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ABSTRACT

A SURVEY ON REPRODUCING KERNEL HILBERT SPACES

KAYSI, Tuba

M.S., Department of Mathematics

Supervisor : Asst. Prof. Dr. Serdar AY

Co-Supervisor : Prof. Dr. Ferihe ATALAN

June 2024, 50 pages

The content of this thesis consists of general information about reproducing kernel

Hilbert spaces, which are widely used in various fields such as Mathematics, Statis-

tics, and machine learning. In this study, we first introduced the concept of a reproduc-

ing kernel Hilbert space (shortly RKHS) and provided the definition of a reproducing

kernel. We also discussed the characteristic property of the reproducing kernels, gave

the statement and a brief proof of the Moore-Aronszajn Theorem, which is one of

the classical theorems in the theory of reproducing kernel Hilbert spaces. Next, we

explored how to construct a reproducing kernel Hilbert space from a given kernel

function in some concrete cases. Finally, we briefly discussed several applications of

reproducing kernel Hilbert spaces, including their use in interpolation-approximation

theory, statistics, and machine learning.

Keywords: RKHS, reproducing kernel, positive semidefinite kernel, Moore-Aronsazjn

Theorem, interpolation-approximation, machine learning.
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ÖZ

DOĞURAN ÇEKİRDEKLİ HİLBERT UZAYLARI ÜZERİNE BİR

İNCELEME

KAYSI, Tuba

Yüksek Lisans, Matematik

Tez Yöneticisi : Dr. Öğr. Üyesi Serdar AY

Ortak Tez Yöneticisi : Prof. Dr. Ferihe ATALAN

Haziran 2024, 50 sayfa

Bu tezin içeriği, Matematik, İstatistik ve makine öğrenmesi gibi pek çok alanda önemli

bir araç olarak kullanılan doğuran çekirdekli Hilbert uzayları ile ilgili genel bilgiler-

den oluşmaktadır. Bu çalışmada ilk olarak doğuran çekirdekli Hilbert uzayı (kısaca

DÇHU) ve doğuran çekirdek tanımı verildi ve birkaç DÇHU örneğinden bahsedildi.

Doğuran çekirdeğin temel karakteristik özelliğine, doğuran çekirdekli Hilbert uzay-

ları teorisinin klasik teoremlerinden biri olan Moore-Aronszajn Teoremi’nin ifade-

sine ve kısaca ispatına değinildi. Sonrasında bir çekirdek fonksiyonu verildiğinde

nasıl doğuran çekirdekli bir Hilbert uzayı inşa edildiğine bakıldı. Son olarak, doğuran

çekirdekli Hilbert uzaylarının bazı uygulamaları tartışıldı. Bunlardan ilki interpo-

lasyon ve yaklaşım teorisi üzerine diğeri ise İstatistik ve makine öğrenmesi üzerine

uygulamalarıdır.

Anahtar Kelimeler: DÇHU, doğuran çekirdek, pozitif yarıtanımlı çekirdek, Moore-

Aronszajn Teoremi, interpolasyon-yaklaşım, makine öğrenmesi.
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CHAPTER 1

INTRODUCTION

The theory of reproducing kernel Hilbert space is quite remarkable and has many

applications in various areas such as complex analysis, interpolation-approximation,

theory of integral operators, statistics and machine learning. The term reproducing

kernel Hilbert space refers to a Hilbert space of functions with a reproducing kernel.

Introduction of the kernels dates back to beginning of the twentieth century. In 1904

D. Hilbert [1] defined the definite kernel. Later, the reproducing kernels are seen in

Zeramba’s paper in 1909 [2]. In the mean time, Hilbert space was introduced [3]. The

arise of theory of the reproducing kernel Hilbert space was in 1920’s with the studies

of S. Szegö in 1921 [4] and S. Bergman in 1922 [5] which were mostly about the

Bergman and Szegö kernels in Complex Analysis. N. Aronszajn’s work [6] in 1950

is a milestone in development of the theory. His paper constructs the general theory

of the reproducing kernel Hilbert spaces. About fifteen years later L. Schwartz in his

work [7] also notably improved the theory as given in [8].

This thesis is based on Paulsen and Raghupathi’s 2006 book [9]. In the first chap-

ter, we define basic definitions of the theory of RKHS and discuss some examples of

RKHS. In the second part, we look at the construction of RKHS from a given ker-

nel. We state and prove the Moore-Aronszajn Theorem and consider some concrete

examples of the theorem. Last two chapters are devoted to applications of RKHS

to interpolation-approximation problems, and basic statistics and machine learning

concepts.
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1.1 Fundamental Definitions

Reproducing kernel Hilbert space is a Hilbert space which consists of only functions

defined on a set. Formally, it can be defined as in Definition 1.1.1 without referring

directly to the reproducing property. But before going to the definition, note that for

a nonempty set X and the scalar field F the set F (X,F) B { f ∈ F | f : X → F} is

a vector space over the field F which is C or R as it is nonempty, and closed under

addition and scalar multiplication.

Definition 1.1.1 Let X be a nonempty set and let H ⊆ F (X,F) be a subset of the

function space. Then H is called a reproducing kernel Hilbert space, shortly written

RKHS, if the following conditions are satisfied:

(i)H is a vector subspace of F (X,F).

(ii)H has an inner product, ⟨·, ·⟩, and is complete in the inner product.

(iii) for every x ∈ X, the linear evaluation functional

Ex :H → F

f 7→ f (x) = Ex( f )

is bounded.

Moreover, for every bounded linear functional in the RHKS the Riesz representation

theorem plays a key role to give them an inner product representation. For each x ∈ X,

there exits a unique function kx ∈ H such that

f (x) = Ex( f ) = ⟨ f , kx⟩, ∀ f ∈ H

kx is called the reproducing kernel for the point x. The equation f (x) = ⟨ f , kx⟩ is often

called the reproducing property.

Definition 1.1.2 Reproducing kernel for H is a function K : X × X → F defined

by K(x, y) B ky(x). The unique function ky : X → F ∈ H is called the reproducing

kernel for the point y.

Reproducing kernel will frequently briefly be written RK. RKs for the points are spe-

cial choice of a function f = ky inH . An RK forH , K(x, y) is conjugate symmetric in

2



C and symmetric in R by the inner product representation of the evaluation functional

K(x, y) = ky(x) = ⟨ky, kx⟩ = ⟨kx, ky⟩ = K(y, x)

In addition, for each y ∈ X, K(y, y) is positive by

0 ≤ ∥Ey∥
2 = ∥ky∥

2 = ⟨ky, ky⟩ = K(y, y).

Now, to became more familiar with the theory, we will look at some classical exam-

ples of the reproducing kernel Hilbert space.

1.2 Examples of RKHS

1.2.1 Cn

Consider the set of all n-tuples of complex numbers Cn. Let X = {1, 2, . . . , n} and

let ν : X → C be a function defined by j 7→ ν( j) B ν j. Then the vectors in Cn are

identified as (ν(1), . . . , ν(n)), and it can be seen that Cn is a space of functions. Clearly,

Cn is a vector space and F (X,C) = Cn. For any ν, ω ∈ Cn with ν B (ν1, . . . , νn, ), ω B

(ω1, . . . , ωn), the usual inner product on Cn is

⟨ν, ω⟩ =

n∑
j=1

ν jω j

and it is complete in this inner product since Cn is finite dimensional. So Cn is a

complex Hilbert space. Now we define the evaluation functional E j : Cn → C by

E j(ν) B ν j. By the Riesz representation theorem ν has inner product form

E j = ν j = ν( j) = ⟨ν, k j⟩ (1.1)

for some k j ∈ Cn. Then by Schwarz inequality

|E j(ν)| = |⟨ν, k j⟩| ≤ ∥ν∥∥k j∥

the evaluation functional is bounded. So, Cn is an RKHS.

For the reproducing kernel of the point andH , consider the inner product representa-

tion 1.1 (reproducing property) of any ν ∈ Cn. First find the reproducing kernels k j,

j = 1, . . . , n, here k j denotes the j-th column vector and so k j(i) will denote the i-th

3



entry of the j-th column vector. To do this, make the choice ν = (1, 0, . . . , 0) and take

the inner product of ν and k1

1 = ν1 = ⟨ν, k1⟩ = k1(1) + 0 + · · · + 0 = k1(1)

so k1(1) = 1, and then make another choice of ν = (0, 1, . . . , 0) and take the inner

product of ν and k1, that is 0 = ν1 = ⟨ν, k1⟩ = 0 + k1(2) + 0 + · · · + 0 = k1(2) so

k1(2) = 0, keeping going of the choices of v in this manner we find k1. Similarly

we can find k j, j = 1, . . . , n and then the reproducing kernel for Cn. The reproducing

kernel is just the n × n identity matrix, which is

K(i, j) = k j(i) = e j(i) =


1, if i = j,

0, if i , j.

The notion here can be generalized if the set is X = N = {1, 2, . . . }. Consider the

space l2(X) B {v : X → C |
∑∞

j=1 |v|
2 < ∞}. Again, each component of a sequence in

l2 can be identified with the function defined as above that turns it to a function space.

This function space is a vector subspace, that is, l2(N) ⊆ F (X,C). For any u, v ∈ l2,

the inner product on l2 is

⟨u, v⟩ =
∞∑
j=1

u( j)v( j).

It is well known that l2 is a Hilbert space. By 1.1 and Schwarz inequality every linear

evaluation map is bounded, hence it is an RKHS.

By a similar discussion it can be seen that the reproducing kernel for H is the “Schauder

basis” (see Appendix A.0.1)

k j(i) = ⟨k j, ki⟩ =


1, if i = j,

0, if i , j.

1.2.2 Nonexample L2

Let X = [0, 1]. Consider the space C([0, 1]) = { f : [0, 1]→ R | f is continuous} in the

space of functions F ([0, 1],R). C([0, 1]) is obviously a subspace of F (X,R). On this

subspace, for any f , g ∈ C([0, 1]) define the inner product form

⟨ f , g⟩ B
∫ 1

0
f (t)g(t)dt

4



which induces the usual two-norm

∥ f ∥2 =
∫ 1

0
| f (t)|2dt.

By adding the limits of all Cauchy sequences to the space of all continuous func-

tions one obtains the completion space L2[0, 1] in this inner product, so a Hilbert

space is obtained. Now it can be checked that whether every evaluation functional in

the Hilbert space L2[0, 1] is bounded or not. Unfortunately, there is a problem here.

L2[0, 1] cannot be an RKHS, to show why recall that a continuous linear operator on

a dense set of a normed space can be continuously extended to the whole space by the

bounded linear extension theorem in Appendix A.0.7. Consider the linear evaluation

map Et( f ) = f (t) in C([0, 1]). Since it has only one image at every point x ∈ [0, 1] it

is well-defined on C([0, 1]). However, it cannot have an extension on all of L2[0, 1]

which is bounded and linear. To see this consider the following. Let x ∈ (0, 1) be

fixed and

Et( fn) = fn(t) B


( t

x

)n if 0 ≤ t ≤ x,( 1−t
1−x

)n if x < t ≤ 1.

The evaluation map is defined on the dense space C([0, 1]) since fn is in C([0, 1])

for all n ≥ 1. Notice that ∥ fn∥L2[0,1] = ∥ fn∥C([0,1]) by completion theorem. At t = x,

fn(x) = 1 = limn→∞ fn(x) then |Ex( fn)| = | fn(x)| = 1 ∀n ≥ 1. For any fixed x, an easy

integration shows

lim
n→∞
∥ fn∥L2[0,1] = lim

n→∞

( ∫ x

0
| fn(t)|2dt

)1/2
= lim

n→∞

x1/2

(2n + 1)1/2 = 0,

and

lim
n→∞
∥ fn∥L2[0,1] = lim

n→∞

( ∫ 1

x
| fn(t)|2dt

)1/2
= lim

n→∞

(1 − x)1/2

(2n + 1)1/2 = 0.

We try to show that at t = x the evaluation functional is unbounded in C([0, 1]) i.e.

there exists no constant c ∈ R such that |Ex( fn)| = | fn(x)| ≤ c∥ fn∥, ∀n ≥ 1. Clearly, the

left side of such an inequality is 1 and the right side is 0 for all n ≥ 1, a contradiction.

Thus there is no c ≥ 0 satisfying the inequality. The evaluation map at t = x is not

bounded in C([0, 1]) hence it cannot have a bounded extension on all of L2[0, 1] at

t = x.

5



1.2.3 Sobolev Spaces on [0, 1] as RKHS

Sobolev spaces are used as an important tool by ensuring a nice domain for problems

of partial differential equations. It is introduced by Sergey Sobolev in 1930’s. At that

time it was realized that the space Cm(X) where X is an open subset of Rn and m is a

nonnegative integer containing m-th order continuously differentiable functions is not

sufficient for the solutions of the partial differential equations. In the absence of this

property the space of functions Lp(X) having weak derivatives of functions up to the

m-th order is proposed so that weak derivatives are one the main characteristics of the

Sobolev spaces. For more historical background on the subject see the book [10].

A Sobolev space, generally denoted by Wm,p where m is a nonnegative integer and

1 ≤ p ≤ ∞, is an example of a Banach space. In particular when p = 2 it is a Hilbert

space. In this thesis we will not define what a Sobolev space is. We will only consider

a specific Sobolev space and show that it is an RKHS, corresponding to the case p = 2

and m = 1.

Before starting recall the definition of absolute continuity. A function f : [0, 1] →

R is said to be absolutely continuous for any given ϵ > 0 there exists δ > 0 such

that for any disjoint intervals (xi, yi), i = 1, . . . , n with
∑n

i=1 |xi − yi| < δ we have∑n
i=1 | f (xi)− f (yi)| < ϵ. By Fundamental Theorem of Lebesgue Calculus, the following

definitions of absolute continuity are equivalent:

i) f is absolutely continuous;

ii) the three conditions are satisfied: f admits derivative f ′ almost everywhere, f ′

is integrable, and f (x) = f (a) +
∫ x

a
f ′(t)dt for all x ∈ [a, b];

iii) for a Lebesgue integrable function g on [0,1], f (x) = f (a) +
∫ x

a
g(t)dt for all

x ∈ [a, b].

Let us define a set

H B
{

f | f is absolutely continuous,
∫ 1

0
| f ′(t)|2dt < +∞, and f (0) = f (1) = 0

}
here f : [0, 1] → R. It can be shown that H is a Sobolev space. We will show that

H is an RHKS by showing that H is a subspace of the function space, is endowed

6



with an inner product, complete in the inner product defined onH , and all evaluation

functions are bounded.

H is clearly a vector subspace of F ([0, 1],R) since;

i) f = 0 ∈ H and for absolutely continuous functions f , g on [0, 1], for all x ∈ X

(α f + βg)(x) = α f (x) + βg(x) is absolutely continuous,

ii)
( ∫ 1

0
|( f ′ + g′)(t)|2dt

)1/2
≤
( ∫ 1

0
| f ′(t)|2dt

)1/2
+
( ∫ 1

0
|g′(t)|2dt

)1/2
< ∞ by Minkowski

inequality, and

iii) ( f + g)(0) = f (0) + g(0) = 0 = f (1) + g(1) = ( f + g)(1).

Define a sesquilinear form onH as

⟨ f , g⟩ B
∫ 1

0
f ′(t)g′(t)dt.

Note that for the norm one has ∥ f ∥2 =
∫ 1

0
f ′(t)2dt ≥ 0. By the Fundamental Theorem

of Lebesgue Calculus, it is obtained that

f (x) = f (0) +
∫ x

0
f ′(t)dt =

∫ 1

0
f ′(t)χ[0,x](t)dt.

| f (x)| =
∣∣∣∣∣ ∫ 1

0
f ′(t)χ[0,x]dt

∣∣∣∣∣ ≤ ( ∫ 1

0
| f ′(t)|2dt

)1/2( ∫ 1

0
χ[0,x](t)dt

)1/2
= ∥ f ∥

√
x (1.2)

which shows that f = 0 ⇐⇒ ⟨ f , f ⟩ = 0 by the Schwarz inequality. Since

Ex( f ) = f (x) it also ensures the boundedness of evaluation function for any x ∈

[0, 1]. Moreover, taking supremum of Ex over all f of norm one it can be seen that

∥Ex∥ ≤
√

x,∀x ∈ [0, 1]. Thus only the completeness of the inner product space H

remains to be shown.

Suppose { fn}n≥1 ∈ H is a Cauchy sequence. For any ϵ > 0 there exists N ∈ N such

that ∥ fn − fm∥H < ϵ whenever m, n > N. Then

∥ fn − fm∥H =

( ∫ 1

0
| f ′n(t) − f ′m(t)|2dt

)1/2
= ∥ f ′n − f ′m∥L2[0,1] < ϵ (1.3)

that is the sequence { f ′n}n≥1 is Cauchy in L2[0, 1]. Since L2[0, 1] is complete there

exists a function g ∈ L2[0, 1] such that { f ′n}n≥1 converges to g in L2 sense that is

lim
n→∞
∥ f ′n − g∥2L2[0,1] = lim

n→∞

∫ 1

0
| f ′n(t) − g(t)|2dt = 0.

By the Schwarz inequality one also has∫ x

0
| f ′n(t) − g(t)|dt ≤

( ∫ x

0
| f ′n(t) − g(t)|2dt

)1/2( ∫ x

0
12dt
)1/2
→ 0

7



as n → ∞ then limn→∞

∫ 1

0

∣∣∣ f ′n(t) − g(t)|dt = 0 ∀x ∈ [0, 1]. In addition by (1.3) above,

for each x ∈ [0, 1], | fn(x)− fm(x)| ≤ ∥ fn− fm∥
√

x by (1.2) which means { fn}n≥1 must be

pointwise Cauchy (hence pointwise convergent) so one has f (x) = limn→∞ fn(x) for

some function f on [0, 1]. Then

f (x) = lim
n→∞

fn(x) = lim
n→∞

∫ x

0
f ′n(t)dt = lim

n→∞

∫ x

0

(
f ′n(t)−g(t)

)
dt+
∫ x

0
g(t)dt =

∫ x

0
g(t)dt.

Since g is Lebesgue integrable f is absolutely continuous, by the Fundamental Theo-

rem of Lebesgue Calculus taking derivatives of both sides one gets f ′(x) = g(x) a.e..

Then f ′ ∈ L2[0, 1] since g is independent of particular choice of its class and so one

has ⟨ f , f ⟩ =
∫ 1

0
f ′(t)2dt < ∞. Also f (0) = limn→∞ fn(0) = 0 = limn→∞ fn(1) = f (1),

so f ∈ H . ThereforeH is complete and henceH is an RKHS.

To find the kernel function of the RKHSH , start by considering the reproducing prop-

erty. First attempt is to consider the Lebesgue integral of form f (x) =
∫ 1

0
f ′(t)χ[0,x](t)dt.

Since H is an RKHS one has f (x) = ⟨ f , g⟩ =
∫ 1

0
f ′(t)χ[0,x](t)dt where g = kx and

g′ = χ[0,x]. Thus, since g ∈ H one obtains the boundary value problem

g′(t) = χ[0,x](t),

g(0) = g(1) = 0.

Taking the integral of both sides from 0 to x, g(x) =
∫ x

0
χ[0,x](t)dt = x and considering

boundary values one easily sees that g is not continuous; that is, the problem has no

continuous solution. It is known by the Riesz representation that such a g = kx exists

inH and must be absolutely continuous (and is unique).

In the following, we will compute kx and K by formally computing the Green’s func-

tion for a boundary value problem. Since we know such a function exists, start by

assuming the existence of kx in the representation

f (x) = ⟨ f , kx⟩ =

∫ 1

0
f ′(t)k′x(t)dt.

Then applying integration by parts

f (x) = k′x f (1) − k′′x f (0) −
∫ 1

0
f (t)k′′x (t)dt = −

∫ 1

0
f (t)k′′x (t)dt.

Letting δx Dirac’s delta function one also has f (x) =
∫ 1

0
f (t)δx(t)dt, then one tries to

find kx by constructing the new boundary value problem

−k′′x (t) = δx(t)
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kx(0) = kx(1) = 0.

The solution to the boundary value problem is the Green’s function G. The corre-

sponding Green’s function satisfies Gtt(t, x) = −k′′x (t) = 0, t , x, Gtt refers to second

derivative of G with respect to t, the boundary conditions G(0, x) = 0 = G(1, x), and

will be of the form

G(t, x) =


c0t + c1 if t ≤ x

c2(t − 1) + c4 if t ≥ x.

Let G1(t, x) = c0t + c1,G2(t, x) = c2(t − 1) + c4, for any fixed x. On the one hand

we have the system of equations G1(t, x) = c0t + c1,G1(0, x) = G(0, x) = 0 after

solving one gets G1(t, x) = c0t, on the other hand we have the system of equations

G2(t, x) = c2(t − 1) + c4,G2(1, x) = G(1, x) = 0 again by solving one obtains that

G2(t, x) = c2(t−1). G is continuous at t = x, G1(x, x) = G2(x, x), i.e. c0x−c2(x−1) = 0.

In addition, Gt the first derivative of G, has a jump discontinuity at t = x; that is,

we have that limt→x+(G2)t − limt→x−(G1)t = 1. Thus we get the system of equations

c0x− c2(x− 1) = 0, c2 − c0 = 1. By solving this system, one finds c0 = (x− 1), c2 = x.

Hence the solution of the boundary value problem is the Green’s function constructed

to be

K(t, x) = kx(t) = G(t, x) =


(1 − x)t if t ≤ x

(1 − t)x if t ≥ x.

We can check that kx(t) is really a member ofH . Except at t = x, kx is differentiable

k′x(t) =


(1 − x) if t < x

−x if t > x

and equal to the integral of k′x(t). Therefore we get kx is absolutely continuous,∫ 1

0
k′x(t)

2dt =
∫ x

0
(1 − x)2dt +

∫ 1

x
(−x)2dt < ∞, and kx(0) = kx(1) = 0. Thus kx ∈ H .

Finally, check that for any f ∈ H , kx is a kernel function (reproducing property).

⟨ f , kx⟩ =

∫ 1

0
f ′(t)k′x(t)dt =

∫ x

0
f ′(t)(1 − x)2dt +

∫ 1

x
f ′(t)(−x)2dt

=(1 − x)( f (x) − f (0)) − x( f (1) − f (x)) = f (x).

Hence, K meets all the requirements to serve as the reproducing kernel forH .
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CHAPTER 2

CONSTRUCTION OF THE RKHS FROM A KERNEL

2.1 Characterization of RK

In this part, we will look at a necessary and sufficient condition for a kernel function

to be an RK.

Definition 2.1.1 (Kernel Function) Let X , ∅. Let K : X × X → C be a function. If

for any n ≥ 1, any finite set of distinct points {x1, . . . , xn} in X, and any α1, . . . , αn ∈ C,

the matrix (K(xi, x j))n
i, j=1 is positive semidefinite i.e

n∑
i, j=1

α jαiK(xi, x j) ≥ 0

then the function K will be called a kernel function. This is denoted by K ≥ 0.

There can be various terminologies for the definition above but we prefer to call it as

kernel function or positive semidefinite kernel. Therefore we will be writing K is a

kernel function or a positive semidefinite kernel. Also, by writing p.s.d. we will be

referring to the terminology positive semidefinite.

In some cases, definiteness of a kernel function may not be sufficient. In such cases

strictly positive kernels arise.

Definition 2.1.2 (Strictly Positive Kernel Function) With the same assumptions as

in Definition 2.1.1, if the matrix (K(xi, x j))n
i, j=1 is strictly positive i.e

n∑
i, j=1

α jαiK(xi, x j) > 0
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then the function K will be called a strictly positive kernel function or a strictly posi-

tive definite kernel. This is denoted by K > 0.

Note that if a kernel is strictly p.s.d. then the matrices Q = (K(xi, x j))n
i, j=1 > 0 are

invertible.

2.2 The Moore-Aronszajn Theorem

There is a relation between RK for an RKHS and kernel function, and it is in the

following proposition which can be regarded as the converse of the Moore-Aronszajn

theorem, that we will state and prove below.

Proposition 2.2.1 Let H be an RKHS on any set X , ∅. Assume K : X × X → C is

its RK. Then K is a kernel function.

Proof. Consider any choice of distinct points {x1, . . . , xn} ⊆ X ∀n ≥ 1. Then for any

α1, . . . , αn ∈ C, by definition of RK and the reproducing property we had K(x, y) =

ky(x) = ⟨ky, kx⟩,∀x, y ∈ X,
n∑

i, j=1

αiα jK(xi, x j) =
n∑

i, j=1

αiα j⟨kx j , kxi⟩ =

〈 n∑
j=1

α jkx j ,

n∑
i=1

αikxi

〉
= ∥

n∑
i=1

αikxi∥
2 ≥ 0.

Therefore the reproducing kernel K forH is always a kernel function. □

We see that if we are given an RKHS, then the RKHS has always a positive semidefi-

nite kernel.

Note that the reproducing kernels for the points {x1, . . . , xn} will be the kernel func-

tions kx1 , . . . , kxn , and all linear combinations of kernel functions form a dense set in

an RKHS.

Proposition 2.2.2 Let H be an RKHS on X with the reproducing kernel K. Let

M = {ky(·) =: K(·, y) | y ∈ X} be the set of kernel functions in H . Then span M is

dense inH .

Proof. Let f ∈ H . Any element in span M is of the form
∑n

j=1 α jky j , α1, . . . , αn ∈ C.

f ⊥ span M ( f ∈ span M⊥) ⇐⇒ ⟨ f ,M⟩ = 0. Since f is orthogonal to each element
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of M, ⟨ f , g⟩ = ⟨ f ,
∑n

j=1 α jky j⟩ = 0 ⇐⇒ ⟨ f , ky⟩ = f (y) = 0, ∀y ∈ X ⇐⇒ f = 0.

Therefore span M is dense in H , since span M⊥ = {0}, by a well-known Hilbert

space fact. □

The following theorem, one of the fundamentals of the theory of RKHS, ensures that

for a given p.s.d. kernel K there can always be constructed RKHS.

Theorem 2.2.3 (Moore-Aronszajn) Let X , ∅ and let K : X × X → C be a kernel

function. Then there is an RKHSH admitting the kernel function K to be reproducing

kernel forH .

Proof. The proof will be shown in parts:

part a) Defining a function and dense set W to be able to construct an RKHS on it.

part b) Definition of a sesquilinear form B( f , g) on W then showing this sesquilinear

form is well defined and is indeed an inner product.

part c) Completion of the inner product space W which is the Hilbert spaceH .

part d) Identification of any element inH with a function on X constructing the space

Ĥ uniquely such thatH is isomorphic to a subspace Ĥ of F (X,C).

a) Let ky : X → C defined by ky(x) B K(x, y). Consider the set of all linear combina-

tions of ky, y ∈ X, say W (W ⊆ F (X,C)). We consider this kind of set W because by

previous Proposition 2.2.2, W is a nice candidate to construct an RKHS on it as being

a dense set in an RKHS.

b) To see W as an inner product space, define a sesquilinear form on W. Let B :

W ×W → C be a sesquilinear form given by

B( f , g) B
n,m∑

i, j=1

α jβiK(yi, y j)

where f =
∑n

j=1 α jky j , g =
∑m

i=1 βikyi ∈ W and α j, βi, i, j = 1, . . . , n,m are scalars. Here

it is required to discuss whether B is well-defined or not since notice that any function

f ∈ W might be written in more than one form, in other words

f =
n∑

j=1

α jky j =

p∑
l=1

αlkyl =

q∑
a=1

αakya .

However, B must be independent of representer choice of a function. To show it is

independent, use the classical idea that f ≡ 0 ( f is the zero function on X) if and only
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if B( f , g) = B(g, f ) = 0 for all g ∈ W but it is enough to show just for ky ∈ W since W

is the linear span of ky’s. So letting f (x) =
∑n

j=1 α jky j(x) = 0 ∀x ∈ X, we see that

B( f , kx) =
n∑

j=1

α jK(x, y j) =
n∑

j=1

α jky j(x) = f (x) = 0

B(kx, f ) =
n∑

j=1

α jK(y j, x) =
n∑

j=1

α jK(x, y j) = f (x) = 0.

On the other hand, letting B( f , g) = B(g, f ) = 0 for all g ∈ W in particular B( f , kx) =

B(kx, f ) = 0 one obtains f (x) = B(kx, f ) = 0 = B( f , kx) = f (x). Thus B is well-

defined on W. Here notice that we always have f (x) = B( f , kx) for all f ∈ W.

It is clear that B is linear in the first component, conjugate linear in the second one

and B( f , g) = B(g, f ).

An observation for the positivity of B discussed in Chapter 1 was K(y, y) ≥ 0 ∀y ∈ X,

so B( f , f ) =
∑n

j=1 |α j|
2K(y j, y j) ≥ 0 for all y j ∈ X. The definiteness of B can be seen

by B( f , f ) = 0 ⇐⇒ B( f , g) = B(g, f ) = 0 ⇐⇒ B( f , kx) = f (x) = 0 ⇐⇒ f = 0,

for all x ∈ X, where we deduce the first logical equivalence by an application of the

Schwarz inequality to the positive semidefinite sesquilinear form B. Therefore B is an

inner product on W hence W is an inner product space.

c) Any inner product space can be completed in the given inner product. Let H

denote the completion of the inner product space W. Instead of directly showing how

W is completed to the space consisting of only functions and then how the evaluation

functional is bounded at every point, we can studyH as follows.

d) For a given h ∈ H let us define a function as

ĥ(x) B ⟨h, kx⟩H

and denote the set of such functions Ĥ B {ĥ : X → C | ĥ(x) B ⟨h, kx⟩H ,∀h ∈ H}.

Also set a map L : H → Ĥ by

L(h) B ĥ.

L is oclearly linear since for any α ∈ C, h1, h2 ∈ H and ∀x ∈ X, closed under addition

L((h1 + h2)(x)) = ̂(h1 + h2)(x) =⟨h1 + h2, kx⟩H = α⟨h1, kx⟩H + ⟨h2, kx⟩H

=ĥ1(x) + ĥ2(x) = L(h1(x)) + L(h2(x)),
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and scalar multiplication

L(αh1(x)) = α̂h1(x) = ⟨αh1, kx⟩H = α⟨h1, kx⟩H = αĥ1(x) = αL(h1(x)).

So Ĥ is a vector subspace of F (X,C).

Also since B is an inner product on W and f : X → C we have f (x) = B( f , kx) =

⟨ f , kx⟩W = f̂ (x). It follows that f (x) = f̂ (x) for all f ∈ W (W ⊆ Ĥ).

Then we show that L is one-to-one by the idea that ker(L) = {0} if and only if f is

one-to-one, where ker(L) = {h ∈ H | L(h(x)) = ĥ(x) = ⟨h, kx⟩H = 0,∀h ∈ H}. To

show that h = 0, we use a classical idea in Hilbert space used also in Proposition 2.2.2:

The span of a nonempty set is dense in a Hilbert space if and only if the orthogonal

companion of the span set contains only 0. We have ĥ(x) = ⟨h, kx⟩H = 0 if and only if

h ⊥ kx at every x ∈ X if and only if h ⊥ W, i.e. h ∈ W⊥, if and only if h ∈ W⊥ = {0}

since W is dense in the Hilbert spaceH , so h = 0. Therefore, L is 1−1 and onto from

H to Ĥ .

Defining an inner product on Ĥ by

⟨ĥ1, ĥ2⟩Ĥ B ⟨h1, h2⟩H (2.1)

shows that L : H → Ĥ is an isometry. L was one-to-one, onto and linear and so L is

an inner product preserving isomorphism, hence Ĥ andH isomorphic. Hence Ĥ is a

Hilbert space of functions on X.

Finally, every point evaluation in Ĥ is bounded since at every x ∈ X

Ex(ĥ) = ĥ(x) = ⟨h, kx⟩H =: ⟨ĥ, k̂x⟩Ĥ

∀ĥ ∈ Ĥ then |Ex(ĥ)| = |⟨h, kx⟩H | ≤ ∥ĥ∥∥k̂x∥ for all x ∈ X. Thus Ĥ is an RKHS on W

hence W is an RKHS on X.

By Proposition 2.2.1, we know Ĥ has the kernel function. Thus we see that kx = k̂x,

∀x ∈ X so k̂x is the reproducing kernel for the point x. It follows that ∀x, y ∈ X

k̂y(x) = ky(x) = K(x, y)

is the reproducing kernel for the Ĥ . Therefore we see that Ĥ is indeed the space H .

Hence when we are given kernel function it produces only one RKHS. □

14



Note that this theorem, along with Proposition 2.2.1, establishes a one-to-one rela-

tionship between RKHS defined on a set and kernel functions associated with that set.

Hereafter, we will be using the notationH(K) for the unique RKHS generated by the

p.s.d. kernel K.

2.3 Some Consequences About Kernel Function

To find out continuity of a function in an RKHS, it is enough to look at the continuity

of the kernel function.

Theorem 2.3.1 Let X be a topological space, and consider X × X the product topol-

ogy. Let K : X × X → C be a kernel function. If K is continuous then any function

f ∈ H(K) is continuous.

Proof. We show that for any given ϵ > 0 and a fixed point y0, there exists a neighbor-

hood of y0,U ⊂ X such that for any y ∈ U , | f (y) − f (y0)| < ϵ where f ∈ H(K).

Let f : X → C ∈ H(K) and let y0 ∈ X be fixed. Since K is continuous on X × X there

exists a neighborhood, V ⊆ X×X of the fixed point (y0, y0) such that for any (x, y) ∈ V

|K(x, y) − K(y0, y0)| <
ϵ2

3(∥ f ∥2 + 1)
.

Because X × X has the product topology, selecting a neighborhood U ⊆ X of y0 such

that U × U ⊆ V is possible. By the reproducing property and the Schwarz inequality

| f (y) − f (y0)|2 = |⟨ f , ky⟩ − ⟨ f , ky0⟩|
2 = |⟨ f , ky − ky0⟩|

2 ≤ ∥ f ∥2∥ky − ky0∥
2.

Then one can make the following discussion by using K(x, y) = ky(x) = ⟨ky, kx⟩,

∥ky − ky0∥
2 =⟨ky − ky0 , ky − ky0⟩

=⟨ky, ky⟩ − ⟨ky, ky0⟩ − ⟨ky0 , ky⟩ + ⟨ky0 , ky0⟩

=K(y, y) − K(y, y0) − K(y0, y) + K(y0, y0) − K(y0, y0) + K(y0, y0)

=[K(y, y) − K(y0, y0)] − [K(y, y0) − K(y0, y0)] − [K(y0, y) − K(y0, y0)]

<
ϵ2

∥ f ∥2 + 1
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for any y ∈ U. Hence we obtain that

| f (y) − f (y0)| < ϵ

(
| f (y)− f (y0)|2 < ∥ f ∥2ϵ

∥ f ∥2+1 < ϵ
2) that is any function f ∈ H(K) is continuous since f was

arbitrary. □

There is a relation between a kernel function and its conjugate. In addition, the RKHS

induced by a positive semidefinite kernel and the RKHS generated by the conjugate

of the given p.s.d. kernel are connected.

Proposition 2.3.2 Let K : X × X → C be a positive semidefinite kernel, and let

H(K) be the RKHS produced by K. Then the conjugate K : X × X → C of K is a

positive semidefinite kernel and the corresponding RKHS isH(K) = { f | f ∈ H(K)}.

Furthermore, if C : H(K)→ H(K) is a map given by C( f ) B f then C is a surjective

conjugate-linear isometry.

Proof. For any n ≥ 1, let {x1, . . . , xn} ⊆ X be given and for any complex scalars

α1, . . . , αn

n∑
i, j=1

αiα jK(xi, x j) = α1[α1K(x1, x1) + · · · + αnK(x1, xn)]

+ · · · + αn[α1K(xn, x1) + · · · + αnK(xn, xn)]

= α1[α1K(x1, x1) + · · · + αnK(x1, xn)]

+ · · · + αn[α1K(xn, x1) + · · · + αnK(xn, xn)]

=

n∑
i, j=1

αiα jK(xi, x j) ≥ 0,

thus K is a positive semidefinite kernel since K is a p.s.d. kernel. K is hermitian since

K(x, y) = ky(x) = ⟨ky, kx⟩ = ⟨ky, kx⟩ = ⟨kx, ky⟩ = K(y, x) for any x, y ∈ X. From here

one can have that ∀x, y ∈ X,K(x, y) = K(x, y).

Now assume C : H(K)→ H(K) is a map given by f 7→ f . Let W be a subset ofH(K)

spanned by the kernel functions ky1 , . . . , kyn , and let Z = span{ky1 , . . . , kyn} ⊆ H(K).

We know that W is dense in H(K) and Z is dense in H(K) by Proposition 2.2.2.

Thus for any number of points chosen y1 . . . , yn ∈ X and for any complex scalars
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α j, j = 1, . . . , n we may set Ĉ : W → Z by

Ĉ
( n∑

j=1

α jky j

)
=

n∑
j=1

α jky j .

In this case one needs to discuss the well-definedness of the map Ĉ since as in proof

of the Moore-Aronszajn Theorem 2.2.3, f may be written in more than one form. To

show that Ĉ is well-defined, again by previous discussions it is enough to show that Ĉ

is isometry.

∥Ĉ(
n∑

j=1

α jky j)∥
2
H(K)
= ∥

n∑
j=1

α jky j∥
2
H(K)
=

〈 n∑
j=1

α jky j ,

n∑
i=1

αikyi

〉
H(K)

= α1[α1⟨ky1 , ky1⟩ + · · · + αn⟨ky1 , kyn⟩]

+ · · · + αn[α1⟨kyn , ky1⟩ + · · · + αn⟨kyn , kyn⟩]

=

n∑
i, j=1

α jαi⟨kyi , ky j⟩H(K) =

n∑
i, j=1

α jαiK(y j, yi)

=

n∑
i, j=1

α jαiK(y j, yi) =
n∑

i, j=1

α jαi⟨kyi , ky j⟩H(K)

=

〈 n∑
j=1

α jky j ,

n∑
j=1

α jky j

〉
H(K)
= ∥

n∑
j=1

α jky j∥H(K)

= ∥

n∑
j=1

α jky j∥H(K)

Therefore Ĉ is isometry and hence Ĉ is well-defined on the dense spaces W and Z.

On the dense spaces Ĉ is obviously conjugate linear since

Ĉ(a
n∑

j=1

α jky j + b
m∑

i=1

α jkyi) = a
n∑

j=1

α jky j + b
m∑

i=1

α jkyi = a
n∑

j=1

α jky j + a
m∑

i=1

α jkyi

= aC(
n∑

j=1

α jky j) + aC(
m∑

i=1

α jkyi).

Since dense spaces on H(K) and H(K) are normed spaces (indeed inner product

spaces again by 2.2.3) and Ĉ is bounded (on finite dimensional space W), we can

extend uniquely the map Ĉ to C : H(K) → H(K) which is isometric and conjugate

linear, by bounded extension theorem in Appendix A. In addition to these, C will

map the space H(K) onto H(K) since C is isometric, and there is a dense subspace

in its range. Notice that C takes a function to its complex conjugate on W, thus

H(K) = C(H(K)) = { f | f ∈ H(K)}. □
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2.4 From Kernels to RKHSs

This section will cover the concrete creation of RKHSs by certain fundamental ker-

nels.

2.4.1 One Dimensional RKHS

Proposition 2.4.1 Let X be a nonempty set. Let f : X → C be a nonzero function.

Consider the function K(x, y) = f (x) f (y) on X. Then K is a kernel function, produces

a one dimensional RKHS,H(K) and ∥ f ∥ = 1.

Proof. For any n ≥ 1, any points {x1, . . . , xn} ⊆ X and for any complex scalars

α1, . . . , αn

n∑
i, j=1

α jαiK(xi, x j) =
n∑

i, j=1

α jαi f (xi) f (x j) =
∣∣∣∣∣ n∑

j=1

α j f (x j)
∣∣∣∣∣2 ≥ 0,

K is a positive semidefinite kernel.

Thus by the Moore-Aronszajn Theorem there exists an RKHS, H(K) whose RK for

H(K) is the kernel function K(x, y) = f (x) f (y) and reproducing kernel for the fixed

point y is ky = f (y) f . So if we let W = span{ky | y ∈ X} = { f (y) f | y ∈ X} we see

that W is a just one-dimensional space. Since W is finite dimensional, it is closed.

Therefore W = H(K), that is the H(K) is a one dimensional space spanned by f .

Moreover, for any fixed y with f (y) , 0,

| f (y)|2 = f (y) f (y) = K(y, y) = ky(y) = ⟨ky, ky⟩ = ∥ky∥
2 = ∥ f (y) f ∥2 = | f (y)|2∥ f ∥2

hence ∥ f ∥ = 1. □

2.4.2 Min Function

Consider the function K : X × X → R, X = [0,+∞), defined by K(x, y) B min{x, y}.

We will show that K is a positive semidefinite kernel and look at some properties of

the RKHS generated by it.
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Proposition 2.4.2 The map K : [0,+∞) × [0,+∞)→ R given by K(x, y) B min{x, y}

is a kernel function.

Proof. First, it is required to show the statement in linear algebra that the n× n matrix

Jn = [ξi, j]n
i, j=1 whose all entries are 1 is positive semidefinite and has the eigenvalues

λ = n with multiplicity one and λ = 0 with multiplicity (n − 1).

To show that Jn is positive semidefinite use an equivalent definition of positive semidef-

initeness of a matrix. Let v = (α1, . . . , αn)T ∈ Cn. Then

⟨Jv, v⟩ =
n∑

i, j=1

α jαiξi, j =
( n∑

i=1

αi

)( n∑
j=1

α j

)
≥ 0.

To find the eigenvalues of Jn consider the eigenvalue-eigenvector equation Jnv = λv

for any nonzero vector v. It is easy to see that Jnv1 = nv1, so n is an eigenvalue of Jn.

If for a square matrix A, there exists a square matrix S such that A = S −1DS , here

D denotes the diagonal matrix whose diagonal entries are the eigenvalues of Jn with

their multiplicity, we have tr(A) = tr(S −1DS ) = tr(DS S −1) = tr(D).

By directly multiplying Jn again with itself one also has J2
n = nJn. Then

λ2ω = J2
nω = nJnω = nλω

for any ω , 0. Thus λ2 = nλ which shows that λ = 0 or λ = n. Since tr(Jn) = n, the

trace of the diagonal matrix consisting of the eigenvalues of Jn must be n, hence all

the other eigenvalues of Jn must be λ = 0 with the multiplicity (n − 1).

Second, let {x1, . . . , xn} ⊆ X be points, and let B = (K(xi, x j))n
i, j=1 = (min{xi, x j})n

i, j=1

be an n × n matrix. Note that if we put the points {x1, . . . , xn} in an order, we get the

n× n matrix Q obtained by conjugating the matrix B by a permutation matrix P. Also

note that B is unitary matrix, so we have, in particular B∗ = B−1. In this case, the

matrix Q = PBP−1 is p.s.d. if and only if B is a p.s.d. matrix by. To see this in a

particular case, let X = {x1, x2, x3} and assume that the points are given in the order

x2 ≤ x3 ≤ x1. Then we have a permutation (231) in the permutation group S 3 and the

corresponding permutation matrix is

P =


0 1 0

0 0 1

1 0 0


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Note that P∗ = P−1 = PT . Then if we conjugate the matrix

B =


x1 x2 x3

x2 x2 x2

x3 x2 x3


by the permutation unitary P, (PBP−1) we get

Q = PBP−1 =


x2 x2 x2

x2 x3 x3

x2 x3 x1

 .
The matrix B is positive if and only if the matrix PBP∗ is positive, where the expres-

sion PBP∗ is sometimes called P sandwich.

Now we are able to show that K is a positive semidefinite kernel. Let {x1, . . . , xn} ∈

[0,+∞) be any finite number of set of points. Without loss of generality assume that

0 ≤ x1 ≤ x2 ≤ · · · ≤ xn. Show that K is p.s.d. by induction on the number of points.

Let α1, . . . , αn be any complex scalars. When n = 1, K(x1, x1) = min{x1, x1} = x1 ≥ 0,

so it is trivially positive
∑1

i, j=1 α jαix1 = |α1|
2x1 ≥ 0. For (n − 1), suppose the matrix

x1 x1 · · · x1

x1 x2 · · · x2
...

. . .

x1 x2 · · · xn−1


is p.s.d. that is

∑(n−1)
i, j=1 α jαi(min{xi, x j}) ≥ 0. When n points are given the matrix

B = (K(xi, x j))n
i, j=1 = (min{xi, x j})n

i, j=1 can be written in the form

Q =



x1 x1 · · · x1

x1 x2 · · · x2
...

. . .

x1 x2 · · · xn


= x1



1 1 · · · 1

1 1 · · · 1
...

. . .

1 1 · · · 1


+



0 0 · · · 0

0 x2 − x1 · · · x2 − x1
...

. . .

0 x2 − x1 · · · xn − x1


.

The (n − 1) × (n − 1) matrix on the right in the matrix addition is also in ordering

since only x1 is substracted and it is p.s.d. since
∑n

i, j=2 α jαimin{xi − x1, x j} ≥ 0 by the

assumption. It was showed that Jn is p.s.d.. Since sum of two p.s.d. matrices is p.s.d.

the matrix Q is also positive semidefinite. □
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Hence, by the Moore-Aronszajn theorem there is an RKHS,HR(K) such that the ker-

nel function K is RK forHR(K). Note that it is very easy to see that (K(xi, x j))n
i, j=1 =

(min{xi, x j})n
i, j=1 = (min{x j, xi})n

i, j=1 = (K(x j, xi))n
i, j=1.

Some properties of HR(K) can be deduced. First observation is about continuity of

functions f ∈ HR(K). The kernel function is continuous since for any given ϵ > 0

there exists a neighborhood V ⊂ [0,+∞) × [0,+∞) of (x0, y0), |(x0, y0) − (x, y)| < δ,

such that for any point (x, y) in V , where without loss of generality x0 < y0, x < y,

|K(x0, y0) − K(x, y)| = |min{x0, y0} − min{x, y}| = |x0 − x| ≤ [(x0 − x)2 + (y0 − y)2]1/2 =

∥(x0 − x), (y0 − y)∥ = ∥(x0, y0) − (x, y)∥ < δ = ϵ. So by Theorem 2.3.1, each function

f ∈ HR(K) is continuous on [0,+∞).

Kernel functions, letting x < y, are x = min{x, y} = K(x, y) B ky(x).

We skip a complete description of a function in the HR(K), and only describe the

appearance of a typical function in the dense space WR. Take some points in the order

y1 < y2 < · · · < yn ∈ [0,+∞) and scalars a1, . . . , an ∈ R. Any function in WR is a

linear combination of kernel functions ky j . A typical function is of the form

n∑
i=1

aiky j(x) =



(a1 + · · · + an)x if 0 ≤ x < y1

a1y1 + (a2 + · · · + an)x if y1 ≤ x < y2

...

(a1y1 + · · · + an−1yn−1) + anx if yn−1 ≤ x < yn

(a1y1 + · · · + anyn) if yn ≤ x.

Thus it can be seen from here that any f ∈ WR is continuous, piece-wise linear, 0 at

0, and eventually constant. Such functions can be called ”sawtooth”. Conversely, one

can prove that every such function is in WR.

2.4.3 Positive Semidefinite Matrices

A positive semidefinite matrix naturally builts an RKHS.

Let P = (pi, j)n
i, j=1 be a complex positive semidefinite matrix. By letting X = {1, . . . , n}

one can set a function K : X × X → C by K(i, j) = pi, j. By definitions it can be easily
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seen that K is a kernel function if and only if P is positive semidefinite. Thus there

exits an RKHS associated to K, say H(K). We now investigate the characteristics of

the spaceH(K).

First observation is about kernel functions. We have that K(i, j) = k j(i) = pi, j here

k j = p j is the j-th column of the matrix P. The set of all linear combinations of k j, W,

is closed since it is a finite dimensional space and so W = W = H(K). Second, notice

that P defines an operator, say P and its range is R(P) ⊆ Cn. Since H(K) is spanned

by k j = p j, j = 1, . . . , n, we have that R(P) = H(K) ⊆ Cn. Another observation is that

the inner product onH(K) might be different from the usual inner product on Cn and

depends on whether the matrix P is invertible or not. We find inner product onH(K)

in two cases.

Suppose the matrix P is invertible (p′j s are linearly independent). In this case,

R(P) = H(K) = Cn. Consider P as a linear operator. The matrix P is positive

semidefinite, therefore the operator P is positive, in particular, bounded and self-

adjoint (P = P∗ = PT ). Hence it has the positive square root operator P1/2. The

matrix P1/2 is also invertible since 0 , det(P) = det(P(1/2)2) = det(P(1/2))2. Then the

columns of P1/2, P1/2e j are linearly independent and so P1/2e j, j = 1, . . . , n is a basis

for Cn as e j, j = 1, . . . , n is the standard orthonormal basis for Cn.

Now define a map A : Cn → H(K) by A(P1/2e j) = k j, i.e. a map matching the j-th

columns of the matrices P1/2 and P. A is clearly well defined since every element in Cn

can be uniquely written by the vectors P1/2e j. Take two elements v =
∑n

j=1 α jP1/2e j,

ω =
∑n

i=1 βiP1/2ei ∈ Cn. Then

⟨v, ω⟩ =
〈 n∑

j=1

α jP1/2e j,

n∑
i=1

βiP1/2ei

〉
=

n∑
i, j=1

α jβi⟨P1/2e j, P1/2ei⟩

=

n∑
i, j=1

α jβi⟨P(1/2)2e j, ei⟩ =

n∑
i, j=1

α jβi⟨Pe j, ei⟩

=

n∑
i, j=1

α jβi pi, j =

n∑
i, j=1

α jβik j(i) =
n∑

i, j=1

α jβi⟨k j, ki⟩H

=

〈 n∑
j=1

α jk j,

n∑
i=1

βiki

〉
H

= ⟨Av, Aω⟩H
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where ⟨·, ·⟩ denotes the usual inner product on Cn and ⟨·, ·⟩H denotes the inner product

on H(K). Thus, A represents a map between the Hilbert spaces Cn and H(K) that

maintains the product structure while being bijective.

Since k j = Pe j one has AP1/2e j = k j = Pe j = P(1/2)2e j then (A− P1/2)P1/2e j = 0, since

P1/2e j , 0 we get A = P1/2 ⇐⇒ A−1 = P−1/2. For any v, ω ∈ H(K) = R(P) = Cn

⟨v, ω⟩H = ⟨A−1v, A−1ω⟩ = ⟨P−1/2v, P−1/2ω⟩ = ⟨P(−1/2)2, ω⟩ = ⟨P−1, ω⟩.

Therefore, if an invertible p.s.d. matrix P is given then the inner product on the RKHS

produced by columns of P can be determined by the inverse of P.

When P is not invertible (p′js are linearly dependent) we have, for the null space of P,

N(P) = {α ∈ Cn | Pα = 0} , ∅. Notice that we have N(P)⊥ = R(P) = H(K) ⊂ Cn.

P1/2 still exits, and is p.s.d.. P1/2 is also noninvertible and so the columns, P1/2e j are

linearly dependent. However a map A : R(P1/2) → H(K) set by multiplication by

the matrix P1/2 is again well-defined, linear, inner product preserving. By a similar

discussion to above one can find that for any v, ω ∈ H(K)

⟨v, ω⟩H = ⟨P†v, ω⟩

where P† : N(P)⊥ → N(P)⊥ is defined by P†v = ω if and only if v = Pω.

2.4.4 Inner Product of a Hilbert Space

Inner product of a Hilbert space can be viewed as a kernel function. In this regard,

the RKHS constructed by the inner product of a Hilbert space is the dual space of the

Hilbert space.

Definition 2.4.3 Let L be a Hilbert space and let h1, . . . , hn be a finite collection of

elements of L. Then the n × n matrix G whose entries are inner product of elements

of L, G = (⟨hi, h j⟩)n
i, j=1, is called the Gram or Grammian matrix.

Proposition 2.4.4 A Gram matrix G is positive semidefinite. Furthermore, G is a

positive definite matrix if and only if the elements h1, . . . , hn taken from a Hilbert

space are linearly independent.
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Proof. Use an equivalent definition of positive semidefiniteness. Let α = (α1, . . . , αn) ∈

Cn and let h1, . . . , hn in a Hilbert space. It follows that

⟨Gα, α⟩ =
〈 
⟨h1, h1⟩ . . . ⟨h1, hn⟩

...
. . .

...

⟨hn, h1⟩ . . . ⟨hn, hn⟩



α1
...

αn

 ,

α1
...

αn


〉

=

〈 
α1⟨h1, h1⟩ . . . αn⟨h1, hn⟩

...
. . .

...

α1⟨hn, h1⟩ . . . αn⟨hn, hn⟩

 ,

α1
...

αn


〉

=α1[α1⟨h1, h1⟩ + · · · + αn⟨h1, hn⟩] + · · · + αn[α1⟨hn, h1⟩ + · · · + αn⟨hn, hn⟩]

=[⟨α1h1, α1h1⟩ + · · · + ⟨α1h1, αnhn⟩] + · · · + [⟨αnhn, α1h1⟩ + · · · + ⟨αnhn, αnhn⟩]

=⟨α1h1, (α1h1 + · · · + αnhn)⟩ + · · · + ⟨αnhn, (α1h1 + · · · + αnhn)⟩

=
〈
(α1h1 + · · · + αnhn), (α1h1 + · · · + αnhn)

〉
=∥

n∑
j=1

α jh j∥
2 ≥ 0.

Therefore, any Gram matrix G is positive semidefinite.

Moreover, for any α ∈ Cn, ⟨Gα, α⟩ = ∥
∑n

j=1 α jh j∥
2 = 0 ⇐⇒ α1h1 + · · · + αnhn = 0

which means the elements h1, . . . , hn are linearly dependent in this case. So ⟨Gα, α⟩ ,

0 if and only if α1h1 + · · · + αnhn , 0 for all α , 0 ∈ Cn in other words ⟨Gα, α⟩ > 0

⇐⇒ [ α1h1 + · · · + αnhn = 0 ⇐⇒ α = 0].

□

Proposition 2.4.5 For a Hilbert space L with the inner product ⟨·, ·⟩, the kernel func-

tion K : L × L → C given by

K(x, y) B ⟨x, y⟩

is a kernel function and the corresponding RKHSH(K) is the vector space of bounded

linear functionals fω on L where ω ∈ L with the identification given by the Riesz

Representation Theorem. Moreover,

∥ fω∥H = ∥ω∥L

where the norm ∥·∥H is induced by the inner product onH(K) and ∥·∥L is induced by

the inner product on L.
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Proof. Notice that K is a positive semidefinite kernel by Proposition 2.4.4 hence

H(K) exists by the Moore-Aronszajn Theorem 2.2.3.

To show that H(K) consists of all linear combinations of bounded linear functionals

on the Hilbert space one can make the following discussion. First of all we have that

ky(u) = K(u, y) = ⟨u, y⟩ for all u ∈ L. By the Schwarz inequality ky is clearly a linear

and bounded functional. Any addition and multiplication by a scalar of the functions

ky’s are again a bounded linear functional on L. We will show that the space of all

bounded linear functionals is indeed the spaceH(K).

By the Riesz Representation Theorem any bounded linear functional f on L is given

by

f (x) = ⟨x, ω⟩

for all x ∈ L and for some unique ω ∈ L. With the identification f = fω we may

define a setH := { fω | fω : L → C, ω ∈ L}. It is not difficult to see thatH is an inner

product space with the inner product ⟨ fω, fv⟩H := ⟨v, ω⟩L.

Now consider a map C : H → L defined by C fω = ω. For any α, β ∈ C and

fω, fv ∈ H , note that ∀x ∈ L,

(α fω + β fv)(x) = α fω(x) + β fv(x) =α⟨x, ω⟩ + β⟨x, v⟩ = ⟨x, αω⟩ + ⟨x, βv⟩

=⟨x, αω + βv⟩ = fαω+βv(x),

it follows that

C(α fω + β fv)(x) = fαω+βv(x) = αω(x) + βv(x) = αC fω(x) + βC fv(x)

C is a conjugate linear map for any x ∈ L since inner product is conjugate linear in

the second variable. Because ∥ω∥L = ∥ fω∥H ,

∥C fω∥L = ∥ω∥L = ∥ fω∥H

that is C is isometric hence it is one to one. Also, by the Riesz Representation The-

orem C is onto. We can see this by considering the idea in the definition of the ky,

i.e. since for any vector in L defines bounded linear functional on L. Hence L is

conjugate linear isomorphic toH . ThereforeH is a Hilbert space in the inner product

⟨ fω, fv⟩H = ⟨v, ω⟩L.
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For each x ∈ L, the evaluation functional Ex( fω) = fω(x) = ⟨x, ω⟩L = ⟨ fω, fx⟩H

|Ex( fω)| = |⟨x, ω⟩| = ∥x∥∥ω∥ = ∥x∥∥ fω∥

is bounded at any x ∈ L. Thus H is an RKHS. Also Ex( fω) = ⟨ fω, kx⟩H since the

evaluation functional Ex is bounded. Comparing the two forms of Ex, ⟨ fω, fx⟩ =

⟨ fω, kx⟩ for any fω ∈ H , we obtain that the kernel function for the point x is kx = fx.

It follows that the kernel function forH is

KH (x, y) = ky(x) = fy(x) = ⟨x, y⟩

and so K = KH . Therefore by the uniqueness of the RKHS we see that H is the

RKHSH(K). □
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CHAPTER 3

APPLICATIONS OF RKHS IN INTERPOLATION

In this chapter we will discuss applications of RKHS is on interpolation and approxi-

mation problems. Unlike approximation, interpolation means that the given data and

values are exact matches. Intuitively, interpolation is a method of making an estima-

tion to a function by looking the range of the given points.

There are two major problems in this concept and we will consider these problems in

an RKHS. One problem is the interpolation problem which is to find a function that

exactly fits the points. The other is the approximation problem which arises when the

interpolant is not in the RKHS. In this case our main aim is to find a function that is

the “most similar” to the original one.

3.1 Interpolation in RKHS

We will discuss the existence and uniqueness of an interpolant in an RKHS.

Definition 3.1.1 (Interpolation) Let X,Y be two nonempty sets. For a given set of

distinct points {x1, . . . , xn} ⊆ X and the values {λ1, . . . , λn} ⊆ Y, a function g : X → Y

is said to be an interpolant if g(xi) = λi, for all i = 1, . . . , n. The subset {x1, . . . , xn} ⊆

X is often called the set of data points.

Theorem 3.1.2 (Uniqueness) Let X andH be an RKHS on X. Let E = {x1, . . . , xn} ⊆

X be a finite collection of distinct points and {λ1, . . . , λn} ⊆ C be values. Assume

∃g ∈ H such that g(xi) = λi, ∀i = 1, . . . , n. Then PE(g) is the unique interpolant
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of minimum norm where PE : H → HE is the orthogonal projection onto HE B

span{kx1 , . . . kxn}.

Proof. Let HE B span{kx1 , . . . kxn}. Observe that HE ⊆ H and HE is a closed sub-

space of H since HE is finite dimensional. Then H has the form H = HE
⊕
H⊥E .

Hence defining such a projection operator is meaningful. Let PE : H → HE be the

orthogonal projection ontoHE. Let u ∈ H⊥E . By the reproducing property and u ⊥ kxi ,

u(xi) = ⟨u, kxi⟩ = 0 ∀i = 1, . . . , n. Conversely, if 0 = u(xi) = ⟨u, kxi⟩ ∀i = 1, . . . , n then

u ∈ H⊥E because kxi ∈ HE ∀i = 1, . . . , n. Therefore, i = 1, . . . , n

PE( f )(xi) = f (xi)

for any f ∈ H .

Now assume g1, g2 ∈ H such that g1(xi) = λi and g2(x j) = λ j ∀i, j = 1, . . . , n. By the

observation above ∀i, j = 1, . . . , n

g1(xi) − g2(x j) = ⟨g1, kxi⟩ − ⟨g2, kxi⟩ = ⟨g1 − g2, kxi⟩ = 0

the function (g1 − g2) is in the null space of PE ( (g1 − g2) ∈ H⊥E ), that is there can

be more than one interpolant such that g1(xi) = g2(x j) ∀i, j = 1, . . . , n. Thus, for

h ∈ H⊥E the functions in the set of solutions of the interpolation problem are in the

form g(xi) = (g + h)(xi) ∀i = 1, . . . , n. Notice that PE(g) is also in the set of solutions.

Then ∀i = 1, . . . , n

PE(g)(xi) = g(xi) = (g + h)(xi).

Since PE(H) , {0} and the projection operator is bounded by norm 1

∥PE(g)∥ = ∥PE(g + h)∥ ≤ ∥g + h∥.

Therefore PE(g) has the minimum norm among all the other solutions.

Uniqueness of the interpolant follows immediately from the uniqueness of the projec-

tion operator. □

Now we will give an important theorem which turns the interpolation problem to a

linear algebra problem in an RKHS.
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Theorem 3.1.3 (Existence of Interpolation in an RKHS) Let H be an RKHS on X

with RK K. Given a set E = {x1, . . . , xn} ⊆ X of distinct points and {λ1, . . . , λn} ⊆ C,

there exists an interpolant g ∈ H if and only if the vector v = (λ1, . . . , λn)T lies in the

range of the matrix (K(xi, x j))n
i, j=1.

In addition, ifω = (α1, . . . , αn)T is a vector satisfying the equation (K(xi, x j))n
i, j=1ω = v

then the interpolant given by the formula

h =
n∑

i=1

αikxi

is of minimum norm inH . Moreover, ∥h∥2 = ⟨v, ω⟩.

Proof. (⇒:) Assume that a function g ∈ H that interpolates the values exists. Then

by the previous Theorem 3.1.2 PE(g) is the solution having minimal norm and it is

PE(g) =
n∑

i=1

βikxi

for some scalars β1, . . . , βn. Then for all i = 1, . . . , n

λi = g(xi) = PE(g)(xi) =
n∑

j=1

β jkx j(xi).

Therefore

v =
( n∑

j=1

β jkx j(xi)
)n

i=1
=



kx1(x1) kx2(x1) · · · kxn(x1)

kx1(x2) kx2(x2) · · · kxn(x2)
...

. . .
...

kx1(xn) kx2(xn) · · · kxn(xn)





β1

β2
...

βn


= (K(xi, x j))n

i, j=1ω1

where ω1 = (β1, . . . , βn)T is the solution of the linear algebra problem

(K(xi, x j))n
i, j=1ω = v. (3.1)

(⇐:) Now assume that v is in the range of the kernel matrix (K(xi, x j))n
i, j=1, that is there

exists a solution ω1 = (β1, . . . , βn)T of the matrix-vector equation v = (K(xi, x j))n
i, j=1ω.

Reversing the discussion above by assuming the vector ω = (α1, . . . , αn)T satisfies the

equation (K(xi, x j))n
i, j=1ω = v and defining a function h =

∑n
j=1 α jkx j , one can easily

see that h is inH and an interpolation function there.
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In addition, considering (K(xi, x j))n
i, j=1ω = v = (K(xi, x j))n

i, j=1ω1 one sees that

(K(xi, x j))n
i, j=1ω − (K(xi, x j))n

i, j=1ω1 = (K(xi, x j))n
i, j=1(ω − ω1) = 0

therefore ω − ω1 ∈ ker(K(xi, x j))n
i, j=1. Then

∑n
j=1(α j − β j)kx j = 0 whence

n∑
j=1

α jkx j =

n∑
j=1

β jkx j = PE(g).

Thus by calling
∑n

j=1 α jkx j = h, h will be the interpolation function of minimum norm

inH .

Moreover, once the solution of the linear algebra problem (3.1) is found, the norm of

h can easily be found from

∥h∥2 =
〈 n∑

j=1

α jkx j ,

n∑
i=1

αikxi

〉
=

n∑
j=1

α jαi⟨kx j , kxi⟩

=

n∑
j=1

α jαiK(xi, x j) =
〈
(K(xi, x j))n

i, j=1ω,ω
〉
= ⟨v, ω⟩.

□

Note that in the case of the kernel matrix (K(xi, x j))n
i, j=1 is invertible, the solution h

of the interpolation problem is readily found by h =
∑n

i=1 αikxi where (α1, . . . , αn)T =

ω = ((K(xi, x j))n
i, j=1)−1v which is the solution of the linear algebra problem.

3.1.1 Fully Interpolating RKHS

Recall that a matrix is strictly positive if and only if it is positive semidefinite and

invertible. In this part, we will see without giving any proof that when an RK is strictly

positive there is an easy way to find the interpolating function having minimum norm.

Theorem 3.1.4 For given a nonempty set X and a kernel function K : X ×X → C the

following statements are equivalent.

I. K > 0.

II. Let ∀n, {x1, . . . , xn} ⊆ X be any set of distinct points. Then the kernel functions

kx1 , . . . , kxn are linearly independent.
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III. Let ∀n, {x1, . . . , xn} ⊆ X be any set of distinct points, and {α1, . . . , αn} ⊆ C be

any set which is not all zero. Then ∃ f ∈ H , whereH is the RKHS of K resulting

from theorem 2.2.3 satisfying α1 f (x1) + · · · + αn f (xn) , 0.

IV. Let ∀n, {x1, . . . , xn} ⊆ X be any set of distinct points. Then ∃g1, . . . , gn ∈ H with

gi(x j) =


1 i = j

0 i , j.

A collection of functions that meets the condition specified in last statement of the

theorem above is commonly referred to as a partition of unity for the set {x1, . . . , xn}.

Definition 3.1.5 An RKHS is said to be fully interpolating if one of the equivalent

conditions of Theorem 3.1.4 is satisfied.

The way of finding such a partition of unity is to consider the set {x1, . . . , xn} and the

invertible RK P = (K(xi, x j))n
i, j=1. By letting P−1 = (bi, j)n

i, j=1 = B with the columns of

B ω j, j = 1, . . . , n and taking the standard basis e j, j = 1, . . . , n for C we see that for

every j = 1, . . . , n, the columns of B are the unique vectors ω j, which are solutions to

e j = Pω j. Suppose we set

g j =

n∑
j=1

bi, jkx j

then g j(xi) =
∑n

j=1 bi, jkx j(xi) =
∑n

j=1 bi, j⟨kx j , kxi⟩ = ⟨
∑n

j=1 bi, jkx j , kxi⟩ = δi, j where δi, j

refers to the Dirac’s delta function. Thus g j’s constitute a partition of unity for given

points x j, j = 1, . . . , n. Hence once a partition of unity for the points {x1, . . . , xn} is

obtained then the interpolation function f in the RKHS is unique with the minimum

norm and can be written easily in the form

f =
n∑

j=1

λ jg j.

Note that this is a specific partition of unity and called canonical partition of unity.

3.2 Best Least Squares Approximant

When the vector v = (λ1, . . . , λn)T is not in the range of the kernel matrix (K(xi, x j))n
i, j=1

e.g. in the case when the matrix (K(xi, x j))n
i, j=1 is not invertible, the solution of the in-
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terpolation problem may not exist in the RKHS. However, the problem of finding a

function that “best resembles” to the interpolant can still be turned to a linear algebra

problem and still be found in the RKHS.

Definition 3.2.1 (Best Least Squares Approximant) A function closest to the inter-

polant of minimum norm and making the least square error, J( f ) =
∑n

i=1 | f (xi) − λi|
2,

minimum is said to be the best least squares approximant.

The function J( f ) =
∑n

i=1 | f (xi) − λi|
2 is also often called loss. The following the-

orem is frequently called the existence and uniqueness of the best least squares ap-

proximant. It shows how the problem of finding a best least squares approximant

reduces to a linear algebra problem and that the problem has a simple form of solu-

tion. In the following N(Q) = {u ∈ Cn | Qu = 0} denotes the null space of Q and

R(Q) = {Qω ∈ Cn | ω ∈ Cn} refers to the range of Q.

Theorem 3.2.2 Given an RKHS H on X with RK K. Let E = {x1, . . . , xn} ⊆ X

be a set of distinct points, {λ1, . . . , λn} ⊆ C and let Q = (K(xi, x j))n
i, j=1. Then a vector

ω = (α1, . . . , αn)T ∈ Cn exists satisfying that (v−Qω) ∈ N(Q) where v = (λ1, . . . , λn)T .

Here Qω is the orthogonal projection P of v onto the range of Q. Moreover, in this

case the function g given by the formula

g =
n∑

i=1

αikxi

makes the least square error minimum and is unique with the minimum norm amongst

all least square error-minimizing functions inH .

Proof. First notice that there may exist some matrices Q such that N(Q) , {0}.

Let v = (λ1, . . . , λn)T . By Theorem 3.1.3 for any f ∈ H there exists vector ω =

(α1, . . . , αn)T ∈ Cn such that Qω = f ; i.e. we have

Qω =



kx1(x1) · · · kxn(x1)

kx1(x2) · · · kxn(x2)
...

. . .
...

kx1(xn) · · · kxn(xn)





α1

α2
...

αn


=



α1kx1(x1) + · · · + αnkxn(x1)

α1kx1(x2) + · · · + αnkxn(x2)
...

α1kx1(xn) + · · · + αnkxn(xn)


=



f (x1)

f (x2)
...

f (xn)


.
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Thus one gets J( f ) =
∑n

j=1 | f (x j)− λ j|
2 = ∥Qω− v∥2. The norm ∥Qω− v∥ which is the

distance from the point v to the set R(Q) is the smallest if ω is chosen as in the state-

ment of the theorem, sinceR(Q) is complete and convex since it is a finite dimensional

vector space in Cn. It follows that by the projection theorem, see Appendix A.0.5,

there exists a vector ω = (α1, . . . , αn)T ∈ Cn such that PR(Q)v = Qω where PR(Q) is the

orthogonal projection of H onto R(Q). Therefore we see that Cn = R(Q)
⊕
R(Q)⊥

then v = Qω
⊕

(v − Qω), hence Q(v − Qω) = 0, i.e. (v − Qω) ∈ N(Q).

Assume there is another vector ω′ = (α′1, . . . , α
′
n)T ∈ Cn such that PR(Q)v = Qω′. So

Qω = Qω′ which implies that Q(ω − ω′) = 0, ω − ω′ ∈ N(Q). Hence

α1kx1(x1) + · · · + αnkxn(x1)

α1kx1(x2) + · · · + αnkxn(x2)
...

α1kx1(xn) + · · · + αnkxn(xn)


=



α′1kx1(x1) + · · · + α′nkxn(x1)

α′1kx1(x2) + · · · + α′nkxn(x2)
...

α′1kx1(xn) + · · · + α′nkxn(xn)


=



g(x1)

g(x2)
...

g(xn)


= PR(Q)v

and g is the unique solution with the minimum norm since here indeed f is pro-

jected onto the span of the kernel functions kx1 , . . . , kxn which keeps the value of f at

x1, . . . , xn and does not increase the norm of f , so the norm of g is minimum. □

Now a natural question is how to find such a best least squares approximant. To find

it we can give a method by summarizing this chapter. Let v = (λ1, . . . , λn)T ∈ Cn and

distinct points x1, . . . , xn ∈ X , ∅ be given. The best least squares approximant is

the solution of the approximation problem of finding a function f that is nearest to

the interpolant. In this sense, the method is to find the function f such that the least

square error

J( f ) =
n∑

i=1

| f (xi) − λi|
2

is minimized. The method naturally offers the optimization problem

min f∈H J( f ) = min f∈H

n∑
i=1

| f (xi) − λi|
2

here H refers to an RKHS, and is called the method of the least square errors. The

method of the least squares is among the most traditional statistical techniques. This

minimization problem is over an RKHS H , and the solution function f ∈ H will be

in the form

f =
n∑

j=1

α jkx j (3.2)
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where kx1 , . . . , kxn are kernel functions and ω = (α1, . . . , αn)T ∈ Cn. In this form, the

unknowns are α j, j = 1, . . . , n. As shown in Theorem 3.2.2, the vector ω is obtained

by solving the linear algebra problem Pv = Qω where P = PR(Q), Q = (K(xi, x j)n
i, j=1)

and ω ⊥ N(Q). Hence the problem of finding the best least squares approximant

eventually becomes a linear algebra problem, in other words the method is reduced to

solving a linear algebra problem in an RKHS. Furthermore if the matrix Q is invert-

ible then the least square error is 0 and interpolant is in the form (3.2). To find the

interpolant, we solve the problem v = Qω. When Q is not invertible the solution will

be again in the form (3.2) but in this case we find the best least squares approximant

by solving the problem Pv = Qω.
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CHAPTER 4

APPLICATIONS OF RKHS TO STATISTICS AND MACHINE

LEARNING

4.1 The Kernel Trick

Kernel trick which is also called kernelization is a very useful method to turn nonlinear

functions in the existence space into linear functions in a space of higher dimension.

As we will see, the kernel trick enables one to treat nonlinear functions in Rp as linear

functions in Rp+m, where p,m ≥ 1. Thus some nonlinear problems reduces to linear

problems. This kernel trick is just a particular example of pull-back which is applied

by a map called the feature map ϕ. The notion of pull-back is described briefly in

Appendix B.1.

Definition 4.1.1 A function ϕ : X → L is called a feature map where X is a nonempty

set and L is a Hilbert space.

4.2 Finding the Best Least Squares Approximant in RKHS

In this section, we find the best least squares approximant among all linear functionals,

all affine functions on Rp, and all polynomials on R.

35



4.2.1 Over All Linear Functionals on a Hilbert Space

Consider the space all linear functionals on Rp. In Proposition 2.4.5, it is obtained

that all bounded linear functionals on a Hilbert space L construct an RKHS H on

X = L, whose kernel function is the inner product on L (i.e. H = L′, L′ is the dual

of L). Since X = L = Rp, we haveH = L′ = Rp.

Let g ∈ H be the best least squares approximant of minimum norm of the problem

min f∈H J( f ) = min f∈H

n∑
i=1

| f (xi) − λi|
2.

Recall that any f ∈ H had the form f (x) = ⟨x, u⟩, ∀x ∈ Rp where u ∈ Rp (reproducing

property). By the proof of Proposition 2.4.5, H has the kernel function for the point

x, kx = fx so the solution g ∈ H is of the form

g =
n∑

i=1

αikxi =

n∑
i=1

αi fxi .

The only unknowns here are αi’s i = 1, . . . , n. To find them use the linear algebra

problem Pv = Qω where P is orthogonal projection onto the R(Q), v = (λ1, . . . , λn)T ,

Q is the kernel matrix of K and ω is orthogonal to the N(Q) as in Theorem 3.2.2.

Suppose the solution of Pv = Qω is found to be z = (α′1, . . . , α
′
n)T with z ⊥ N(Q). It

follows that ∀x ∈ Rp,

g(x) =
n∑

i=1

α′i fxi(x) =
n∑

i=1

α′i⟨x, xi⟩ =

〈
x,

n∑
i=1

α′i xi

〉
= ⟨x, u⟩.

Thus, u =
∑n

i=1 α
′
i xi and hence the best least squares approximant g is found by just

solving Pv = Qω.

4.2.2 Over All Affine Functions in an RKHS

Let X = Rp and let f : X → R be an affine function. Note that any affine function

on X can be written as f (x) = ⟨x, ω⟩ + a where ω ∈ Rp, a > 0. Consider the space

of all affine functions f on Rp, sayA. Let us identify the affine function f ∈ A to be

f B fω,a.
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Let ϕ : X → Y where Y = Rp
⊕

R be an embedding map defined by ϕ(x) = (x, 1).

Then for any x ∈ X

fω,a(x) = ⟨x, ω⟩Rp + a = ⟨(x, 1), (ω, a)⟩Rp+1 = ⟨ϕ(x), (ω, a)⟩Rp+1 = gω,a(ϕ(x)) (4.1)

where g is in the space of all bounded linear functionals on Y restricted to ϕ(Rp) ⊂

Rp+1.

We know that on Y there is an RKHS (Rp+1)′ by Proposition 2.4.5. Assume that Hϕ

is the space of all bounded linear functionals on Rp+1 restricted to ϕ(Rp) ⊂ Rp+1. By

pull-back of K′(x, y) = ⟨ϕ(x), ϕ(y)⟩Rp+1 = ⟨x, y⟩Rp + 1, see Appendix B.1, the space

A is the RKHS on Rp+1 restricted to ϕ(Rp) ⊂ Rp+1. Therefore, the problem of mini-

mization of J( f ) over all affine functions on Rp (overA) reduces to the minimization

problem of the loss function over all linear functionals on ϕ(Rp) ⊂ Rp+1 (overHϕ ).

The problem

min f∈AJ( f ) = min f∈A

n∑
i=1

| f (xi) − λi|
2 (4.2)

is equivalent to the problem

ming∈Hϕ J( f ) = ming∈Hϕ

n∑
j=1

|g(ϕ(x j)) − λ j|
2. (4.3)

Considering the problem (4.3) we see that we have turned to the previous case of linear

functional that is the nonlinear least square error problem (4.2) turns to a linear least

square error problem (4.3). Thus solution of (4.3) is obtained by the linear algebra

problem Pv = Qω as in Section 4.2.1 where Q is the (kernel) matrix corresponding to

the points x1, . . . , xn, i.e. Q = (K′(xi, x j))n
i, j=1 = (⟨xi, x j⟩ + 1)n

i, j=1. Assume the solution

of this problem is found to be z = (α1, . . . , αn)T . Then any affine function fω,a ∈ A

can be written by the kernel functions

fω,a =
n∑

j=1

α jkϕ(x j).

It follows that

fω,a(x) = ⟨ϕ(x), (ω, a)⟩ =
n∑

j=1

α jkϕ(x j)(ϕ(x)) =
〈
(ϕ(x)),

n∑
j=1

α jϕ(x j)
〉

and one gets (ω, a) =
∑n

j=1 α jϕ(x j). Therefore ω =
∑n

j=1 α jx j and a =
∑n

j=1 α j since

ϕ(x) = (x, 1). Hence the problem of optimization over nonlinear affine functions is
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solved by the kernel trick which allows to considersA asHϕ and thus by solving the

corresponding linear algebra problem.

4.2.3 Over All Polynomials in an RKHS

Consider E = {x1, . . . , xn} ⊂ X = R be data points, {λ1, . . . , λn} ⊂ R be values and let

d be a fixed integer. In this case the objective is to find a polynomial f : X → R that

makes the loss J( f ) =
∑n

i=1 | f (xi) − λi|
2 minimum over an RKHS of all polynomials

of degree at most d. Consider the space of all polynomials of degree d on R. Assume

d + 1 < n since there can always be found a function that makes the loss 0 when

d ≥ n − 1 for any n ≥ 1.

To be able to see the space of all polynomials as an RKHS of linear functionals, we

apply the kernel trick as before in the affine case. Let ϕ : X → Rd+1 be the embedding

map given by ϕ(x) = (1, x, . . . , xd). For a vector ω = (ω0, . . . , ωd) ∈ Rd+1, any

polynomial f identified as f B fω on X can be written

fω(x) = ω0 + · · · + ωd xd = ⟨(1, . . . , xd), (ω0, . . . , ωd)⟩ = ⟨ϕ(x), (ω0, . . . , ωd)⟩ = g(ϕ(x))

(4.4)

∀x ∈ X. Here g : Rd+1 → R is the linear functional of inner product against

(ω0, . . . , ωd). This shows that by the feature map ϕ the space of all polynomials of

degree at most d on X is equal to the space of all linear functionals on Rd+1 restricted

to ϕ(X).

By the Corollary in Appendix B.1, the space of all polynomials of degree at most d is

the pull-back of the RKHS of all bounded linear functionals on Rd+1 along ϕ. Thus

we are able to see the space of nonlinear functions as the space of linear functions by

(4.4), that is the space of all polynomials of degree at most d on X is the RKHS on X.

The kernel function of the RKHS is K(x, y) = K′(ϕ(x), ϕ(y)) = ⟨ϕ(x), ϕ(y)⟩Rd+1 for all

x, y ∈ R and so the kernel function of the RKHS of all polynomials of degree at most

d on R is given by K(x, y) = ⟨ϕ(x), ϕ(y)⟩Rd+1 = 1 + xy + · · · + (xy)d.

Now we can consider the problem of finding the best least squares approximant over

all linear functionals on Rd+1 restricted to ϕ(X) instead of polynomials of degree at
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most d on R. The problem of minimization of the loss becomes

J( f ) =
n∑

j=1

|g(ϕ(x j)) − λ j|
2

over all linear functionals on ϕ(X) ⊂ Rd+1 hence it reduces to linear least squares

problem. Hence the solution can be found by the linear algebra problem Pv = Qω as

considered in the previous Sections of this chapter with the only difference the n × n

matrix Q = (K(ϕ(xi), ϕ(x j)))n
i, j=1 = (⟨ϕ(xi), ϕ(x j)⟩)n

i, j=1.

The polynomial solution of the minimization problem is

fω =
n∑

j=1

α jkϕ(x j)

where

ω =

n∑
j=1

α jϕ(x j) =α1ϕ(x1) + · · · + αnϕ(xn)

=α1(1, x1, . . . , xd
1) + · · · + αn(1, xn, . . . , xd

n)

=((α1 + · · · + αn), (α1x1 + · · · + αnxn), . . . , (α1xd
1 + · · · + αnxd

n))

and z = (α1, . . . , αn) is the solution the linear algebra problem Pv = Qω with z ⊥

ker(Q).

Note that all these three cases considered when the matrix Q is not invertible, i.e. the

vector (v − Qω) ∈ N(Q). When the matrix is invertible there will be a function in the

RKHS such that the loss is 0. Also, for the map ϕ : X → Y where Y = L is a Hilbert

space, the kernel function KY(ϕ(x), ϕ(y)) is on ϕ(X) ⊆ L and K(x, y) is on X and the

relation between the two positive semidefinite kernels is K(x, y) = KY(ϕ(x), ϕ(y)) by

the Proposition B.1.1 in the Appendix. It follows that

K(x, y) = KY(ϕ(x), ϕ(y)) = ⟨ϕ(x), ϕ(y)⟩L

since there occurs an RKHS on Y = L with the kernel KY(u, v) = ⟨u, v⟩L.

4.3 The Representer Theorem

We have seen that the loss function is of the form J( f ) =
∑n

i=1 | f (xi) − λi|
2. However

it can be considered in a more general form, and solution of the general form under

39



mild assumptions is again in an RKHS and given by a linear combination of kernel

functions. The application of a loss or penalty function and functional approximation

are common in statistical results.

Let E = {x1, . . . , xn} be a subset of X , ∅. Consider the optimization problem

min f∈HW(∥ f ∥2H) + L( f (x1), . . . , f (x2)) (4.5)

where H is a Hilbert space, W is a monotonically increasing function and L is a loss

function. We will specify the assumptions on the functions L later. Indeed the term

W(∥ f ∥2H) is added to overcome the problem of overfitting the data to the problem of

minimization of the loss. A function overfits data if it makes a good prediction on the

existing data and is not good while classifying the new data.

We will show that the existence and uniqueness of a form the Representer Theorem.

but first recall the definition of a convex function. Letting x, y ∈ S , ∅, if for any

0 < α < 1 we have αx + (1 − α)y ∈ S , S is called a convex set. A real valued

function L is said to be convex if for any 0 < α < 1, the inequality L(αx + (1 − α)y) ≤

αL(x) + (1 − α)L(y) holds for all x, y ∈ S .

Theorem 4.3.1 If L is a convex function then the solution of the problem

min f∈H J( f ) = ∥ f ∥2H + L( f (x1), . . . , f (xn))

exists and unique.

Proof. To show that the solution is unique, we use a classical idea in the theory of

Hilbert space and convexity of L. Let L be convex on a Hilbert space H. To make the

notation simpler, we will write L( f ) = L( f (x1), . . . , f (x2)). Let f , g ∈ H be solutions

i.e. f , g ∈ H makes J( f ) minimum. Then we have ∥ f ∥2H + L( f ) ≤ ∥ f+g
2 ∥

2
H + L( f+g

2 ) and

by the same idea ∥g∥2H + L(g) ≤ ∥ f+g
2 ∥

2
H + L( f+g

2 ). By adding these two inequalities and

dividing by 2 we get

∥ f ∥2H + ∥g∥
2
H

2
+

L( f ) + L(g)
2

≤ ∥
f + g

2
∥2H + L

( f + g
2

)
.

Rearranging the inequality

1
2
∥ f ∥2H +

1
2
∥g∥2H ≤

1
2

L( f ) +
1
2

L(g).
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Recalling the parallelogram law (∥ f + g∥2 + ∥ f − g∥2 = 2(∥ f ∥2 + ∥g∥2)) one gets

0 ≤ ∥
1
2

( f − g)∥2H ≤
1
2

L( f ) +
1
2

L(g) −
1
2

L( f ) −
1
2

L(g) = 0

it follows that f − g = 0 ⇐⇒ f = g. □

Note that the result is still true when the norm of f in Theorem 4.3.1 is replaced by

c∥ f ∥2H for some constant c.

By using the representer theorem, we can work directly with the kernel function in-

stead of direct computation of the feature map. Because under reasonable assumptions

of the theorem below the solution to the problem in (4.5) above is the linear combina-

tion of kernel functions kx1 , . . . , kxn . Thus the general problem (4.5), possibly infinite

dimensional by nature becomes finite dimensional.

Theorem 4.3.2 (A Form of the Representer Theorem) Let H be an RKHS on X.

Let the function W : R → R is monotonically increasing, the function L : Rn → R is

continuous. If there exists a function f ∗ = in f f∈H J( f ) where

J( f ) = W(∥ f ∥2
H

) + L( f (x1), . . . , f (xn))

then f ∗ is in the span of kernel functions of H, i.e.

f ∗ =
n∑

j=1

αikxi

for some constants α1, . . . , αn ∈ C.

Proof. Let x1 . . . , xn ⊂ X. Suppose S = span{kx1 , . . . , kxn}. Let f ∗ = g+h ∈ H , where

g ∈ S and h ∈ S ⊥. We show that h = 0. By the reproducing property

h(x j) = ⟨h, kx j⟩ = 0

for all j = 1, . . . , n since h ∈ S ⊥ and kx j ∈ S . Then since g and h are orthogonal

J( f ∗) = J(g + h) =W(∥g + h∥2
H

) + L((g + h)(x1), . . . , (g + h)(xn))

=W(∥g∥2
H
+ ∥h∥2

H
) + L((g + h)(x1), . . . , (g + h)(xn)).

Furthermore, one has J(g) = W(∥g∥2
H

)+L(g(x1), . . . , g(xn)). Since W is monotonically

increasing we get J( f ∗) ≥ J(g). Assume J( f ∗) > J(g). But this contradicts with the
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assumption that f ∗ = in f f∈H J( f ). Hence J( f ∗) = J(g), therefore ∥h∥2 = 0 ⇐⇒ h =

0. □

The theorem shows that when there is a solution f of the general form of the opti-

mization problem over the possibly infinite dimensional RKHS, the solution is again

in the finite dimensional space spanned by the kernel functions of x1 . . . , xn i.e.

f =
n∑

j=1

α jkx j .

4.4 The Kernel Method

The kernel method can be described as a composition of ideas demonstrated in this

last chapter. The concepts of feature maps, prediction and optimization in the theory

connect the ideas. Feature maps are a key to bring the problems to an RKHS. By a

feature map ϕ : X → L where L is a Hilbert space, a kernel on X is induced via

K(x, y) = ⟨ϕ(x), ϕ(y)⟩ so by the pull-back construction, an RKHS is formed on X.

In this sense, the elements of that RKHS is said to be predictors. The advantages of

this method are that some problems are linearized and some optimization problems

over possibly infinite dimensional RKHS of predictors are frequently turned to finite

dimensional linear algebra problems including the matrix Q = (K(xi, x j))n
i, j=1.

A prediction is the result of an algorithm that was trained using historical data. Pre-

diction problems are the problems of finding a function f : X → Y that performs well

on the available data and makes accurate predictions for new data. Many statistical

models include prediction problems. Y might be an interval or be a finite set of points.

In the case of Y is an interval the problem of prediction is called the regression prob-

lem, when Y = {y1, . . . , ym} it is said to be the classification problem. In classification

problems, the values within Y may constitute different collections called classes. Gen-

eral way of making prediction is that the predictor f assigns a yi value to the new data

x and then it is predicted that x belongs to the i-th class of Y , that is we determine the

class of the data not in the given data. This study concerns the classification problems

where Y has two finite classes subset of R.

Optimization is the process of determining the maximum or minimum value of a
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given real-valued function. Some prediction or classification problems reduce to op-

timization problems, as we have seen as minimization of the loss, over an RKHS of

functionals on a nonempty set X.

4.5 The Problems of Classification and Geometric Separation

In this part, we will mention shape recognition, one of the most basic problems in

machine learning and it introduces the concept of linear separation. In this thesis we

will consider a concrete case.

Let S ⊆ R2. Consider S to be a fixed shape which is not known such as ellipse or

more generally a conic section. Let {x1, . . . , xn} be points in R2 and assume that xi’s

are inside the shape S and others are outside S . Our purpose is to give a considerably

nice guess for the shape of S . To do this we first consider the boundary of S as graph

of a function g belonging to a particular set of functions. Set S = {x = (α, β) ∈ R2 |

g(x) < 0} for some g of the form g(x) = a + bα + cβ + dα2 + eβ2 where x = (α, β).

Define a feature map ϕ : X = R2 → R5 by ϕ(x) = (1, α, β, α2, β2) where x = (α, β)

and so for the vector u = (a, b, c, d, e) ∈ R5, the predictor function can be written by

g(x) = ⟨ϕ(x), u⟩.

This is similar to the problem we had with least squares problems before. We had

obtained a linearized problem by getting an RKHS created by a pull-back embedding

ϕ on Rp with the kernel K(x, y) = ⟨ϕ(x), ϕ(y)⟩. In this sense, if we take p = 2 we

get an RKHS of predictors on X, namely H = {g : X → R | g(x) = ⟨ϕ(x), u⟩}. H

contains all circles, ellipses in X = R2 and many other functions. For example if our

problem was to find a circle which resembles the most to S , then a constraint in the

form u4 = u5, u2
2 + u2

3 − 4u2
1 > 0, which increases the complexity, would have added to

the optimization problem.

Instead, to predict g try to get information using S . Choose some points {x1, . . . , xn} ⊂

R2 and then ask an oracle whether or not the points are inside or outside S . Then label

data points to be λi = −1 if xi ∈ S and λi = 1 if xi < S , indeed one has λi = sign(g(x))

because S is defined when x ∈ S , g(x) < 0.
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Let X− = {xi ∈ R2 | xi ∈ S } and X+ = {xi ∈ R2 | xi < S }. Now we are in search

of a function f such that sign( f (x)) < 0 at xi with λi = −1 and sign( f (x)) > 0 at

the remaining data xi with λi = 1. Thus the problem of finding the shape of S f was

reduced to finding a vector u ∈ R5 such that f (x) = ⟨ϕ(x), u⟩ by the feature map and

divided into two parts

f (xi) = ⟨ϕ(xi), u⟩ < 0

on X− and on X+

f (xi) = ⟨ϕ(xi), u⟩ > 0

i.e. two sets ϕ(X−) and ϕ(X+) are separated by a hyperplane determined by u. Hence

the problem boils down to finding the point at which a hyperplane in a Hilbert space

separates two sets of points, and when this occurs. If there is such a hyperplane it can

be shown that there are infinitely many.
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Appendix A

Hilbert Space

Definition A.0.1 (Schauder Basis) Let X be a normed space. A sequence (en)n≥1 ∈

X with the property for every x ∈ X there exists a unique sequence of numbers (αn)n≥1

such that as n→ ∞

∥x − α1e1 + · · · + αnen∥ → 0

is called a Schauder basis for X.

In addition, any x ∈ X can be written as x =
∑∞

n=1 αnen and the expression
∑∞

n=1 αnen

is said to be the expansion of x with respect to (en)n≥1.

Theorem A.0.2 Let X be a normed space and Y ⊆ X be a finite dimensional sub-

space. Then Y is closed.

Theorem A.0.3 For a normed space X and a finite dimensional subspace Y of X, Y

is complete. Specifically, all normed spaces with finite dimension are complete.

Theorem A.0.4 Let X be an inner product space and ∅ , M ⊂ X. If M is convex,

complete in the metric induced by the inner product then for every given x ∈ X there

exists a unique vector y ∈ M such that

in fỹ∈M∥x − ỹ∥ = ∥x − y∥.

Theorem A.0.5 Let H be a Hilbert space and Y be a closed subspace of H. Then

H = Y
⊕

Y⊥ where Y⊥ is the orthogonal complement of Y.
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Definition A.0.6 For a Hilbert space H and its closed subspace Y the linear operator

P : H → Y given by x 7→ y = Px is called (orthogonal) projection of H onto P.

Theorem A.0.7 (Bounded Linear Extension) Let T : D(T ) → Y be a bounded

linear operator where D(T ) ⊆ X is a vector space, X is a normed space and Y is a

Banach space. Then T has an extension T̃ from the closure of the domain,D(T ) to Y

which is bounded linear and the norms of T and T̃ are the same i.e. ∥T∥ = ∥T̃∥.

For further information and detailed explanations, the book [11] can be revised.
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Appendix B

Pull-Back

The following theorem given without proof states the characterization of the elements

of an RKHS.

Theorem B.0.1 (Characterization of Elements ofH(K) by K) For a given RKHS

H on X with RK K and a function f : X → C the following conditions are equivalent:

I. f inH;

II. ∃c ≥ 0, such that for any E = x1, . . . , xn ⊆ X there exists a function h ∈ H

having the norm ∥h∥ ≤ c and h equals to f at any x j, j = 1 . . . , n f (x j) = h(x j);

III. ∃c ≥ 0, such that the function c2K(x, y)− f (x) f (y) ≥ 0 i.e. is a positive semidef-

inite kernel.

In addition, when f ∈ H , ∥ f ∥ is the least c satisfying both ∥h∥ ≤ c and c2K(x, y) −

f (x) f (y) ≥ 0.

B.1 The Pull-Back

Let X , ∅ with the subset S ⊆ X and let K : X × X → C be a kernel function.

Then the restriction of K on S K|S×S : S × S → C, often denoted as K|S , is also a

kernel function. As expected, there is a relation between the K and K|S and that will

be shown for a more general case in the following by Proposition B.1.1 below.

Let φ : S → X be a function. Then K ◦ φ : S × S → C is another function defined by
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K ◦ φ(s, t) B K(φ(s), φ(t)), here the function K ◦ φ is actually of the form K ◦ (φ× φ).

Then K(φ(s), φ(t)) = K(x, y) for some x, y ∈ X.

We wonder if K ◦ φ is a kernel function for any φ. We will now consider this in two

cases. When φ is one to one, by identifying each xi with φ(si) ∀i = 1, . . . , n we see that

{x1, . . . , xn} = {φ(s1), . . . , φ(sn)} ⊆ X and so the definition of a positive semidefinite

kernel is automatically satisfied by the positive semidefiniteness of K on X. If φ is

any function, K ◦ φ is also a positive semidefinite kernel which will be shown in the

following proposition.

Proposition B.1.1 Let X , ∅, S , ∅ be two nonempty sets and let K : X × X → C be

a kernel function. Then for any function φ : S → X, the function K ◦ φ : S × S → C

is a kernel.

Proof. Let n ≥ 1, {s1, . . . , sn} ⊆ S be a subset and complex scalars (αi)n
i=1 be given.

It is needed to be shown that for any n ≥ 1, choice of {s1, . . . , sn} ⊆ S , and for any

(αi)n
i=1 ∈ C,

∑n
i, j=1 α jαiK(φ(si), φ(s j)) ≥ 0. Start with identifying the points in X and

the images of φ as {x1, . . . , xp} = {φ(s1), . . . , φ(sn)} where n ≥ p. Then define

Ak B {i | φ(si) = xk}, βk B
∑
i∈Ak

αi.

Considering {x1, . . . , xp} = {φ(s1), . . . , φ(sn)} and the definition of Ak one obtains

n∑
i, j=1

α jαiK(φ(si), φ(s j)) =
n∑

k,l=1

∑
i∈Ak

∑
j∈Al

α jαiK(xi, x j) =
n∑

k,l=1

βlβkK(xi, x j) ≥ 0.

Therefore, desired result is obtained since K is p.s.d on X. □

The following theorem, given without proof explains the connection between the

RKHSs on X and S generated by the kernel functions K and K ◦ φ, respectively.

Theorem B.1.2 (Pull-Back) For two given nonempty sets S , X, a given function φ :

S → X and a given kernel function K : X × X → C, any element in H(K ◦ φ)

is of the form f ◦ φ where f ∈ H and the norm of any u = f ◦ φ ∈ H(K ◦ φ)

which can be written by different f ∈ H is the minimum norm of such f ’s, that is

∥u∥H(K◦φ) = min{∥ f ∥H | u = f ◦ φ}.
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Corollary B.1.3 (Restriction) Let X , ∅ with S ⊂ X. Let K be a kernel function on

X. If K|S denotes to restriction of K on S then K|S is a positive semidefinite kernel on

S . A function h ∈ H(K|S ) if and only if h = f |S for f ∈ H(K). Furthermore, for any

u ∈ H(K|S ), ∥u∥H(K|S ) = min{∥ f ∥H(K) | u = f |S }.

Definition B.1.4 (Pull-Back) Let X and S be nonempty sets, let φ : S → X be any

function and let K : X × X → C be a kernel function. Then the RKHS, H(K ◦ φ),

produced by K ◦ φ is said to be pull-back of H(K) along φ. In addition, the linear

map Cφ : H(K)→ H(K ◦ φ) is called the pull-back map.
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