#R0 < x < 60 is chosen large enough so that boundaries do
not dfect the the solitary wave propagation in numerical simafatiTo study the behavior of the
proposed schemes, we cho@se 1. The errors in conserved quantities; namely, the niasand the
energyE are displayed in Table 4.6. The errors in conservationsefriassef), andQ; are similar,
therefore not shown in the table. The table verifies the #texal results in previous sections that the
AVF method is energy preserving, two—step method is massepriig and the one step method is
both energy and mass preserving method. Although the AVRades energy preserving, we see that
it preserves the mass quite well. Figure 4.4(a) represkatbehavior of the one soliton at the time
t = 10. We see that solitary wave is moving to the right. In Figutel(b), 4.4(c) we se that energy
Is exactly preserved by the AVF method (3.11) and the one+siethod (3.47). Although the energy
error for the AVF scheme increases at the beginning of thelsition, it remains constant after 2.
While the energy error of the AVF scheme is about'#0the energy error of the one step method is
about 10%°. This shows that the one-step method is mdiigient than the AVF scheme with respect

to the energy preservation.
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Figure 4.4: One soliton solution fer= 1: Surface and errors

4.2.2 Three Solitons Solution

We consider the 3—CNLS equation (2.2) with the initial coioait

Y1(x,0) = V2risechfix + Xy )",
¥2(x, 0) V2r,sech(aX — Xp0)e V2, (4.4)
U3(x,0) = V2rzsechtsx + xgo)e"?,

to see the evolution of solitary wave solution. In the initandition (4.4),41(x, 0) represents a

solitary wave located initially at the positiog with velocity v;.

4.2.2.1 Elastic collision é = 1):

We consider the 3CNLS equation (2.2) in the regiom0 < x < 40 so that the the boundaries do not
effect the solitary wave propagation. We tale= 400,At = 0.02,r; =r, =r3 = 1.0,v; = v, = 1.0,

V3 = 1/4, X0 = X0 = 10 andxzg = 30. Table 4.7 displays some errors corresponding to the
AVF scheme (3.11), the two—step scheme (3.28) and the apessheme (3.47), for various space

and time steps. It can be seen from the Table 4.7 that schenmésge remarkable reduction in the
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Table 4.7: Accuracy in solitary wave solution fee 1 at timeT = 1.

Ax At [1Q1lleo [1Qaleo [1Qslleo [IElle
025 025 10e-3 13e-3 46e-5 38e-10
0125 79 -5 79 -5 13e-5 12-11
AVF 0.0625 6le-6 ©6le-6 13e-6 26e-11
0125 0125 G6le-5 ©6le-5 27e-6 23e-10
00625 52e-6 52e-6 82-7 49-11
025 025 1lle-15 1lle-15 19%-15 7le-1
0125 17e—-15 88e-16 13e-15 38e-1
TSM 0.0625 44e-16 22e-16 44e-16 13e-1
0125 0125 97e-15 51e-15 5le-15 32-1
0.0625 28e-15 15e-15 22e-15 17e-1
025 025 1lle-15 1lle-15 33e-16 15e-15
0125 44e-16 44e-16 6G6e—-16 30e-15
OSM 0.0625 66e—16 66e—16 1lle-15 28e-15
025 0125 G66e—-16 6G6e—-16 12e-15 25e-15
0.0625 66e—16 66e—16 1le—15 33e-15

errors when the step sizes are reduced and convergenca&neviFigure 4.5 (a—c) represents the
evolution of solitary waves for & t < 20 ande = 1. From the figure wee see that the waves
andy; moves to the right, while the wavg, moves to the left in time. The wawg, collides to
the wavey, about the timd ~ 3, and the wave/; collides to the wavey, about the timda ~ 15.
During collision we observe a decrease in the amplitudeb®fitaves, but after the collision there
is a roundup in the amplitudes. We see that after collisitmswaves moves forward in the same
direction and three waves emerge without change in thepeshand velocities. This shows that the
collision is elastic. In the context of biophysics, the Fgd.5 shows the interaction of three solitons
during theirs propagation through the alpha helical protkiain [69]. From the Figure 4.5(d), we can
conclude that the total energy of the three solitons areddaibe conserved and there is no change in
the distribution of energy among them in the neighboringepikeeping the total energy conserved.
Table 4.8 shows the errors in conservation properties thesesaand the energies. The table verifies
the expected results that the AVF scheme preserves theyetleegtwo—step method preserves the
masses, and the one—step method preserves both mass agy éngure 4.6 represents the errors
in elastic collision. In addition to the Table 4.8, the Figut.6 verifies the same theoretical results
presented in Chapter 3. Again, we see that one—step methdd)(@®serves the energy and the
masses better than AVF and two—step method (TSM).
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(a) Surfacdy,|

(c) Surfacdys|

Figure 4.5: Three solitons solution fer= 1

(b) Surfacdy,|

]

-10 0
X

10 20 30

(d) SUrfaCQI/I]_l ar |¢2| + |lﬂ3|

4.2.2.2 Creation of new vector solitond = 2) and fusion (e = 0.35)

40

In this test, we present creation of new vector soliton arsiofu scenarios of three solitary wave

solutions. First, we choose the wave-wave interactiofcoente = 2. The following parameters are

used in this test:

rr=210r,=12, r3=13, vy = 1/4, Vo = 1/4, V3 = 1/2, X10 = Xo0 = 10, X309 = 30.

Figure 4.7 represents the contour plot over the spatial dor@0 < x < 40 up toT = 29 for

Table 4.8: Errors in solitary wave solution fee 1

[1Quleo 11Qzlleo 11Qslleo lIEle
AVE T=10| 267e-5 | 267e-5 | 7.77e-7 | 297-10
T=20| 267e-5 | 267e—-5 | 6.36e—5 | 544-10
TSM T=10|197e-14 | 1.77e-14 | 199%-14 | 570-02
T=20|346e—-14 | 3.19%-14 | 364e-14 | 507-02
OSM T=10|288-15| 222e—-15| 244e- 15| 8.2% - 15
T=20|288-15| 310e-15| 288-15| 9.76e—- 15
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Figure 4.6: Errors in three solitons solution & 1

the valuesM = 400 andAt = 0.01. From the figure, we see that the collisions takes placedsst
the time interval 15< t < 20. We can see the creation of new vector soliton after the caflisf
three soliton. Figure 4.8 represents the error in mass ceaitgen and the energy conservation in
the collision. From the figure, we can see that mass errofgimtimerical solutions are very small.
Therefore, we can say that creation of new vector solitorighre consequence of numerical errors.
We note that collision take place about the titne 15. We can see that after the collision there is a
violation in the preservation of the energy by the AVF methaod the one—step method. The errors

in mass conservation by the two—step method are within thigsliof the round—f error of machine.
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Figure 4.7: Three solitons solution. Creation of vectortsalfore = 2

If we change the wave—wave interaction fiaéente and choose = 0.35 we observe the fusion of
three soliton in Figure 4.9. The errors in the fusion scenare shown in the Figure 4.10. Figures 4.8

and 4.10 verify the energy and mass conservation in the pegpmethods presented in the Chapter 3.
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CHAPTER 5

DISPERSION RELATION

In the previous chapter, we have proposed thréemint finite diference schemes for the numerical
solution of the 3—CNLS equation (2.2). In addition, we hav&cdssed qualitative behavior of the
schemes such as conservation of masgarmhergy of the 3—CNLS equation. There are maifiedi
ent nonlinear wave equations. Some types of equations ludweosis that display singularities and
solutions blow—up, while some type of equations have d&peisolutions, i.e. solutions decaying in
time and space. The preservation of energy@nghass can not give ficient information about the
numerical methods. In particular, if the equation is disper, dispersive property of the numerical
solution gives valuable information about the long timegration of the scheme. In this chapter, we
will discuss another useful tool that can be used to checkwelhvthe numerical method works. The

use of relatively simple solution
u(x,t) = 0d@0 = -1 (5.1)

is an important tool for analyzing wave problems. The solui5.1) is called plane wave solution
[70]. It describes a wave in spageand timet. In the expression (5.14,is the wave numbeuy is the
frequency of the wave andi§ the amplitude of the wave. The numbee 27/¢ is the wave length.
Unless stated otherwise stated it is assumed thattO< . In (5.1), u(x, t) represents a sinusoidal

wave of length /¢, period Zr/w and phase velocity/&.

In this chapter, we will investigate the numerical dispemsaf the proposed schemes to understand the
behavior of the numerical solutions. Approximating the lnear partial diferential equation by the
linearized one, we can determine the behavior of the ncaliR®E by dispersion relation. Since the
exact solution of the linear PDE can be found, we can make gadson of the continuous solution
with the numerical solution, applied to the linear PDE, vispérsion relation. So, we will consider
the linearized 3—CNLSE using the methods given in (3.1147)3and (3.28), and then compare the

dispersion relations for the discrete and continuous eassof the equation.
The dispersion relation provides the relationship betwberwave numbef and the frequency of
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the modes (or "wave”). The dispersion relation can be writie

w = w(é). (5.2)

Each wave numbef corresponds ton frequencies, wheremis the order of the dierential equation

with respect td, that is why (5.2) is called as a relation rather than a famcti

Assume thati(x, t) is a function with an unbounded domain and it satisfies alipartial diferential
equation with constant céiicients. Then, it has a solution of the form [70]

u(x,t) = f ) A(§)eE e de, (5.3)

[ee)

whereA(¢) is an arbitrary function.

Suppose that each wave itself is a solution of the linear RBEdf, the solution takes the form:
u(x, t) = 0d@-©n (5.4)

whereu'is constant. Typicallyy = Rqw) + ilm(w) = wr + iwj, then the equation (5.4) can be written
as

u(x, t) = ae@+ergat, (5.5)

We see that whenever the frequeneys purely imaginary, the plane wave (5.1) will either grow or
decay in time. In particular

e If w; > 0, then the plane wave will decay,

e If w; <0, then the plane wave will grow without a bound.

In the case whew is real, the plane wave (5.1) will be in the form
u(x, t) = 0d@xrent

and the wave will propagate with speedé and with no decay of amplitude (see the top figure in
Figure 5.1). Whemw is imaginary, there will be grow or decay in the plane waveoading to sign

of imaginary term (see the bottom figure in Figure 5.1). Theageor grow of the solution is an
important part of the behavior of the solution of PDE. If theuFer modes do not grow with time
and if at least one mode decays, then the PDE is said to bgalissi. When the Fourier modes
neither decay nor grow, then the PDE is called non—dissipafihe PDE is called dispersive when
Fourier modes of dierent wave lengths (or wave numbers) propagatefirdnt speeds. In practice,
PDE containing only even orderedderivatives are dissipative. PDE containing only odd ceder

derivatives is non-dissipative and when the order is grelass one the PDE is dispersive. One of the
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Re(u(x,t))

Re(u(x,t))

Figure 5.1: Plane waves with pure real part or pure imagipary

important analysis for numerical schemes is to see if tifer@ince schemes have the same dissipative

or dispersive properties with the corresponding PDE [70].

This chapter is devoted to discussion of dispersion relatiothe linearized 3—CNLS equation and
the corresponding numerical dispersion relations. FraamHigure 5.1 we see that the plane wave is
simple periodic wave. Since we have used periodic boundamgditons for the energy conserving
AVF method and the mass conserving two—step method, we mallyae the numerical dispersion
relations of those schemes. Plane wave analysis of the @mpergthod can not give any valuable
information about the behavior of solution because we haeel lnomogenous boundary conditions

for this method.

5.1 Continuous Dispersion Relation

We begin the discussion of dispersion analysis by consigehe linear 3—CNLS equation (2.2) with
a1 = a2 = a3z = 1 in the form,
W+ Yax+ 1 = 0,
ot + Yoxx + Cp2 = 0, (5.6)
i1 + Yaxx + Qs = 0,

where the constants andc; are [49, 53]

2 2 2
C = max (O'It,//ll + elol” + ol )
XL <X<XR, O<t<T
_ 2 2 2
e = _max (el +olyal +elysl).

XLSXSXR, 0<t<T
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The linear equations (5.6) admits plane wave solution ofdha
Ya(x 1) = 0 yo(x 1) = €Dy (x 1) = @, (5.7)
Substituting them into (5.6) yields

i(_iw)é(‘le—UJlt) + (ié:l)Zei(sle—wlt) + Clei(flx—wlt) = 0,
i(—i w)é(fzx—wzt) +(i é:z)zei(fzx—wzt) + Czei(§2x—w2t)

i(_iw)ei(§3x—w3t) + (igg)zei(fsx—wst) + Clei(é?sx—wat) —

(5.8)

Canceling the exponential terr@&§-) k = 1, 2, 3 respectively, we get the dispersion relations
_ 2 _ 2 &2
w1 =& —Cp, wp =&, —C, w3 =¢&3—0Cy. (5.9)

For these dispersion relations, the plane wave solutiaf) lecomes

Yr(x,t) = @) = daxgrii-at
Ya(x 1) = elxet) = daxgri@ol (5.10)
= dléx-wst) — désxgrilEG-ct

Notice that the dispersion relations (5.9) are real and kleepwaves (5.10) propagate with the phase
velocitiesw: /&1, wa/&,, ws/ 3, respectively, with no decay in amplitude. This shows thatdquation
(5.6) under consideration is dissipative. The group vékesare

dw; dws dw

3
e 22 _op, 2B op 5.11
dfl 2‘§:1 dfz 252 d.f3 263 ( )
which describe the velocities offeérent waves. The group velocity dispersions
2 2 2
Gon _p doz_, dos_, (5.12)
dés dés dés

are nonzero and independent of the wave number. So, waVeslifgrent wave number travel with

the same velocities. Therefore, spatial separation of \pac&ets are not expected.

5.2 Numerical Dispersion Relation

In this section we will consider the discrete plane wave eflthear 3-CNLS equation (5.6) corre-
sponding to the plane wave solution (5.7). We notice that littear equations (5.6) are uncoupled
equations and gtiers only by constants, andc,. We also notice that, the dispersion relations (5.9)
are all parabolic equations in terms of the frequency andifir by constants; andc,. For this

reason, we will find numeric dispersion relation only for fhist equation

i+ Yix+ Qb = 0 (5.13)
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in (5.6), for simplicity. The numeric dispersion relatiofts the other equations in (5.6) can be

obtained similarly. We will consider the discrete plane wav
I,ZIIT = QdExi-eh) = gdliadxnwa) V-1 (5.14)

which is the discrete version of the Fourier mode (5.4). Ath continuous plane wave solutions
(5.10), each mode is a solution of the numerical method iinhee numbeg; and the frequency;
satisfy the numeric dispersion relation. In order to obthmdissipation and dispersion information
for all finite Fourier transform solutions of a finiteftirence method, we consider the tegrsx and
wiAtin the rangesn < & AX < randrn < wiAt < 7 ([70]).

In order to obtain the numeric dispersion relation of the Adheme, we apply the AVF method to
the linear equation (5.13),

¢’1n+1 Yaj -1
At AR

1
fo [( -£) ('/’1?? 207 + Tﬁ) + f(%, 1= 2 + $1T+1)
—¢1 (1 - &unf™ + &yaf)| dé. (5.15)
Substituting the discrete plane wave (5.14) into (5.15)thAedaking the integral, we get

i (ei(jfle—(ml)wlAt) _ jfle—nwlAt)) _

—0At

(el((j 1)é1 Ax—(n+1)wyAt) 2e|(]$1Ax—(n+1)w1At) + el((]+1)§1Ax—(n+1)w1At)
2AX2

+ei((j—l)§1AX—nw1At) _ 2ei(j§1Ax—nw1At) _ ei((j+l)§-'1AX—nw1At))

ClAt (e'(JflAX (N+1)w1At) + el(JflAX—nwlAt)), (516)

Dividing both side of (5.16) by@(é14x-n1AY yie|ds

At

At &1A i C1 ;
w1 At iwiAty _ Z1—+ lw1 At
(e -1)= 2A2( 4 sirf( ))( + € ) > 1+e )
or we get
(eTrAt—1) At gle C1At
I(e—iwlAt+1) -~ AX2 2sirf( ) 2
Using the identity
gi _ gt
m = |tang
we obtain
i(—i tan (“’;At)) _ AA (2 nz(flAX)) - ClTAt. (5.17)
Therefore, we get
tan“’lzAt _ AA (2 sir( 1AX)) - ClTAt. (5.18)
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Since—-r < wiAt < 7 and tangent function is invertible or£/2, 7/2) we can write the frequency as

Diave(wi, é1) = w1 - % arctar( AA > (2 nz(flAX)) - ClTAt) =0, (5.19)

which is the numerical dispersion relation for the AVF metl{s.15) of the 3—CNLS equation. Note

that the equation (5.18) can be re-written as

tan wlAt 1
At

(2 sirfy( 1AX))— % (5.20)

which approaches to the continuous dispersion relation
w1 =& -0
when (Ax, At) — (0, 0), as given in (5.9). Following the same steps for the equations

ot + Yoxx + Cop2 = 0O,

| (5.21)
W3t + Yaxx + Cafz =
in the equation (5.6), one can obtain the numeric dispersiaions
2 At &EA CoAt
Doave(wz, &) = wy — — arctan — (2 si nz(z—x) -2\ =0,
At AX? 2 (5.22)
. 2 At §3AX CiAt )
D3AV|:(LL)3, fg) = w3-— E arctar(A > (2 nz( ) - T) =0.
The numerical group velocity of the AVF method is given by
da)kAV,: _ 2 LL)kAt 2 At _
& A 1+ > A sin&Ax)| k=123 (5.23)

Now, we will obtain the numeric dispersion relation of theotvstep method (3.28). Application of
the two—step method (3.28) to the equation (5.13) yields

lﬁlml Yt Yt + Yt +

v o | | =0 (5.24)

where
1
oqy] = ol (lﬁlT_l -2y + l//l?+1) :
Substituting the discrete plane wave (5.14) into (5.24) ete g
@ i§1Ax=(n+1)w1Al) _ di(jérAx=(n-1)w1AD)
iu
o |
— —u (ei((j—l)gle—(ml)wlAt) _ 2ei(j§1Ax—(n+1)w1At) + ei((j+1)§1Ax—(n+1)w1At)
2A X2

4D nd) _ pglisx-(-na) _ g banx-(o-1ndd)

_ %J(é(]flAX—(nﬂ)wlAt) + UadO-Das) (5 75)
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Dividing both side of (5.25) bydlsAx-nA) yialds

e—ia)lAt _ eia)lAt 1 e—iwlAt + eia)lAt ) ) e—ia)lAt + eia)lAt
i|——]=- ganx y gt _2) g | —F ——|,
( 2At ) AXe ( 2 )( " ) - e 2

which is equivalent to

sin(iAt) -1 1AX
AL N COS(w1At) (— ) — C1 COS(1At).
Since—r < wiAt < and cos@At) # 0, we multiply both sides by/Icosg;At) and get

sinfwiAt) 1 . 5, E1AX
AtcosiAt)  AX2 (4SIrF( 2 ))_Cl

or

AL N (5.26)

We note that asAx, At) — (0, 0), the equation (5.26) approaches to the continuous digperelation

a1 (asi ) -,

2
w1 =&1-C

given in (5.9). Since-r < wAt < 7 and tangent function is invertible or£/2, 7/2) we can write

the frequency as

§1AX

1
Dirsmlwi, é1) := w1 — — arcta in?(

o ) - clAt) = 0. (5.27)

Following the same steps for the equations

ot + Yoxx + Cop2 = O,

. (5.28)
“/’3t+w3xx+clw3 =
in the equation (5.6), one can obtain the numeric dispergiaions
1 A
Dorsmwz, &) = wz— — arcta Si n2(§2 X) CoAt| =0,
At AX2
Darsmws, €3) = ws— T, arctar( Sinf(Z== ) - 1At) =0.
The numerical group velocity of the TSM method is given by
dogrsm 1 2At B
AR (1+ (wiAt) ) ~sin@aN) | k=123 (5.30)

Figure 5.2 represents graph of continuous dispersionaalat, in (5.9), numeric dispersion relation
(5.19) of the AVF method and the numeric dispersion rela{@27) forAx = 0.5, At = 0.1 with

c; = 1. For diferentc; values we have obtained similar pictures. When we compareahignuous
dispersion relations (5.9) with the numeric dispersioatiehs of the AVF scheme (5.20), (5.22) and
the numeric dispersion relation of the two—step scheme)s(8.29), we see that the AVF method
and the two—step method preserves the form of the contindispgrsion relations. Thus, we have
proven the following:
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Figure 5.2: Continuous and numeric dispersion curveg{mf the linear system (2.2).

Proposition 5.2.1 The energy preserving AVF scheme (3.11) and the mass corgtro—step method
(3.28) (TSM) qualitatively preserves the dispersion relatof the linear3—CNLS equation (5.6).

Specifically, there exist fieomorphism Zand 2 satisfying the exact dispersion relation

Diave(wi.&1) = Diave(Zu(w1). Zo(é61)) = Zi-Z5+cy,

Doave(wz.&2) = Doave(Zu(wi). Zo(é2)) = Zi—-Z5+co,
Daave(ws, é3) = Dsave(Zi(ws), Za(€3)) = Z1 - Z% + Cy, (5.31)
Dirsmwi.&1) = DirsmZilwi), Z2(&1)) = Zi—-Z5+cy,
Dorsm(wz &) = DorsmZa(wi), Za(&2)) = Zi—Z5+Cy,
Darsm(ws €3) = DarsmZi(ws), Zo(&3)) = Zy—ZE+cy,
where N "
2 tan( X)) 2 sin( X
AVF: (Zy(wi), Za(&)) = A(t : ) A(x 2 ) ,
_ tan(4) 2sin(45) (5-32)
TSM: (Zu(wk), Zo(&)) = A Ax , k=123

for-n<é<mand-r<w< .

Diffeomorphism can be found for other equations and numericedlade such as multisyplectic in-
tegrators for NLS equation [73] and complex modified Kortgwae Vries equation [74]. Shape
preservation of the dispersion relations can also be sesn fine graph of dispersion relations in
Figure 5.2. From the figure we see that numeric dispersiatioels of the AVF scheme and the

two—step method (TSM) well preserves the continuous dsspemrelation for small wave numbers
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Figure 5.3: Group velocity curves for AVF and two—step metho

(i.e. small¢) which corresponds to long wave in plane wave solutions. l@mother hand, for large
wave numbers (i.e. short waves) the AVF method preservesatinuous dispersion relation better
than the two-step method. There is no computational modesafth method because for every wave
number there is only one frequency. In the following secti@will verify these facts. Figure 5.3
represents the group velocity curves (5.11), (5.23) arm@D}5.From the figure we see that sign of
the group velocity is preserved for long waves (i.e. sréglbut not preserved for the short waves
(i.e. large¢) for the AVF method and two—step method. This means thatifgir frequency waves,
numeric plane waves and exact plane waves may movéteyelt directions. In addition, we see that
the group velocity curve of the two—step method is above themvelocity curve of AVF method
for 0 < ¢ < 2x. This shows that some numerical modes of the two—step methoel faster than the

numerical modes of the AVF method.

5.3 Plane Wave Solution

In this section, we consider the exact plane wave solutiothi® 3-CNLSE (2.2) with initial condi-
tions given in (2.3) and periodic boundary conditions giveli2.4). We choose; = a, = a3 = 1

ando = e = 2u. Then the plane wave solution is

—”—wkt

(X 1) = Ake‘(ger ), k=1,23. (5.33)
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where

2.2 3
Wy = ‘;—Z ~2u ) A k=123 (5.34)
p=1

r = (Xxg — X0)/2, and A, & are constants. For numerical simulation the discrete gnafithe plane
wave solution (5.33) is [71]

'(—fkﬂrmx —wknAt)

vpi(ct) = A . j=01---.M, k=123 (5.35)

5.3.1 Numerical Experiments

We consider the system (2.2) with the initial conditions3jZand the periodic boundary conditions
(2.4) by using the AVF method (3.11) and the two—step metBBaz2B). The problem is solved in the
regionx € [0, 2r] andT € [0, 10] with M = 128 andAt = 0.01. We choose = (27-0)/2, u = 0.5 and
the amplitude®\; = A, = A; = 1in (5.35). Then the plane wave solution for the 3-CNLS equmati
(2.2) can be written as

Yra = eXpli(éx — )], (5.36)

wherewy = & - 3 is calculated from (5.34). Figures 5.4 and 5.5 represenétblution of the plane
wave solution for the AVF scheme (3.11) and the two—stepraeh@.28) with the exact plane wave
solution (5.33). The figures show the behavior of the planeewsolution at dierent time levels

t = 1 andt = 10 for different wave numbers suchgs= 3,& = 4,& = 5 & =6, k=1,23. It

is known that small values @k corresponds to low—frequency waves (or long wave) and tiye la
values ofé, corresponds to the high—frequency waves (or short wavasggadh figure in Figure 5.4
and Figure 5.5, we represent the real part of the waxe, t) only since the solutions fap,(x, t)
andy3(x, t) are similar to that of/41(x, t). From the figures we see that, for low—frequency waves the
numerical solutions agree with the exact plane wave salatio= 1. Note that, while the plane wave
solution of the AVF method (3.11) still matches the exact tore, = 5, the plane wave solution
of the two-step method (3.28) moves away from the exact onéfe: 5. When the wave number
increase t@ = 6, we see that numerical solutions do not match the exace plawe solution even at

t = 1. In addition, numerical solutions moves away from the exént@wave solution at time= 10.
When we compare the Figure 5.4(e) with the Figure 5.5(g), welsa the plane wave solution of the
AVF method coincides with the exact plane wave solutiondrdttan the plane wave solution of the
two—step method. This can be explained by the numeric antihcmus dispersion relation. When
we look at dispersion relation figures in Figure 5.2, we sex¢ tiie dispersion relation of the AVF
scheme is closer to the exact dispersion relation than thdecwo-step scheme. That is why the
plane wave solution of the AVF method (3.11) coincides wiid éxact one better than the two—step

method (3.28) when the low—frequency waves are considered.
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Figure 5.4: Plane wave solution: Reel pary@f, (x, t) to system (2.2) with AVF method.
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Figure 5.5: Plane wave solution: Reel parif, (x, t) to system (2.2) with two—step scheme.
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CHAPTER 6

CONCLUSION

The N—coupled nonlinear Sctdinger equation is an important model that has been aplisdi-
ence and engineering. FoF = 1 andN = 2 many works have been done on the study of soliton
propagation, elastic collision and shape—changing aaflisRecently, the analysis has been extended
to the case oN—CNLS withN > 3. In this thesis we have considerBd-CNLS equation wittN = 3

for which theoretical and numerical works are comparagivale. The exact solution of 3—CNLS
equation does not exist. However, for some special set @npaters exact soliton solutions have
been obtained analytically. For this reason, numericalistuare essential to understand the behavior
of the solution of 3—-CNLSE for arbitrary set of parameters. Wsge developed and proven three
finite difference conservative methods which are the energy congedVvik method, the mass con-
serving two—step method and both the mass and the energgreomgsone step method for numerical
solution of the 3—-CNLS equations. These methods are not gatipland diferent from Runge—
Kutta (RK) method. We performed the simulation of periodio/@jeelastic collision and interaction
scenario of three solitons to watch the proposed methodsrigrtime simulation by observing the
mass and the energy conservation properties. From the mahersults, we see that the one—step
method preserves the energy better than the AVF method asdmes the mass better than the two—
step method. Dispersion relation analysis of the energg@ming method and the mass conserving
method are analyzed. Long wave and short wave preservatitte cAVF method and two—step

method are discussed.

Linear stability, accuracy and the convergence of the nusttaoe also discussed. It is shown that
all methods are linearly unconditionally stable. Numdriesults verify the theoretical results for
the methods are conservative. In addition, numerical teshlow that all schemes well simulate the
periodic wave, single soliton and the colliding soliton bét3—CNLS equation. By changing the
wave—wave interaction céiecient of the equation, éierent colliding scenarios such as creation of a

new vector soliton and fusion of solitons are observed.
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