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ABSTRACT

On properties of Hermite and g—Hermite I polynomials and their limit relations

Alwhishi, Sakina
M.S., Department of Mathematics
Supervisor : Assoc. Prof. Dr. Rezan Sevinik Adigiizel

Co-Supervisor : Assoc. Prof. Dr. Mehmet Turan

May 2017, 59 pages

In this thesis, some important properties of the Hermite polynomials and discrete g-
Hermite I polynomials are presented. Their properties will be considered in the same
manner. The discrete g-Hermite I polynomials are the g-analogues of the Hermite
polynomials. Such polynomials are an important class of the classical orthogonal
polynomials and their g-analogues. The central idea in this thesis is to study the dif-
ferential and g-difference equation of hypergeometric type, three terms recurrence
relations, Rodrigues formulas, orthogonalities and generating functions that the Her-
mite polynomials and its discrete version have. Hermite polynomials are obtained
from the discrete g-Hermite 1 polynomials in the limiting case as ¢ — 1. Such limit
relation between the Hermite polynomials and the discrete g-Hermite I polynomials

on each properties that is introduced in the thesis are considered in detailed.

Keywords: Classical ortohogonal polynomials, Hermite polynomials, g-classical or-
thogonal polynomials, discrete g-Hermite I polynomials, differential equation of hy-
pergeometric type, g-difference equation of hypergeometric type, Rodrigues formula,

three terms recurrence relation, generating function
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Hermite ve g—Hermite I polinomlarinin o6zellikleri ve aralarindaki limit

iligkileri iizerine

Alwhishi, Sakina
Yiiksek Lisans, Matematik Bolimi
Tez Yoneticisi : Do¢. Dr. Rezan Sevinik Adigiizel

Ortak Tez Yoneticisi : Do¢. Dr. Mehmet Turan

May1s 2017, 59 sayfa

Bu tezde Hermite polinomlar1 ve ayrik g-Hermite I polinomlarinin bazi 6nemli 6zel-
likleri sunulmaktadir. Bu polinomlarin 6zellikleri ayn1 tarzda ele alinacaktir. Ayrik
g-Hermite I polinomlari, Hermite polinomlarinin g-analogudur. Bu tip polinomlar
klasik ortogonal polinomlar ve g-analogunun onemli bir sinifidir. Bu tezdeki temel
diisiince, Hermite polinomlar1 ve bunlarin ayrik versiyonlarinin sahip olduklari hiper-
geometrik tipte diferansiyel ve g-fark denklemleri, ti¢ terimli yineleme bagintisi, Rod-
rigues formiilii, ortogonal iligkileri, iirete¢c fonksiyon 6zellikleri tlizerine ¢alismaktir.
Hermite polinomlari, ¢ — 1 limit durumunda ayrik g-Hermite I polinomlarindan elde
edilmektedir. Bu tezde sunulan her bir 6zellik i¢in Hermite polinomlari ve ayrik g-

Hermite I polinomlar arasindaki limit iligkisi ayrintili olarak ele alinacaktir.

Anahtar Kelimeler: Klasik ortogonal polinomlar, Hermite polinomlari, g-klasik or-
togonal polinomlar, ayrik g-Hermite I polinomlari, hipergeometrik tipte diferansiyel
denklem, hipergeometrik tipte g-fark denklemi, Rodrigues formiild, ii¢ terimli yinele-

me bagintisi, lirete¢ fonksiyon
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CHAPTER 1

INTRODUCTION and PRELIMINARIES

1.1 Introduction

Hermite polynomials were defined by Laplace in 1810 which are not in recognizable
form, and in 1859, they have been studied in detail by Chebyshev. However, in 1864,
Charles Hermite studied Chebyshev’s work and described the polynomials as new

family.

Hermite polynomials are one of the important orthogonal family of the classical or-
thogonal polynomials which have enormous applications in mathematics and physics.

They satisfy the following differential equation of hypergeometric type
y’' =2zy" +2ny =0, (1.1)
where n € Nj.

Discrete version of the Hermite polynomials are also important and have applications
in quantum mechanics. In fact, discrete g-Hermite polynomials are one of the family
of g-classical polynomials in the Hahn sense. The so-called g-polynomials have great
applications in several problems on theoretical and mathematical physics, e.g., in the
continued fractions, Eulerian series, [16], algebras and quantum groups [21, 22, 31],
discrete mathematics, algebraic combinatorics (coding theory, design theory, various
theories of group representation) [10], g-Schrédinger equation and g-harmonic oscil-
lators [5, 6,7, 8,9, 11, 23, 13].

The Hermite polynomials and their g-analogues are at the bottom of a family of the

classical orthogonal polynomials and their g-version, [4, 19, 20]. They contain only

1



q parameter, and one can get them by using a suitable limit relation from the other

orthogonal polynomials.

The classical orthogonal polynomials and their g-analogues have some properties.
One of the most important characteristic property of these kind of polynomials is a
second-order differential equation of hypergeometric type (1.1) or their discrete ver-
sion which they satisfy. Actually this important characteristic property is considered
by Routh in 1885 [28], and by Bochner in 1929 [12].

Another useful property of these polynomials was developed by Sonine in 1887 and

by Hahn in 1939. They claimed the following theorem:

Theorem 1.1.1 (Sonine-Hahn [3, 18, 24]) A given sequence of orthogonal polyno-
mials (P,), is a classical sequence if and only if the sequence of its derivatives (P),

is an orthogonal polynomial sequence.

Rodrigues formula is another characterization for the orthogonal polynomials which
is derived by Tricomi [30] and Cryer [15]. The Rodrigues formula provides explicit

representation for the classical polynomials.

Three term recurrence relation (TTRR) is another way to introduce the classical or-
thogonal polynomials and their discrete version. Chihara [14] and Szego [29] have

studied them by using the TTRR.

Another practical characteristics is the generating function which was first introduced
by Abraham de Moivre in 1730. It provides a way to get the polynomials as a part of

the coeflicients in a formal series [19, 20].

An important characteristic property other than the differential equation is the orthog-

onality property with respect to a suitable inner product [25, 26, 27].

The central idea in this thesis is to study these important properties of the Hermite
polynomials and Discrete g-Hermite I polynomials. Their properties will be consid-

ered in the same manner.

Discrete g-Hermite I polynomials are the g-analogues of the Hermite polynomials.

2



They satisfy the following g-difference equation of hypergeometric type:
_D,D, 1y + quDq_. y+ Ay =0, (1.2)

1-n
where A = —

[n], and D, is called the g-Jackson derivative [19, 20, 25, 26, 27].
-9

Hermite polynomials are obtained from the discrete g-Hermite I polynomials in the
limiting case as ¢ — 1. We are also going to deal with this limit relation between the

Hermite polynomials and the discrete g-Hermite I polynomials.

This thesis is organized as follows: In the rest of this chapter, some basic definitions
related with g-calculus are established. In Chapter 2, we study some important charac-
teristic properties, such as polynomial solutions of the differential equation, Rodrigues
formula, TTRR, generating function and orthogonality relation [3, 19, 20, 25, 26, 27]
of the Hermite polynomials. Chapter 3 includes the discrete version of these prop-
erties for the discrete g-Hermite I polynomials in the same manner. In Chapter 4,
some known limit relations between the identified g-Hermite I polynomials and the

classical Hermite polynomials [19, 20] are introduced in detailed.

1.2 Some definitions and notations

In this section, some notations that are used in g-calculus like g-integer, g-factorial,
g-binomial coeflicient, g-Pochhammer’s symbol together with some operators like
g-derivative and g-integral will be presented. Also, hypergeometric series and their
g-analogues will be stated. The definitions and notations that are given here can be

found in [4, 19, 20, 25, 26, 27].

Let g > 0. For any n € Ny, the g-integer [n], is defined by

1_ n
My = 1+q+-+q" = 1—q, n=12.. [0],:=0 (1.3)
-4
and the g-factorial [n],! by
[n],! = [11,02];---[n]l;, m=1,2,..., [O];!:=1. (1.4)

For integers 0 < k < n, the g-binomial coeflicient is defined by

nl [n],!
[k]q [k, =k, (15)

3



Clearly, when g = 1, one has the classical notations. That is,

- ()

[n]i =n, [n]i!=nl,

where (Z) is the binomial coefficient defined by

(n) B n!
k] kl(n-k)!

For the sake of completeness of the definition, when k£ < 0 or kK > n we set [’;]q =0.

Recall the Pochhammer’s symbol (or shifted factorial) defined by
(@ =aa+1)---(a+k—-1) for k=1,2,..., (a):=1. (1.6)

A similar notation is used to define g-Pochhammer’s symbol (or g-shifted factorial):

k-1 00
@qy:=1, (@qx:=]]0-ag) @ae:=]]0-ag). @17
s=0 s=0

We first observe the following results:

Observation 1.2.1 For any a € C, and nonnegative integer k,

(@ Q1 = (1 = a)ag; @ = (a; (1 = aq"). (1.8)

Repeated application of this observation gives us:

Observation 1.2.2 For any a € C, and integers 0 < k < n,

(@ @)n = (a; Qr(ag"; @n-i. (1.9)

Taking the limit as n — oo in the previous result yields:

Observation 1.2.3 Forany a € C and k € Ny, (a; @)oo = (a; 9)(aq"; @)eo.

From the definition, we can see that:

Observation 1.2.4 If n is a nonnegative integer, then (q™"; q)r = 0 for all k > n.

4



Lemma 1.2.5 Forallk=0,1,...,n, one has

(G = LD (B (1.10)
( )n k

Proof. For 0 < k < n, we have

n—1

k—1 k—1 k—1
o= ]a-a =[] ]a-g7) =@ [ ] (1-¢)
s=0 s=0 s=0

s=n—k

n=1(q _ q1+s) (@:q)
= (=1)kg(d)k YO( = LDy 6)-nk.
(-1'q M5 1 =g (@D k( )

[
Lemma 1.2.6 For a € C and k € Ny, we have (a; ¢*)i(aq; ¢*)x = (@; @)ax.
Proof.
k-1 k-1 2%-1
(@ gntag: = | [(1-a@) | | (1-aa@) =] | (1 - ag") = (@ gy
s=0 s=0 s=0
[

A simple corollary of this result is stated below which can be obtained by taking the

limit as k — oo.
Corollary 1.2.7 For a € C, we have (a; ¢*)o(aq; ¢*)oo = (a; @)co-
Lemma 1.2.8 For a € C and k € Ny, we have (a; q)i(—a; @)« = (a*; ¢*)r.

Proof.

k—1 k-1 k—
@ u(-a;qu=| |1 —ag)| |1 +ag") = ﬂ (1-a¢") = @ )
5s=0 5=0 5s=0

Taking the limit as k — oo, we obtain the following:

Corollary 1.2.9 For any a € C, we have (a; q)o(—a; @)oo = (a%; ¢*)co-



Observation 1.2.10 The relation between q- and q~'-integer is

[k, = q' K], (1.11)

Lemma 1.2.11 For any integers 0 < k < n, we have

[n], = [k, + ¢"[n - k], (1.12)

Proof. From the definition of [n], given in (1.3), we write

1-4 1-¢q 1-q"
[k], + ¢*[n — k1, = +q" =
! N l-¢g 1-¢

n—k

= [n]q

0

Recall that the binomial coefficients obey the well-known Pascal’s rule. That is, for

=624

In what follows, we give similar results for g-binomial coefficients.

integers k and n, we have

Lemma 1.2.12 For integers k and n,

nl |(n-1 ln—=1
[k]q_[k—l]q+q[ k L' (1.13)
Proof. The right hand side of this equality is
n—1 n=10 [n—1],! . n=1]!
[k—l Sk L_ k-1, -kl L Tkl n— 1 -4,
_ [k]g[n —1],! + g [n - kly[n—1],!
[k]g![n — k]!
_ [” - l]q'([k]q + qk[n - k]q)
(k] ![n — k],! ’
Using (1.12), one arrives at
n-—1 =1 [n—1],![n], [n],! n
k=1 T k| TR =KL KL — AL :[k]
q q q- q. q. q- q
as desired. O

Since, like the classical binomial coefficient, the g-binomial coefficients satisfy the

simple property [’]Z]q = [nfk]q , the g-Pascal rule has another version, namely,

6



Lemma 1.2.13 For integers k and n,
[n] [n—l] N n_k[n—l]
= q .
kly k g k-1 g

The following result gives the relation between the g-binomial coefficients and the

g-Pochammer’s symbol:

Lemma 1.2.14 For any integer 0 < k < n, we have

[n] B (G5 Dn (1.14)
q

klg (4 G Qui

Proof. To begin with the proof, we first note that the g-factorial defined by (1.4) can

be written in terms of g-Pochammer’s symbol given in (1.7) as

k ko1 _ g
et =[ st = [ [ =5 = 0 -0 @ o (1.15)
s=1 s=1
Now,
[n] __ Inlgt (1 - 9)™"(q: @n __ @9
klg  Tklg!n =Kl [(1 =™ g @] [(1 = )™ (G nt] (45 Di(G5 P
O

Note that if g~! were used instead of g, then we would have:

Lemma 1.2.15 For integers k and n

nl o kaen2 @ D
[k]ql =D (1.16)

Proof. Using the definition, we write

[n] _ ! rpln=sla  pi-gm
o K]

k 71![n—k] o ' o [k - S]q—l B L 1 — g s

) l_[ TS (=4 ) TSt = g7
_q—k+s(1 _ k s) /;;(1) (1 _ qk—s)

which gives us

n G D
— (—])egkkrn2 e > Dk
[ L = (95 D



as desired. O

The Pochammer’s symbol is given in general for complex numbers. Accordingly, the
definition of g-integer given by (1.3) is extended to the complex numbers and we have,

forg #1,
1 -¢g°
[a], := —q a € C.
The limit relation between the Pochammer’s symbol and the g-Pochammer’s symbol

is given by the following lemma:

Lemma 1.2.16 For a € C, and positive integer k, we have

im q%; @i
-1 (1 - g)

= (). (1.17)

Proof. First, we note that

@ T11-¢""
(l—q)k:n 1—g y [a + 5], = [algla+ 1], [a+ k- 1],.
s=0 s=0

Now, since lim [m], = m, taking the limit of both sides as ¢ — 1 in the above expres-

g—1

sion, we get the stated result. 0

Next, we give the definition of the g-gamma function [4]:

Definition 1.2.17 The g-gamma function is defined by

(45 Do

) (1-g'™. (1.18)

rq ()C) =

This is a g-analogue of the gamma function since we have
lin} [y(x) =T'(x). (1.19)
q—)

Note that,

=1, Ty x+1)=[x],[,x).

1.3 g-Derivative

Next, we provide the g-derivative of a function when g # 1.

8



Definition 1.3.1 (¢g-Derivative) The g-derivative of a function f, for q # 1, is defined

as

Jf(x) = flgx)

, x#0
D,f(x)=4 -k (1.20)
f(0), x=0
Observe that if f(x) is differentiable, then
df(x)

}}_I}Ilquf(x): e

Example 1.3.2 As our first example, let us find the g-derivative of a constant function.

If f(x) = c, then from (1.20),

S (l-gx

D,c

That is, the g-derivative of a constant function is identically equal to zero as in the

case of classical derivative.

Example 1.3.3 As another example, let us find the g-derivative of monomials. If

f(x) = x", where n is a positive integer, then, for x # 0, (1.20) gives us

-0 _1-¢"
(I-¢g)x l-g

n—1

D,x' =

Using the notation (1.3), this is written as
D,x" = [n], X" (1.21)

Since f(x) = x" is differentiable and f’(x) = nx"~!, the identity (1.21) is analogous to

the classical one.

The simplest property of the g-derivative is its linearity as given in the next lemma.

Lemma 1.3.4 For functions f, g and constants C, C,, we have

Dy[C1f(x) + Cog(x)] = C1Dy f(x) + CoDg(x).



We would like to note here that, when « is a nonzero scalar, the g-derivative of f(x)

at ax and the g-derivative of f(ax) are not the same. In fact, we have

_ flex) - flgax) _  flax) - flgan) _

D, f(ax) Do T e =P fo|._..-
Equivalently,
D,f()|_, . = 'Dyf(ax). (1.22)
Generalizing (1.22), one can see that
Dif(0)|_ =a"D,f(ax). (1.23)

Also, the g-derivative of f(¢) at t = g~'x and the g-derivative of f(g~'x) are not the
same. In fact, we have

_ f(qg'x) = f(x) 4 f(qg'x) = f(x) _
(1-g)x q(g™' = Dx

D,f(q™"x) g ' Dy f(x). (1.24)

Similarly,

fg0) - f) _ flgx) - f0) _
(1-ghx g '(g—Dx

Dy f(gx) = gD, f (x). (1.25)

However, the g-derivative of f at g'x is the ¢g~!-derivative of f at x. More precisely,
fora = g~ !in (1.22), we get

D,f(®)|_ . =qDyf(q"'x) = Dy f(x). (1.26)

t=q¢~'x

Similarly,

Dy f@),_,, = Dyf (). (1.27)

The higher order g-derivative of f is defined in a similar way that the higher order

derivative in classical sense is defined. The nth order g-derivative of f is

D} f(x) = DDy~ f(x)),  Dof(x) := f(x).
There is a nice relation between D,D - and D1 D, as stated in the following lemma.

Lemma 1.3.5 For any q # 1, the following relation holds:

D,D, 1 =q 'D1D,. (1.28)

10



Proof. For any f we have

D1 f(x) = Dy f(0)|
(I-g)x

t=gx

D D, f(x) =

Using (1.26) and (1.27) we get

Dyf(),_1, = Dof ()
(I-qx

which shows the validity of the claimed identity. U

D D1 f(x) = =q 'D1D,f(x)

The next assertion gives chance to express D,-i in terms of D, and DD 1.

Lemma 1.3.6 The following identity is true:

Dq—l = Dq +(1 - q)xDqu-l (129)

Proof. As in the proof of the previous theorem, we have

Dy f() =Dy O, D1 f(x) = Dy f(x)
B (i N (7

Therefore, D+ = Dy + (1 — @)xDyD 1. ]

In the next lemma, the g-derivative for the product of two functions is given.

Lemma 1.3.7 (Product rule) For functions f and g, we have

Dy(f(x)g(x)) = f(x)Dgg(x) + g(gx)Dy f(x). (1.30)

Proof. From the definition, one has

S()g(x) — f(gx)g(gx)
(I-¢g)x

Adding and subtracting the term f(x)g(gx) in the numerator, we write

S(0g(x) — f(0)glgx) + f(x)g(gx) — f(gx)g(gx)

Dy(f(x)g(x)) =

D,(f(x)g(x)) =
(I-g)x
B g(x) — g(gx) f(x) —glgx)
= J‘(X)—(1 . + (g'(qx)—(1 e

= [(0)Dgg(x) + g(gx)D, f(x)

11



as required. 0

Changing the roles of f and g, the rule given in (1.30) can also be written as

D,(f(x)g(x)) = f(gx)D,g(x) + g(x)D, f(x).

The higher order g-derivative of the product fg, known as the Leibniz rule, is provided

next.

Lemma 1.3.8 For functions [ and g, one has

n

j (1.31)

DIgen = Y [

L D) DI g(0)
k=0

t:qu'
Proof. The proof is based on induction on n. For n = 1, the right side of (1.31) reads

as

LTt
|| PAro Do), = 50D, + Dt
q

k=0

which is nothing but D,(f(x)g(x)). Suppose that the hypothesis is true for some n -1,

that is,
n—1
n—1
Dy (fx)g) = ) [ L ] Dy f(x) Dy )] _ .
k=0 q
Applying D, to both sides of this identity, by the linearity of D, and the product rule,
we get
n—1
n n-—1 n—1-—
Di(f(x)g(x) = [ ) ] D, (Dif) DI (o) )
k=0 q
n—1

-1
[" K ] (D470 Dy 50y + DT Dy (D50 ))-
k=0 q

Using (1.22) in the right most term leads to

n—1

~1
Dy(f(x)g(0)) = > [” . ] (D400 Dy g0 _ ey + DY) Dy (0, 0
k=0 q
n—1 n—1
k

n—1

-1
+ qk[” . ] D, f (0D g(0)
k=0 q

t=qk+1x

] Dy f(x) Dy (o)
k=0 q

t=q*x"

12



Replacing k by k£ — 1 in the first sum on the right side, we get

n

-1
Dy(f(x)g(x) = ) [Z j 1] D f(x) DI g (o)
q

k=1

t=q*x

n—1 1
+>.d [” L L Dl foD;*g(0)|

k=0

t=qgkx’

Since the first sum vanishes for £k = 0 and the second one vanishes for k = n, we can

write both of them as a sum over k from O to n. Then combining the two sums we

obtain
S([n—-1 n—1 _
D(f(0g(x) = ) [[ L 1] +q' [ L ] )D’;f(x)DZ 8] _ i
k=0 q q
Now, with the help of (1.13) we complete induction. This proves the lemma. U

As a final property of the g-derivatives, we present the g-quotient rule.

Lemma 1.3.9 (Quotient rule) For functions f and g,

D (f(X)) g(x)D, f(x) — f(X)Dqg(x)
g(x) 8(x)g(gx)

Proof. As before, we start with the definition:

(f(x)) i ae _ fWsq) ~ flgns)
“New) A -gx (1 - g)xg(x)g(gx)

Now, we add and subtract the term f(x)g(x) in numerator to get

D (f (X)) _ J()g(gx) = f(N)g(x) + f(x)g(x) — f(gx)g(x)
\g(x) (1 - g)xg(x)g(gx)
_ —f(0)Dyg(x) + g(x)Dy f(x)
- g(x0)g(gx)
8D, f(x) = f(x)Dyg(x)

8(x)g(gx)
as stated. O

We now give and proof the g-binomial theorem (cf. [4, Theorem 10.2.1]).

Theorem 1.3.10 For|x| < 1,|q| <1,

(9]

(a; q)k (ax; QD
) 1.32
Z (g q)k (X5 @eo (1.32)

13



Proof. There are several proofs of this theorem. Here, we present one of them. Let

(a; @i N
Ja(x) =
kZ (4 Dx

Then, taking the g-derivative of both sides and using (1.8) and (1.21), we get

Dfix) = 3 LD g it
k=

— (43 9k
(a;q  x*!
(Q' Q)k—l 1 -
_ 1—a O (ag; Dic x
-9 (q; q)k
1 -
= ﬁ;faq(x)
which gives us
Ja(X) = fa(gx) = (1 = a)x faq(%). (1.33)
On the other hand,
p N @D s N @9 s N @9k = (agi g
b L ; (4: @) ZO (q: 2 @

By the use of (1.8) again, the last equality becomes

_ _ O (@ Diet = (G Piet gy
Ja) = Jogl) kZ:;‘ (@ D1 *

_ i (1 - a)ag; @ = (aq; (1 = ag™) 4.,
R
_\ @ u-a+ag™h)
— (43 Di+1

s . k+1
. Z (@q: il =) 4
(g5 P

—_ (aq Q)k k
‘”;@mk Aoy ()

or
Ja(x) = (1 = ax) faqg(x). (1.34)
Eliminating f,,(x) from (1.33) and (1.34), we obtain

fit) =+

(gx).

14



Now, iterating this n times gives us

(1-a(-aqx) , ,  _ (axq),
fulx) = —==fulgx) = o —an) 0=

Taking the limit as n — oo and noting that £,(0) = 1, we end up with

(ax; @)oo £0) = (ax; @)oo

Jalx) = (X5 Qoo (X3 Qoo

which completes the proof.

Some immediate consequences of this theorem are stated below:

Corollary 1.3.11 (Euler) For|x| < 1,|g| < 1

i X 1
@D (e

Proof. Puta = 01in (1.32).

Corollary 1.3.12 (Euler) For|g| < 1

Z (—1)5qC)x*

(G5 D = (69

Proof. Replace a with 1/a, and x with ax in (1.32) to get

Ja(q"x).

(5w Z(l/aq)z< . w(a—l)(a—q%-(a—qk‘l)xk_

(ax; q)e (4: @ e (45 @

For a = 0, this becomes

(-=1g®)
() = Z G

as claimed.

Corollary 1.3.13 (Rothe)

n

[ZL ¢O0" = (5.9,

k=0

15
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Proof. Let a = g7 and replace x with ¢"x in (1.32) to get

> (47" ("o = (X oo
b (q; 9 (@"%; @)

Using Observations 1.2.3, 1.2.4, relations (1.10) and (1.14), this becomes

(q: P k (5)-nk ¢ n Nk _ [ ) k
n 1 2 = 2)(—
(x: 9 = Z o 1O (g ;[k]qq (=)

and the conclusion follows. O

Corollary 1.3.14

n+k—1] L]
PN

Proof. First, note from (1.9) that (¢; @)nss-1 = (q:9)n-1(q"; @r. Now, let a = ¢" in
(1.32):

Z(q Dk i _ (XD
(q; q)k C ).

By the use of the Observation 1.2.3 and (1.14), this becomes

(c] D = O (@ Dk s n+k- 1] y
(x; q)n 2 (49 4 (q; Di(g; Pn-1 |k,
as stated. 0
Corollary 1.3.15
: =e'. (1.38)

lim———
=1 ((1 = 9)x; @)
Proof. Replace x with (1 — g)x in (1.35) to get:

1 B o (1 — g)Fx*
(-5 e S (Gak

Taking the limit as ¢ — 1 and using (1.17) with @ = 1, we get

1 XK Xk
lim = = — =¢"
1 (1~ x: @)en ,Z; (D ,Z; K

which completes the proof. ([l
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1.4 g-Integral

In this section, the g-integral will be given as an antiderivate. Before defining the

g-integral let us observe the following result.

Lemma 1.4.1 Let f be a function such that
F) =(1-gx ) d'fq)
=0

is defined. Then, D,F(x) = f(x).

Proof. From the definition of g-derivative, we write

F(x) = F(gx) _ < N
DF@ = =G5 == ,; 4" f(g"x) - kz; 4 £q ).

Shifting the index in the second sum, we get
DF() = ) d'f(d0) - ) d'fldx) = f(x)
k=0 k=1

and the proof is complete. U

Since D,F(x) = f(x), we are now in a position to define the definite g-integral of f
over the interval [0, x] to be F(x) by nothing that F(0) = 0. In fact, this will be the
Fundamental Theorem of g-calculus analogues to the classical case. The definition of

the g-integral is given below:

Definition 1.4.2 The g-integral of f is defined as

fo f@dx=(1-g9a ) dfda (1.39)
k=0

fora > 0.

In fact, when f(x) > 0O for x € [0,a], the right side of (1.39) is nothing but the
Riemann sum as the sum of the areas under the graph of f on the interval [0, a] with

the base on the interval [¢"'a, g*a] and the height f(¢*a).

17



When a < 0, the g-integral, on the interval [a, 0], is defined as

0 —a
ff(x)dqx:fo f(=x)d x.

For O < a < b, we have

b b a
f FOdyx = fo Fody— fo Fdyx,

and for a < 0 < b, we have

b 0 b
f f@)dyx = f F)dyx + fo Fx)d,x.

Lemma 1.4.3 Let f be a continuous function such that

flgx) _
Sy

for some function a(x) and suppose that lil’I(l) f(x) = f(O) exists. Then,

a(x)

1
(g— Dt

S(x) = f(0)exp [ fo In(a(r))d,t|.

Proof. Observe that

1 flgt) _Infgt)—1Inf(t)
(g— Dt ln( () ) - = Dy In f(1).

(g— D
v o (fan
fo (q—l)tlna(’)d"“fo <q—1>r1“(f(r>)d‘f’

= f D,In f(1)d,t

0

Therefore,

=In f(1)], = In f(x) = In £(0).

Alternatively, we can use the definition of g-integral (1.39):

R (1 f(qt)
fo (g = Dy MOt = fo (@ Dx ln( 0 )d‘”

VACAES

_1; \ _ k 1
= kZO [(1 DD "™ fg

= lim ) '[In f(¢"x) ~ In f(¢""' )]
k=0

18
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= lim (In f(x) ~ In f(q""' )

= In f(x) - In £(0)

which yields

£ = F©)exp [ [ ma dqt]

(g— Dt
as desired. O

The next lemma states the integration by parts formula for the g-integrals:

Lemma 1.4.4 (Integration By Parts) For functions f and g on an interval [a, b] we

have

b b
b

f FDyg(x)dyx = f(x)g(x)|, - f 8(qx)D, f(x)d,x. (1.41)

Proof. The relation (1.41) follows immediately by taking the g-integral on both sides

of (1.30) over the interval [a, b]. ]

As we are going to deal with the orthogonality of polynomials in the later chapters,
an inner product is going to be needed. So, for continuous functions f and g defined
on an interval [a, b] (not necessarily bounded and closed), the inner product of f and

g with respect to a weight function w(x) is given as

b
(frg) = f WO f(Dg(x) dx = 0. (1.42)

For the discrete case, we have the inner product
b
)y = f W) f()g(x) dyx = 0. (1.43)
1.5 g-Hypergeometric functions

Recall that the hypergeometric series ,F is defined by

a,ay,...a,
F[ 2

by, by, ... by

X (al,az,...,a,)ki
- &by, by, ..., by k!
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where (aj, az, . ..,a,)r = (a))(a)i - - - (@), (a;)x is the Pochammer’s symbol given in
(1.6). Here, ay,...,a, are parameters of the first kind (appearing in the numerator),
by, ..., by are parameters of the second kind (appearing in denominator) such that (b;);

is never zero, and z is the independent variable.

As it can be observed from the definition of Pochammer’s symbol, when 7 is a non-
negative integer, we have (—n); = 0 for k > n. Therefore, none of the parameters of
the second kind is allowed to be a nonnegative integer. Moreover, if one of the pa-
rameters of the first kind is a nonnegative integer —n, then the hypergeometric series
terminates and becomes a polynomial of degree n. In all other cases, it can be shown

that the radius of convergence R of the series is

oo, r<s+1
R=131, r=s+1
0, r>s+1.
When the hypergeometric series converges, it converges to a function called hyperge-

ometric function.

In a similar fashion, a g-hypergeometric function ,¢; is defined by

a,a,...,a, > (an,ag, ..., a4 tesr ZX
o g:z| = (@1, 4, ,Q)" ((=1)q®) : (1.44)
b],bz,...,bs k=0 (bl’bZ?""bS’ q)k (q,Q)k
where (ai,as,...,a,; @ = (a1;9)x - - - (a,; @) and (a;; q); is the g-Pochammer’s sym-

bol given in (1.7). Again the parameters of the second argument are taken in such a
way that the series is well defined. Observing the g-Pochammer’s symbol, one can
see that when n is a positive integer, we have (¢7"; g¢); = 0 for kK > n. Thus, none of
the arguments of the second kind is allowed to be of the form g™ for any positive
integer n. On the other hand, if one of the parameters of the first kind equals g™ for
some positive integer n, then the g-hypergeometric series terminates and becomes a
polynomial of degree n in z. For any other case, the radius of convergence R of the

series is

oo, r<s+1

=
Il

1, r=s+1

0, r>s+1,
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as for the hypergeometric series. Note that when r = s + 1, the series is

ay,az,...,a,
r¢s[ q

by, bs,...., b

k

7zl = = (al’az,---,ar;Q)k Z
T (bbb Ok (G
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CHAPTER 2

HERMITE POLYNOMIALS

2.1 Introduction

A second order linear differential equation of the form
o(z)y” +1(z)y + 1y =0, (2.1)

where 0(z) and 7(z) are polynomials of degree at most two and one respectively, and
A is a constant, is referred to as an equation of hypergeometric type. A solution of
the equation (2.1) is called a function of hypergeometric type. This equation and its

solutions are classified according to the degree of o (z).

In this thesis, we are going to take o(z) = 1 in which case we have
Y '+ (az+b)y + 1y =0, (2.2)

where a, b and A are constants. Note that when a = 0, the equation (2.3) becomes a
constant coefficient differential equation whose solutions are already known in terms
of elementary functions. For this reason, we shall omit this case, and focus on the case
when a # 0. In the latter case, it can be shown that under some suitable transformation

of the independent variable, it is possible to reduce (2.2) to the so-called normal form
y'=2zy'+Ay=0, A1€C (2.3)

which is known as the Hermite differential equation. Our first observation is that
all derivatives of a solution of a Hermite differential equation are also solutions of a

Hermite differential equation.

Theorem 2.1.1 Ify is a solution of (2.3), then all derivatives of y are also solutions

of a differential equation of the form (2.3).
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Proof. Take the derivative on both sides of (2.3) with respect to z, to get
v =2y =2zy" + Ay =0.
Let v, :=y and u; := 4 — 2. Then,
vi =2V + vy =0

which means that v; is also a solution of a Hermite differential equation. For the

purpose of induction, assume that v; := y® satisfies
v = 2z2vi(2) + vk = 0
for some non-negative integer k. As before, taking the derivative of both sides yields
v =22V + (e — 2)v, = 0.
Thus, vy = y**D = v/ satisfies the equation
Vi1 = 22V + s Vier = 0

where .1 = e — 2. So, by mathematical induction, v,(z) := y™(z) satisfies the

equation
v, (2) = 22v(2) + pavi = 0, (2.4)
foralln =0, 1,... where vy(z) := y(z), to := 4, and
MUy =y —2 =1 —2n. (2.5)
This completes the proof. 0]
Theorem 2.1.2 If 1 = A, := 2n, then the Hermite differential equation has a polyno-
mial solution of degree n for alln =0,1,...
Proof. If A = 2n, then from (2.5) we get u,, = 0, and (2.4) becomes
Vi'(2) — 2zvi(z) = 0.
Multiplying this equation by ¢, we obtain
d, .,
e (e ¢ vn(z)) =0
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which gives us
Vi(z) = clezz.
Integrating both sides

"z
2
va(2) = ¢ f e dt + c,.
0

Therefore, one solution of v, — 2zv; = 0 is constant and the other solution is foz ¢ dt.
Since v,(z) = y"(z), for the constant solution y"(z) = constant, we see that y is a

polynomial of degree n. 0

Definition 2.1.3 Foreachn =0, 1,..., the polynomial solution of "' —2zy" +2ny = 0
with leading coefficient 2" is called Hermite polynomial of degree n and it is denoted

by H,(z). That is,
Hy(2) =2"7"+ - (2.6)
where the dots denote the lower degree terms, and they satisfy
H/(z) — 2zH(z) + 2nH,(z) = 0. 2.7
Remark 2.1.4 Taking (2.4) into account, it can be seen that vy, = Hflk)(z) is a poly-
nomial solution of the equation
Vin = 22V, + HinVin = 0 (2.8)
where
MHin = 2n — 2k (2.9)

forallk=0,1,...,n,andn=0,1,...

Lemma 2.1.5 For any n € N, we have
H(2) = 2nH,_(2). (2.10)

24



Proof. We know that H,(z) is a polynomial satisfying
H/(z) — 2zH,(z) + 2nH,(z) = 0.
By taking the derivative, we see that
H'(z) —2zH) (z) + 2(n — 1)H,(z) = 0.
That is, H; satisfies the equation
u' —2zu' +2(n— DHu = 0.

Since a polynomial solution of this equation is H,_;, we get H, = c¢,H,_; for some
constant c¢,. Comparing the leading coefficients, we get n2" = ¢,2""!, or ¢, = 2n. This

completes the proof. U

2.2  Weight function

Let us consider the Sturm-Liouville or formal self-adjoint form of (2.7)
d% lo(2)H,(2)] + 2np(2)H,(2) = 0
where p(z) satisfies the separable ordinary differential equation
0'(2) = —22p(2). (2.11)
Solving (2.11), we get p(z) = e, up to a constant multiple. Here, the function
p(x)=e® (2.12)

is called the weight function which will be used later to show the orthogonality.

2.3 The Rodrigues formula

The Hermite polynomials, like any other polynomial of hypergeometric type, can be
constructed explicitly by a celebrated formula due to Rodrigues. In this section, we
shall obtain the Rodrigues formula for the Hermite polynomials. Recall from the
previous section that the self-adjoint form of the Hermite differential equation is

d [e_zz dH,(z)

Sl 2ne ™ H,(z) = 0. 2.13
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By (2.10), this equation is written as

d
— [e‘ZZZrlHn_l(z)] + 2ne‘ZZHn(z) =0
dz

or, after canceling the terms 2n,

e H@) = - L[ Ha )]
dz

By repeated application of the last equation, we obtain

2 d2 2
e “H,(z) = (_1)2d_Z2 [e_z n—2(Z)]

:emgﬁﬁmAd

:ewgk%mud.

For k = n, we receive

d}’l

e%mwzewaz

[e_zzHo(z)] .

By (2.6), it is known that Hy(z) = 1. Hence,

dl’l
e H,(2) = (1) —e®
dz?

or

n

H,(2) = (=1)"¢ & - (2.14)

daz"
The formula (2.14) is known as the Rodrigues formula which gives representation of

Hermite polynomials. Using (2.14), we can obtain the Hermite polynomials of degree
0,1,2and 3, as

Hy(z) =1,
H(z) = 2z,
Hy(z) = 47" - 2,

Hs(z) = 87° — 12z,
respectively.
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2.4 Three term recurrence relation

Using the Rodrigues formula (2.14), it is not so easy to find the Hermite polynomial
H,(z) for an arbitrary value of n. In this section, we are going to find a three term
recurrence relation satisfied by H,(z) which will make it easier to find H,(z) for any

neN.

Theorem 2.4.1 The Hermite polynomials H,(z) satisfy the three term recurrence re-

lation
H,.1(zx) —2zH,(z) + 2nH,_1(z2) =0, n=0,1,... (2.15)

where H_(z) := 0 and Hy(z) = 1.

Proof. Using (2.10) in (2.7), we get
2nH,_\(2) — 4nzH,_,(2) + 2nH,(z) = 0,
and hence,
H,_\(z) —2zH,-1(2) + H,(z) = 0.
Replacing n by n + 1 leads to
H)(z) — 2zH,(2) + Hy11(z) = 0.
Using (2.10) once again will give us
2nH,-1(2) — 2zH,(2) + Hy11(2) = 0

which is recurrence relation that we want. Since this recurrence relation consists of
three terms, knowing two term will give the third term. Hy(z) = 1 is already known

from (2.6) and the setting H_,(z) := 0 is put only for convenience. L]

2.5 Generating function

This section is devoted to the generating function of the form ;" %t”, for Hermite

polynomials H,(z).
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Theorem 2.5.1 The Hermite polynomials H,(z) can be obtained from the generating

function relation

(o)

Pk # _ E

n=0

(2.16)

Proof. Let G (z,1) := Z A2 t". Then, for r = 0, we get G(z,0) = Hy(z) = 1.
n!

n=0

Now, taking the derivative with respect to t, we get,

8_G = i L”(Z) = N H,(2) ol - H,.1(2) o
o 4~ nl i (n—1)! L (n)!
Using (2.15), we obtain
9G _ i 2eH, () = 2nH,12) ,
ot ¥ n!
o H,.(2) - H,1(2)
=2 =2 M
Z; n)! 4= 1))

H (z)

=2zG(z,1) — 2;2
=2z-20G(z,1).

Thus, for each fixed z, this equation can be considered as an ordinary differential with

the general solution
G(z.1) = exp (2t — ) - 4(2)
for some function ¢ of z. Since G(z,0) = 1, we see that ¢(z) = 1, and hence,
G(z.1) = exp (22t — )

which completes the proof. 0
Observation 2.5.2 For z = 0in (2.16), we get

H,(0) o (=) (1)"
SO oSSO0

n=0

Comparing the coefficients of like powers of t, we see that

—1)"(2n)!
Hopi(0) =0 and Hz,,(O):()n# forall n=0,1,...
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Observation 2.5.3 In (2.16), replacing z and t with —z and —t, repectively, we get

ZH,,(l Z)( 1) = ZZIIZ_ZH(Z)

n=0

Comparing the coefficients of like powers of t, we see that
H,(-z) = (=1)"H,(z), forall n=0,1,2...

That is, H,(z) is an odd function if n is odd, and H,(z) is an even function if n is even.

2.6 Hypergeometric representation

In this section, using the generating function for the Hermite polynomials, a hyperge-

ometric representaion will be obtained. From (2.16) we can write

o H(2) , 2t g2 N 2Zt)” O (= tz)k o YV (DR n2k
2 e = N LT T
n=0 n=0 k=0 n=0 k=0
On the right side we replace n by n — 2k to obtain
Z i), i LZ/“ (=)@
n=0 n=0 k=0 (I’l Zk)'k' ’

where | x| denotes the floor function and equals the largest integer not exceeding x.

Comparing the two sides, we get

Ln/2] k Ln/2] —2\k
_ (=Dn! n-2k _ n nl(-z77)
H,(2) = kZ; T = ,;‘ eyl

To write this sum in the hypergeometric form, we note that

n! _n(n—=1)---(n—2k+1)
2%(n —2k)! Q2%
(-n)(-n+1)---(—n+2k—-1)
= 22k

-GNS)E )G e (t e
- (%n)k(l ;n)k'
Therefore, (2.17) becomes

H(z)—(2z)”mzm(_—n)(l_n) C 0 am| T
" S\2 )\ 2 ), K 2

1
- ?} (2.18)

which is the hypergeometric representation of the Hermite polynomial H,,(z) as a ,Fj.
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2.7 Orthogonality

2.7.1 Orthogonality of H,(z)

Recall that the formal self-adjoint form of (2.7) is

diz e Hy )] + 2ne™* H,(2) = 0. (2.19)

The same form for H,,(z) would be

diz e H}\(2)| + 2me™ H,,(2) = 0. (2.20)

Multiplying (2.19) by H,,(z) and (2.20) by H,(z), and then subtracting one of the

resulting equation from the other one, we get
2(n — m)e™ Hy(@)H,(2) + Hu(2) [ Hy@)| = Hu(@) [e ¥ H,, ()] = 0
which can be written as
2(n = m)e™" Hy(2)H(2) = d% (e [Hu(2)H,,(2) - Hu(2H, ()]} (2.21)
Integrating (2.21) with respect to z on (—oo, c0) leads to
2(n - m) f P HQH e = ¢ WIH,, | (2.22)

where W[H,, H,,] = H,(2)H, (z) — H,,(z)H,(z) denotes the Wronskian of H, and H,,,

and is a polynomial of degree n + m — 1. Since

lim ¢ P(z) =0, (2.23)

7—+00

for any polynomial P(z), (2.22) becomes
2(n —m) foo e_ZQHn(z)Hm(z)dz =0. (2.24)
It is clear now from (2.24) that
foo e_ZZHn(Z)Hm(Z)dZ =0 forall n#m. (2.25)

When n = m, the left side of (2.25) will be a positive number. Thus, we have shown

that the following result holds:
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Theorem 2.7.1 The set of Hermite polynomials {H,(2)}., is orthogonal on the in-
terval (—oo,00) with respect to the inner product (1.42) with the weight function

p(z) = e%. More precisely, the Hermite polynomials H,(z) satisfy
f e Hy()Hp(2)dz = NS,

where 6, is the Kronecker’s delta given by

and N, is the norm of H,(2).

The discussion given before this theorem does not allow us to find the norm N,. Most
of the existing results use the generating function relation (2.16) to find N,. Here,
a less known approach will be provided, because it will be easier to follow similar
procedures in the case of discrete Hermite polynomials that will be given in the next

chapter.

2.7.2 Orthogonality of H"(7)

Consider the self-adjoint form of (2.8)

d
] + e @) = 0 (2.26)

in which vi,(z) = H®(2), k=0, 1,...,nand Uin 18 given by (2.9). The same form for

Vim(z) would be

dp _», _
V@] i a2 = 0 (2.27)

As it was done before, multiply (2.26) by vy, (z), (2.27) by v, (z) and subtract the

resulting equations from each other to obtain

(ﬂkn - :ukm) e_zzvkn(z)vkm(z) + Vkm(z) [e_zzvllcn(z)], - an(Z) [e_zzvllcm(z):l, =0
or

2 d 2
(tin = i) € Vin@Vin(@) = - {7 @V @) = vin@V @1} 228)

31



Integrate both sides of (2.28) with respect to z on (—co, c0) to get

(Hkw = i) f € Vn(DVin(@dz = € W Vi, vil| (2.29)

where W{[v,, Vin] is the Wronskian of v, and vy, and is a polynomial. Using (2.9)

and (2.23) in (2.29) gives us
2(n —m) f ) e‘zzvkn(z)vkm(z)dz =0. (2.30)
Hence, we have from (2.30) that
foo e‘zzvkn(z)vkm(z)dz =0 forall n#m. (2.31)
When n = m > k, the left side of (2.31) will be a positive number, and hence, we have

shown that the following result holds:

Theorem 2.7.2 Foreachk =0,1,...,the set {H,(qk)(z)}:;o is orthogonal on the interval
(=00, 00) with respect to the weight function p(z) = e<. More precisely,
f e Z HOQH® (2)dz = N2, Sm, (2.32)

where 6,,, is the Kronecker’s delta and Ny, is the norm of H,(,k)(z).

Remark 2.7.3 When k > n the kth derivative of H,(z) vanishes. For this reason, in
(2.32), it is clear that Ny, = 0 if k > n. Nevertheless, we need more to evaluate Ny,

fork=0,1,...,n.

2.7.3 Evaluation of the norms

In the previous two subsections, we could not evaluate the norms N, and N,,. Here,
we present a method to evaluate both. First, we note that NV, = N, foralln =0,1,...

As observed before, we have N, = 0 for k > n.

Lemma 2.7.4 Let Ny, denote the norm of H,gk)(z). That is,
NZ = f eV (2) dz. (2.33)
Then, forallk =0,1,...,n—1,

1
Ng, = ™ Nt (2.34)

kn
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Proof. Multiply the self-adjoint form (2.26) by v,(z) and integrate both sides with

respect to z on (—oo, 00) :

Hin f e vy, (dz + f V(D) [V}, @)] dz = 0.

Using the integration by parts in the second integral, we get

00

s, + €@, @ - f 2 [ @ dz = 0.

—00

Using (2.23) and the fact that v} (2) = vi11,,(2), we obtain

,uk,,N,fn - f e‘zzviﬂ’n(z)dz =0,

or, equivalently, u,N, ,fn - N?

k+1,n

= 0 which completes the proof. 0
Lemma 2.7.5 N2 =22"(n!)? \r foralln=0,1,...

Proof. Since v,,(z) is the nth order derivative of H,(z) and H,(z) is a polynomial of
degree n with the leading coefficient 2", we have v,,, = H,g") = 2"n! for all n. Thus, for

k =nin (2.33), we get
Ny = f V2, dz = 2 (n!)? f e dz = 2 (I VR

as desired. O

Lemma 2.7.6 Foralln=0,1,...,andk =0,1,...,n, we have
2n+k(n!)2

2 _
Nin = (n—k)!

Proof. Repeated application of (2.34) gives us
1
Nan = N2 =

1 _ 1
Min kel /lkn,uk+1,n ke /lkn,uk+1,n e ,un—l,n
Using (2.9), we obtain

2
N,

Mkt~ o0 = (21 = 20020 = 2k = 2)---(2) = 2" K(n = K)L.

Now, with the help of Lemma 2.7.5, we get

22n(n!)2 B 2n+k(l’l!)2
2k k) VT = k) G

as claimed. O

2 _
Nkn_

Thus, we have proved the following orthogonality relation for HP(2).

33



Theorem 2.7.7 Let HY(2) be the kth order derivative of H,(z) and p = min{k, n}.

Then, for all k,m,n € Ny, we have

Ly ok 2" (n1)?
f e HP (@) HP(2)dz = W T Skp Sn- (2.35)

For the special case k = 0, in (2.35), one derives the orthogonality of H,(z) which is

stated as follows:

Corollary 2.7.8 For all m,n € Ny, we have

f e < H,()H,(z)dz = 2" n) VT 8. (2.36)
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CHAPTER 3

g-HERMITE I POLYNOMIALS

3.1 Introduction

In the sequel, it is assumed that O < g < 1. This chapter aims to present some proper-
ties of g-Hermite I polynomials. The results given here are already known. However,
some of the results are going to be proven using approaches different from the existing

ones. The equation
x
=D D,y + me—ly +Aly=0 3.1

is known as the g-Hermite difference equation.

Theorem 3.1.1 All g-derivatives of a solution of (3.1) are also solutions of an equa-

tion of the same kind. More precisely, if v, = D’;y(x) with vy = y(x), then for any

k=0,1,..., the function v, is a solution of
X
—Dqu—lvk + 1qu)q—lvk + Wi vk = 0, 3.2)
where
glk]
=g+ 1—‘1 (3.3)
—-q

Proof. Taking the g-derivative of (3.1), and using the product rule for the g-derivatives
given in (1.30) with f(x) = x/(1 — ¢g) and g(x) = D1y, we get

X X
D,[-D,D1y] + lququ_l y+D, (E) D, y(t)|t:qx + D,y = 0. (3.4)
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Using (1.27) and (1.28), (3.4) becomes

-1

_ q x 1
—q'DyD 1 D,y(x) + - qu_lpqy(x) T, D,y(x) + AD,y(x) = 0.
Multiplying this equation by ¢ and letting v; = D,y, we obtain
X
—Dqu—IV] + 1Tqu—lvl + vy = 0,
where

=g+ ——,
l—gq
Suppose now that v; = D’;y is a solution of
X
—Dqu—lvk + I—qulvk + WV = 0,
-4

for some k € Nj. Taking the g-derivative of both sides, and using (1.27) and (1.28)
yields
1 q'x 1
—q DyD, 1D,y + 1—Dq-1quk + -2 D, vi(x) + wDyvi = 0.
-q -4
Thus, v, = D5y = Dy satisfies the equation

X
—DD g1V + ——Dg1Vigy + fgg1vier = 0,
l-g¢

where ;.1 = qui + q/(1 — g). So, by mathematical induction, vi(z) := D’;y(z) satisfies

the equation
X
—Dqu—IVk + 1—qu1vk + Wivk = 0,
—-q

forall k =0,1,... where vo(z) := y(2), uo := A, and

b+ + qlk]
i = Qi + —— = gy + L4 4 _ goqy T
l-¢q l-¢q l-¢q
which completes the proof. U
q'"[nl,
Theorem 3.1.2 If 1 = 4, := — 7 , then the equation (3.1) has a polynomial

solution of degree n.

Proof. If A = A, from (3.3) we see that

=0.

:un:qn/l'i'l_q l—q [n]q:_ +

Q[n]q . n( ql_n[n]q) q q[n]q CI[n]q
=q |- +
1-¢ l-qg 1-¢g
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Hence, for k = n, (3.2) becomes

X
-D,D, v, + ——D_ v, =0.
q n n
q 1-— q q
Clearly, this equation has a constant solution, say v, = c. Since v, = D’;y(x), we have

Dyy(x) = c. After g-integrating n times, we see that y is a polynomial of degree n. [

Definition 3.1.3 For each n € Ny, the monic polynomial solution of q-Hermite differ-

ence equation is called g-Hermite I polynomial and is denoted by h,, ,(x). That is,
hug(x) = X"+ - - (3.5)

where the dots denote the lower degree terms, and it satisfies

1-n
9 My, (3.6)
l-¢q

X
_Dqu—ly + me—ly —

Remark 3.1.4 Taking (3.2) into account, one can see that vy, := D';hn,q(x) is a poly-

nomial solution of the equation

—D D1, + ILDTW,M + HiVin = 0 (3.7)
—-q
where
qlk] q' " [n - k]
Min = qk/ln + ! = = 1 = /1n—k (38)
1-¢g 1-¢g
foralln e Ngandk =0,1,...,n.
Lemma 3.1.5 Foralln=1,2,..., we have
thn,q(x) = [n]qhn—l,q(x) (3.9)

Proof. We know that h,, ,(x) is a polynomial solution of
—D,Dy + ILDTI y+ A,y =0,
—q

and vy, = D,h, ,(x) is a solution of (3.7) with k = 1. From (3.8) we get 1, = 4,-;.

Hence, D,h,, ,(x) is a solution of
_D Dy + %Dq_l Y+ A,y =0.
-9

As a polynomial solution of this equation is h,_; 4(x), we get D h, ,(x) = c,h,—1 4(x),
for some constant ¢,. Comparing the leading coefficients, we get ¢, = [n], which

completes the proof. ([l
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3.2 The g-weight function

Let us consider the Sturm-Liouville or formal self-adjoint form of (3.6)

D 1[—py(x)Dyy] + gpy(x)A,y = 0, (3.10)

where p,(x) satisfies the so-called Pearson equation

D1[-py(x)] = pq< ). (3.11)

From (3.11), one obtains p,(g'x) = (1 — x*)p,(x), or

Pqlgx) 1
py(x)  1—g*x*

Using Lemma 1.4.3, we get

1 1
Pq(x) = p,(0) exp »‘[0 G- 1i In - qztz] dgt

f— 1 k
_pq(o) exXp (1 - q)x}l_)rng . l)qu In 1= q2k+2x2]

= p,(0) exp | lim Z ln g***? 2)]

= p,(0) 31_{2 1—[ 1 — g2 2)
k=0
= p,(0) lim (225¢%),

= py(0) (x5 ) _
Alternatively, we could use repeated application of p,(x) = (1 — g*x*)p,(gx) to obtain
() = (1 = )1 = ¢"x)py(q*x) = (4 4)pg(q"5).
Taking the limit as n — oo, we find p,(x) = (¢*x*; ¢*)wp,(0) as before.

Setting p,(0) := 1 and using Corollary 1.2.9 we obtain

Pq(x) = (X, —qX; @)oo, (3.12)

which is called the g-weight function.
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3.3 The Rodrigues formula

Like in the classical case, we are going to present a formula which gives the g-Hermite
I polynomials as the n-th order g-derivative of the g-weight function. The self-adjoint

form of (3.7) is

l)q*l [_pq(x)Dqan(-x)] + q:uknpq(x)vkn(x) =0. (313)

Since, viu(x) = Dihyg(x), we get

1
Pg(X)Vn(x) = D1 [pg(X)Vis1.2(2)].
qHin

Application of this recursion n — k times leads to

1
Pq(X)WVin(x) = —
q" "MinMli+1,n °° ° Hon

DI gV (],

which, for k£ = 0, becomes

—n

q
HMonMin ** * Man
Now, since vo,(x) = h,4(x) and v,, = Dghn,q(x) = [n],!, we obtain

—n !
%D31 [pq(x)]

Using (3.8), we see that the coefficient on the right side of the last equation is

n—1 _1 n—1
T T = -l
HMonM1n * ** Han k=0 k=0

Therefore, we have

pq(x)VOn(x) = DZ—I [pq(-x)vnn(x)]-

pq(x)hn,q(x) =

o110 (0]

Bg(x) = (1 = (Do lPa9] 3.14
0 =0-g"q o) (3.14)

for all n = 0,1,... Formula (3.14) is known as the Rodrigues formula for the g-
Hermite I polynomials. Using (3.14), one can see for n = 0 that s ,(x) = 1 and for

n = 1 that

Dyipg(®) _ Py =py(a™0) _ py0) = (1= )p,(x) _

higx)=(1-q"' = =
=020 10q() 104

For n = 2 one gets

D271 ( ) —_ 12 _ —1
fwm=a—¢¥qq”x—flq)qmﬂ%® %qu

Px)  pg(x) (1—g"x
_(I-gNg (=g Mg x04%) = g xpy(q7" %)
S o D=0 (I—qDx
_ 4Pg() ~pg(q'x) _ gpg(0) — (1 = xM)py(x) 2
-1+gq.
Pg(X) Pg(X)
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3.4 Three term recurrence relation

As it can be seen, the Rodrigues formula (3.14) is not very practical to use even for

n = 2. For larger values of n, it will be more difficult to compute 4, 4(x). For this

reason, in the present chapter, we shall obtain the three term recurrence relation for

the g-Hermite I polynomials.

Theorem 3.4.1 The q-Hermite I polynomials h, ,(x) satisfy the three term recurrence

relation

st g(X) = Xty (X)) + @11 = @y () =0, n=0,1,...

where h_y ,(x) := 0 and hy,(x) = 1.

Proof. Using (1.26) and (3.9), we obtain
qulhn,q(-x) = thn,q(t) gy = [n]qhn—l,q(q_]x)a
and
DyD g1 hy g(x) = g~ [n]gln = 1ghy (g™ %).

Thus, (3.6) becomes

1-n
- - X - q
—qwn—umwmm1m+112hmm@1w—l_qm4m=o.
Replacing n with n + 1, x with gx in the above equation, we get
- gx q”
-q 1[n]qhn—l,q(x) + mhn,q(x) - m hn+1,q(qx) =0.

From (3.9) we write
hn+1,q(x) - hn+1,q(qx)
(I-¢g)x

= [n+ 1]4h,4(x)
or

hn+1,q(qx) = hn+1,q(x) - X(l - qn+l)hn,q(x)~

Using (3.17) in (3.16), and rearranging, we get

_qn_l(l - qn)hn—l,q(x) + th,q(x) - hn+1,q(x) =0,

(3.15)

(3.16)

(3.17)

which is the relation that we want. Since this recurrence relation consists of three

terms, knowing two term will give all the other terms. hg,(x) = 1 is already known

from (3.5) and we set h_; 4(x) := O for convenience.
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3.5 Generating function

o hp, q(x)

n
n=0 g, ! for

In this section we are going to find a generating function of the form }

the g-Hermite I polynomials.

Theorem 3.5.1 The g-Hermite I polynomials have the following generating function

relation
(4P n q(x)
3.18
(Xt; oo Z (g; q)n (5.15)
Proof. Let
Z nq(x)
(g; q)n

For each fixed x, taking the g-derivative of both sides with respect to ¢, we obtain

G(X, t) - G(X, qt) Z n q(-x) —i - hn+l,q(x) 7
(I-gt (¢; q)n = (1 =) (g5 @n

which gives us

n+] q(-x) n+1

G(x,t) — G(x,qt) = Z @0

Using three term recurrence relation (3.15), we get

b _ -1 _n
G(x, 1) — G(x, qt) = Z xXhy4(x) — q (q.(;) G p-1.4(X) .
n=0 sY)n

nq(-x) Q" 1(1 qn)hn—l,q(x) +1
(q Q)n 1 (Q,Q)n

n—lhn_
= xtG(x,1) - Z 1 Tte @ q)l’q(x) !
> 4 )n-1

n=1

= xG(x,0) -2 i’;’_"—g) (qt)"
n=0 > 4/n

= xtG(x, 1) — *G(x, gt)

which can be written as

2
G(x, qt).
xt

1 -
G(x, 1) = N
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Repeated application of this relation gives us

1= [2 |- 2[2 2
T Gt = el

1—xt 1—gxt (xt; @)k

Taking the limit as kK — oo and nothing that G(x,0) = 1, we obtain

(4P (4P
G(x,0) = —1 2=
(Xt; Qoo (. 0) (Xt; @)oo

which completes the proof. 0

G(x, 1) =

G(x, ¢'1).

G(x,t) =

Observation 3.5.2 For x = 0 in (3.18), and using (1.36) with x = t* and q replaced
by g*, we get
Z B q(0 ) qz) _ N (—l)qu(k_l) 2k
@D — (g% gk

Comparing the coefficients of like powers of t and using Lemma 1.2.6, we see that

n n(n—1) \1>4/2n (q Q)Zn

@) = (=1Y'q""""(q; ¢"n,

honi14(0) =0 and 2, 4(0) = (=1)"q

foralln=0,1,...

Observation 3.5.3 In (3.18), replacing x and t with —x and —t, respectively, we get

i) _ (P haa)
Z (q; q)n (it q)oo Z (g5 q)n

Comparing the coefficients of like powers of t and using Lemma 1.2.6, we see that

hyg(=x) = (=1)"h, 4(x), for all n=0,1,...

That is, h,4(x) is an odd function if n is odd, and h,,(x) is an even function if n is

even.

3.6 Hypergeometric representation

In this section, a hypergeometric representation /,,(x) will be derived. Before this,

we need some auxiliary results.

Lemma 3.6.1 If f(x) = (—X; @), then D\, f(x) = G q“l)k f(x)forallk =0,1,.

42



Proof. From the definition of g~'-derivative we have

(=q%Poo = (=% @0 (=qX; @)oo — (1 + X)(=qX; Q)00 —f(X)

Dof@ ===~ (1-g"x C1-q

from which one can see that

(-1
(1-g
forallk=0,1,... O

Dt f(x) = f@)

Lemma 3.6.2 If g(x) = (¢x; ¢)wo, then D’Z_lg(x) T gx) forallk =0,1,.

(lq

Proof. By the definition, we have

(g% Qoo = (5@ (gX3q@)00 = (1 = X)(gX; @0 8(x) .

D, - = = =
8 = T =g ¢
Therefore,
Dk = !
18(X) = =T 8(x)
forallk =0,1,... O

Lemma 3.6.3 Foralln € N,

. Py(x) g, x!
D_1py(x) = m 201 [ 0

q; —qx] (3.19)

Proof. Take f(x) = (—qx; @) and g(x) = (gx; @) so that p,(x) = f(x)g(x). Using the
Leibniz rule for g-derivative (see (1.31)), and Lemmas 3.6.1 and 3.6.2, we get

=2VLU“Y‘ﬂqu

1
t=q~*x k=0 )n

wamzimbqﬁmqﬁm

k=0

Using Observation 1.2.3 with a = g'*x gives us

8(g™ ) = ("% P = (@' % Pilgx; Do = (@' X g ().

Since
k-1 k— 1 k-1
1-k . _ 1 k+3 1 k+s -1 _k—s—1
@ xae=][(1- ) Ja-x'gh
s=0 S:O s=0
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k—1
= (D' OF [ Ja-xg) = D' O g,
s=0
we get

g(q™ %) = (=1 g Ox (" gg(),
and hence,

n & g ®
Dy (pg(x)) = kz:(; [k]ql (I—gy

X7 Qg (x).
Using (1.16) in this equality, we obtain

. - ) -
D’ = - 5
-1 (Pg(X)) ;:0 G =gy (=qx)" (x5 Qipy(x)

(—gx)

) O @ g
S (=gty kZ:(; (4 9

_ P 4 g x!
A-g) ' o

as stated. 0
The next theorem enables us to write A, ,(x) as a g-hypergeometric series.

Theorem 3.6.4 Foranyn =0,1,..., we have

q—n’x—l

0

hg(x) = ¢ 16, { g: —qx). (3.20)

Proof. Using (3.19) in the Rodrigues formula (3.14) gives the required result. U

In the next Chapter, when the limit relation between the hypergeometric forms is
presented, (3.20) will not be so easy to use. For this reason, we shall derive another
hypergeometric representation of the g-Hermite I polynomials. The two formulas are

given together in many books, see [4].

Theorem 3.6.5 Foranyn =0,1,..., we have

—n+1

q".q

X2

hnq(xj :‘xn2¢0(

2n—1
72 ] (3.21)
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Proof. From (1.35) with x replaced by xt, we get

xX'"

O Qo LA (G5 Dn

Also, from (1.36) with x replaced by > and g by ¢*, we have

(t2.q2) — - (_l)qu(lzc)l-Zk
’ (@K

Thus, (3.18) gives us

g _ (P14 O
Z(q o T e ZZ(q @D

n=0 k=0

On the right side, replacing n by n — 2k results in

nq(x) oo |n/2] ( l)qu(g)xn—Zk ’
Z @ Z;* ,Z; @ PG Do

Therefore,

G (@ u(-1 2O ok

Fina(x) = 2 (q% (G Dn-2k (3-22)
From (1.10) with k replaced by 2k, we obtain
—(q(;q;i )_”2k = (" Pug™™ ),
and hence, (3.22) becomes
() = LZ/:” ~DMg " @ ¥ o (3.23)

2. 42
— (4% 4

Considering Observation 1.2.4 and using Lemma 1.2.6 for a = ¢™" in (3.23) gives

D@ @™ s P
hpg(x) = x"
! Z (4% 4

2 —n+1 2n—1\k

Z a"q )1;(6]2 5 q )k( g (%) ( )
(%5 q° x?

) q—n (] —n+1 qzn_l
=X 2¢0[ q N x2 .
This completes the proof. ([l
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3.7 Orthogonality

3.7.1 Orthogonality of 7, ,(x)

Lemma 3.7.1 Ifa and b are real numbers such that

=0, (3.24)

x=a,b

plg~' x)x°

then the set of qg-Hermite I polynomials {hn,q(x)}:o:o is orthogonal on the interval (a, b)
with respect to the inner product (-, ), defined by (1.43) with the weight function p,(x)
given in (3.12).

Proof. Recall that the formal self-adjoint form of (3.6) is

_l)q’1 [pq(x)thn,q(x)] + qpq(x)/lnhn,q(x) =0. (3.25)

The same form for £,, ,(x) would be

_Dq‘1 [pq(x)thm,q(x)] + qpq(x)/lmhm,q(x) =0. (3.26)

Multiplying (3.25) by h,,,(x) and (3.26) by h,,(x) and then subtracting one of the

resulting equation from the other one, we get

~ Mg (OD 1 (gD g(0)) + i g(X)Dy1 (P (1) Dl o(x))
+ 4(An = )Py (V) g (V) g (x) = 0,

Take the g-integral of both sides over the interval (a, b), and use (1.24):
b b
(An = A) f P g (I g(0) 6 = f (DD, (pila™ DD b0, )y

b
— f ]’ln,q(x)Dq (pq(q_l X)thm’q(t)‘t:q—lx) dqx.

Using integration by parts and taking (1.26) into account, the first integral on the right

side becomes

b
[ natony (oot 0D o] ) =
b b
(pq(q_lx)hm,q(x)Dq‘lhn,q(x)) L - f pq(x)thn,q(x)thm,q(x)dqx,
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Similarly,

b
f Dy (pua™ DD b0, )y =

b b
(pq(q_lx)hn,q(-x)Dq*'hm,q(x)) L _f pq(x)thm,q(x)thn,q(x)dqx-
Therefore,

b b
(A = Am) f P g () () dyx = 0o (G YW1 [ (%), B g (X)] o B2D
where W -1[hy,4(x), by g(X)] = Ry g(X)Dg1hy o(X) = hyg(x)D g1 by, 4(x) is a polynomial
of degree n + m — 1. Because of the condition (3.24), the right side of (3.27) vanishes

and we obtain

b
(o= A0) [ LUy = 0. (3.28)
Now, n # mif and only if A, — A,, = (¢"™" —q' ™) /(1 - ¢)* # 0. Therefore, (3.28) gives
us
b
f PO, (X g(x)dyx =0, forall n#m.
When n = m, the integral in (3.28) becomes an arbitrary positive number. U

Remark 3.7.2 Since pq(q_lx) = (X, —X; @), it is easy to see that (3.24) is true if one

chooses a = —1,b = 1. So, in fact we have proved the following theorem:

Theorem 3.7.3 The set {h,(x)}", of g-Hermite I polynomials is an orthogonal set
on the interval (-1, 1) with respect to the g-weight function p(x) = (gx,—gX; q)co-

More precisely, the q-Hermite I polynomials h, ,(x) satisfy

1
f Pg(%) My g(X) g (X) dyx = MG, (3.29)
-1

where M, is the norm of hy, 4(x).

3.7.2  Orthogonality of D}, ,(x)

Consider the self-adjoint form of (3.7)
_Dq’l [pq(-x)Dqan(x)] + q:uknpq(-x)vkn(x) =0, (330)
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in which v, (x) = D’;hn,q(x), k=0,1,...,nand yy, is given by (3.8). The same form

for vy, (x) is

_Dq’l [pq(x)DqVkm(x)] + qlukmpq(x)vkm(x) =0. (331)

As it was done before, multiply (3.30) by v,(x), (3.31) by v, (x) and subtract the

resulting equations from each other to obtain

9ttt = i )Pg (Vi (X)ian(X) = Vien (D, (04 (X)Dgvin())
- an(-x)Dq*' (pq(x)qukm(-x)) >

or, using (1.24),

Gt = Hn WOV (9) = Vi (0D, (g™ DD, )
— V(0D (pq(q_lx)qukm(l)| N )
t=q 'x

Take the g-integral of both sides over the interval (-1, 1) :

1

1
(:ukn _,ukm) fl pq(x)an(x)Vkm(x) dqx = f vkm(x)Dq (’Oq(q_lx)qukn(t)‘t:q‘lx) dqx

1
1

_f an(x)Dq (pq(q_lX)qukm(l‘)‘t_q_1 )dqx-
-1 =q X

Using integration by parts and taking (3.24) into account, the first integral on the right

side becomes

1 1
f] Vkm(x)Dq (pq(q_lx)Dqan(t)L:q_lx) dqx == f] pq(x)DqVkm(x)qukn(x) dqx-

Similarly,

1

1
f] vkn(x)Dq (pq(q_lx)qukm(t)L:q_lx) dq-x == fl pq(x)qukn(x)qukm(x) dqx-

Therefore,

1
(Hkn = Hiem) f Pg(X)WVin(X)Vim(x) dyx = 0. (3.32)
-1

Now, if n # m, then from (3.8) one sees that u, — tn = ¢ (g™ — g /(1 — g)* # 0.
Therefore, (3.32) yields

1
f PV (X)Vim(x) dgx =0 forall n# m.
-1

When n = m > k, the left side of (3.32) will be a positive number, and hence, we have

shown that the following result holds:
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Theorem 3.7.4 Forall k =0, 1,...., the set {Dkh, (x)}]
to the inner product defined by (1.43) over the interval (—1, 1) with the g-weight func-

is orthogonal with respect

tion p,(x). More precisely,

1
f | () Dihy g () Dby o (X) dgx = MG, S (3.33)

where 0,,, is the Kronecker’s delta and M, is the norm of D’;hn,q(x).

Remark 3.7.5 When k > n we have D';h,,,q(x) = 0. Thus, it is clear from (3.33) that
M, =0 for k > n.

3.7.3 Evaluation of the norms

First, we note that M, = M,, foralln = 0, 1,... Also, as observed before, we have

M, = 0 for k > n.

Lemma 3.7.6 Let M,, denote the norm of D’;hn,q(x). That is,

1
M = f P (X)VE (X) d,x. (3.34)
-1
Then, forallk =0,1,...,n—1, we have
-1
Moo= — M. (3.35)
Min ’

Proof. Multiply the self-adjoint form (3.30) by v;,(x) and use (1.24):

HinPg Ve, (X) = Vin()Dy (pg(q™ X)vice1 a(g ™' %))

Then, g-integrate both sides over the interval (-1, 1) and use the integration by parts

on the right side:

1 1
Hien f PV, (X) dyx = pq(q_lX)an(x)vkﬂ,n(q_lx)' 1
1 -

1
- f Pq(X)Vir1 1 (X)D v (X)dy x.
-1

Using (3.24) and the fact that D vy ,(X) = Vie12(x), we arrive at
1
/Janlzn = _f pq(x)viﬂ,n(x)dqx = _Miﬂ,n’
-1
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which completes the proof. 0

To continue evaluating the norms My, we shall need the following auxiliary results:

qk
(% ¢* )

Lemma 3.7.7 Z = (—¢; @ o-
=0

Proof. In (1.35), replace g with ¢ and take x = g :

YL _ @)
(@5 (@GP (@)@ )

Using Lemma 1.2.7 with a = ¢, this becomes

i ¢ (@)

(@ (D
Now, using Corollary 1.2.9 with a = ¢ yields the result. U
Lemma 3.7.8

1
fl pq(x)dqx =(1- Q)(qa -1, —-q, Q)oo

Proof. First of all, note that using (1.9) with a = ¢ and with a = —¢, we obtain

Pa(D) = (¢ Do~ Do = (@ DG Do~ Di (4" Do = (650" P4(q")
(3.36)
forall k = 0,1, ... Thus, since p,(—x) = py(x),
1 1 o0
f Po(X)dyx =2 f py(0)dyx =2(1-9) )" d'p,(dh.
-1 0 k=0
Using (3.36) and Lemma 3.7.7, the above equality becomes
1 o k
f Pq(0)dgx = 2(1 — q)py(1) Z 2q 5 =201 = 9p(1)(=¢; @)
-1 (g% 97
As 2(=¢; @)oo = (=15 @)eo, We get
1
f Pq(X)dgx = (1 = Pp(D(=1;@)e = (1 = ¢)(q, =1, =3 @)
-1
which completes the proof. 0
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Lemma 3.7.9 M,, = (1 - ¢)(¢. 1. -¢: @) ([n],! ) foralln=0,1,...

Proof. Since v,,(x) = Dihy, 4(x) and h, 4(x) is a monic polynomial of degree n, we

have v,, = [n],!. Thus, for k = n, in (3.34), we get

1 1
M, = f P dyx = (Inl,!)’ f p¥)dyx = (1 = g)q, =1, ~q: @ (In1,1)

O
Lemma 3.7.10 forn e Nyand k=0,1,...,n— 1 we have
2
[n],!)
M =(1 - n—k+1_("%) —1.—q: m( ‘
m=0="""q > (q 9:9) = A1,
Proof. Repeated application of (3.35) gives us
-1 (-1)? (=1 *
Mzﬂ = M2 n = M2 n = Mﬁn'
. Hin L MinMic+1,n 4 MicnMi+1,n " Mn—1,n
Since
1, _T1 ql—"”[n S T e O VP G Vi R
n:usn = 1_[ 1_ = k (n—k) ’
s=k s=k s=0 q (1 - Q)n_ q+?
using Lemma 3.7.9, we arrive at the stated result. OJ

Thus, we proved the following orthogonality relation for D’;hn,q(x).

Theorem 3.7.11 Let vy, (x) be the kth order g-derivative of h, ,(x). and p = min{k, n}.

Then, for all k,m,n € Ny, we have

(i711)

1
f Pg V(X () dyx = (1 = ¢ 'q(2) (g, =1, —¢; @) " Stp Omm- (3.37)
-1

[ = &l,!
Corollary 3.7.12 For all m,n € Ny, we have
f I PO g(¥) dyx = My, (3.38)
where
M, = (1 - 9(¢: 9. D@, ~1,~¢: Do (3.39)
Proof. Let k = 0 in (3.37) and use the relation [n],! = (1 — )™ (q; @)»- ]

51



CHAPTER 4

LIMIT RELATIONS

In this section, we are going to establish the limit relations between results stated in

Chapters 2 and 3.

4.1 Limit relation between the differential equations

Consider the equation (3.6). Let x = /1 — g%z and set u(z) = y ( V1 - qzz). Using
(1.22) with @ = /1 — g2, we see that

1
Dy, Vi T o quQ‘ly(mZ) =

1
Nt
-4

and,

1 1
Dqu—ly(.X)|x: MZ = 1_—q2Dqu—1y(v1 — q2Z) = 1_—q2Dqu—lM(Z).

Thus, (3.6) becomes

1 z ql—n
_1_—q2Dqu—1M(Z) + 1qu)q—llxt(Z) - 1— 4

[n] u(z) = 0. 4.1)
Multiplying this equation by —(1 — ¢?), gives us
D D, 1u(z) — (1 + @)zD1u(z) + ¢ "(1 + @)[nl,u(z) = 0.
Finally, taking the limit as ¢ — 1 yields
u”(z) — 2zu'(z) + 2nu(z) = 0, 4.2)

which is the Hermite differential equation. Since monic polynomial solutions of (4.1)

and (4.2) are

g (V1= %) H,(2)

(1 _ q2)n/2 and on ’
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respectively, in fact, we have shown that the following result is true:

Theorem 4.1.1 Foralln € Ny,

g (V1-4%) _ H,)

Ll_r,rll (l_qz)n/z - on

4.3)

4.2 Limit relation between the weight functions

In g-weight function p,(x) = (¢*x%; ¢*)w, let x = /1 — ¢z :

(1 -2 )
ps(N1-¢2) = (1 - D7 q) | = I
©  1-(-¢%)z
Now, take the limit as ¢ — 1 and use the relation (1.38) with g replaced by ¢? :

— A2\2. 2
i (VT=7) = tim )
q—)

=1 1= (1-¢»)2?

o _ZZ

This tells us that

lim p, (V1 - ¢%2) = p(@ (44)

where p,(x) is the g-weight function for the g-Hermite I polynomials and p(z) is the

weight function for the Hermite polynomials given by (2.12).

4.3 Limit relation between the Rodrigues formulae

Recall the Rodrigues formula (3.14) for g-Hermite I polynomials:

: Dn—l[pq(x)]
h, S s N €) B A
Let x = /1 — ¢%z. Then,
RTYE -

— 2 = (1 =gy g®
Mg (N1 =%2) = (1-q7Y'q e

Using (1.23) with @ = +/1 — ¢? in this equality, and dividing both sides by (1 — g*)"/2,

we obtain
g (NT=2) (1= g7yq® Dy (NT=%)  -1yg® D50y (VT-4%)
=gy A=y p(Vi-¢gz) U+ p(VT-¢2)
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Taking the limit of both sides as ¢ — 1, and using (4.3) and (4.4), we see that

H(2) _ (=)' D'e
on - omn e—zz

or

n 722 d" _2
Hy(2) = (=1)'e” -~ (e)

which is the Rodrigues formula for Hermite polynomials given in (2.14).

4.4 Limit relation between three term recurrence relations

Let x = +/1 — g%z in the three term recurrence relation for g-Hermite I polynomials
given by (3.15):

hus1q ( VI- qzz) — V1 =gl ( VI - qzz) +q"' (1= q"h,1g ( v1- qzz) =0.
Divide both sides by (1 — ¢%)% to get

husig (V1= a%2) 2y = @hug (V1 - %) L1 @14 (VT=0%2) .

n+l n+1 n+l ’

(1-¢%)~ (1-¢»)7T (1-g»)=
or, equivalently,
g (VTP g (NT) i o (V)

- -z - + — =0.
(- q2)"2—‘ (1-¢g%: 1+¢ (1- qz)T‘

Taking the limit as ¢ — 1 and using (4.3), we get

Hin@) _H@) | nHa@) _
on+l on 2 Jn-1 :

Multiplying the last equation by 2"*!, we obtain
H,.1(2) — 2zH,(2) + 2nH,-1(2) = 0,

which is the three term recurrence relation for Hermite polynomials.

4.5 Limit relation between generating functions

In (1.35), replacing x by (1 — ¢*)zt and taking the limit as ¢ — 1, gives us

1
lim =lime
~1 (1 =gzt q), -1

1 2,
(+q)zt _ e zt.
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Also, changing the variable from g to ¢, (1.38) gives us
: o 2N2. 2\ P
lim (1 - )% 4%) ="
Now, let x = /1 — gz and replace ¢t by /1 — ¢t in generating function relation (3.18)
for g-Hermite I polynomials. Then, we get

(A=) & g (VT 472)
(A -Pztiq),, 2, <q- Dn

n=0

(VI-¢%) (1 - g \
Z A= (o Lo

Taking the limit of both sides as ¢ — 1, using (1.15) and (4.3), we obtain

_ O Hu(2) 20" <0 Hu(2)
2712 _ — 7 4n
¢ B Z 2n ! Z n! :

n=0 ’ n=0

(Vi

which is the generating function relation (2.16) for Hermite polynomials.

4.6 Limit relation between hypergeometric representations

Recall the hypergeometric representation (3.21) of the g-Hermite I polynomials:

© -n. 2 —n+l. 2 ik
h""f(x):f‘z(q ), ((—1>kq<é>)_l(q;l).

2. 42
P (4% 4*)

Let x = /1 — ¢?z and divide both sides by (1 — g*)"/? to obtain
hn,q(\/l —q Z 0 q q (q—n+1,q ) . 211—1 s
T Z > (( 1) (2)) —2 >
(1-g*)" P (7% 4 (1-¢%z
=7 i @k @ g (=) =) (__l)k
= =g (A= (¢ 2

Taking the limit as ¢ — 1, using (4.3) and (1.17) with g replaced with ¢?, we derive

from the above equality that

or

o0 2\ -n l-n
Hn<z>:(2z>"2(_7”)k(_"2”) ( Z,) =(2z)"2Fo[2’ :
k=0 k ’

ST
2

which is the hypergeometric representation of the Hermite polynomials given by

(2.18).
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4.7 Limit relation between the orthogonalities

Use the substitution x = z+/1 — ¢? in the orthogonality relation (3.38):

" 00 (VT = 0%2) g (VT = 6%2) g (VT = ¢%2) V1= g2dx = M26,,

where M, is the norm of 4, ,(x) given in (3.39). Divide both sides by (1 — R

1 _ 2 _ 2
[T i Dl o0)

n m < n+m+ nm:
(1-¢%3 (1-g»% 7 (-3

Take the limit as g — 1

*  ,H,(z)H, M?
f 7 (z) Hu(2) dz = lim — 25,
o 2n 2m l]—>] (1 _ 2)n+m+

Since 6,,, = 0 for m # n, the above relation can be written as

o 2n Af2
fe#m@EN”“mm———%ﬁm (4.5)
—c0 q—> ( 2)
Now,
2 — .
lim M}’l — — 11 (1 Q)(q Q)n(q, — Q’ Q)OO
=l(1-g)s ! (1-¢ "2
1 - 2 [+3] _1’ 00
i LD Dn(q’; ?)1 (-1.9)
q—1 (1- 2)
~ lim(1 — ¢) (@ Dn (@3 4)oo(=15 @)oo
g—1 (I=4" (1 +¢q)y \/1_—q2

(7% ¢Poo(—1; @)oo

A+gry1-¢

= lim (1 - ¢)[n],!
g—1

From (1.18), one can see that

1\ (¢%4>)
o)
2 (45 4%
Therefore,
M T (3) (@ )e(-1: e
hm—z”+l = lim [n],! ;
=l (1-g?)* ol I+

1
_ ? hmr ( 2) (@ )oo(—F; Do
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where we have used the fact that (—1; ¢)oo = 2(—¢; ¢)w. Using Lemma 1.2.7 and Corol-
lary 1.2.9 with a = g, one obtains (¢; ¢*)e(—¢; @)eo = 1. Also, from (1.19) one has

. 1 1
Ll_l’)l’lquz (5) = F(E) = \/7_'1'
Hence,

M, nlm

lim el
q—1 (1 _ q2 == on

As aresult, (4.5) gives us

f ¢ Hy()Hp(2) dz = 2" n) VT 5,

which is the orthogonality relation for the Hermite polynomials given by (2.36).
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