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ABSTRACT

THERMOELASTIC ANALYSIS OF HEAT GENERATING
MULTI-LAYERED COMPOSITE CYLINDERS AND TUBES

Yildirim, Murat
M.S., Manufacturing Engineering Department
Supervisor: Asst. Prof. Dr. A. Hakan Arge

April 2012, 88 pages

A computational method is developed for the thedasiee analysis of internally

heat generating multi-layered composite cylindemsl &ubes having temperature
dependent physical properties. The composite adgambonsidered to be infinitely

long and have axially constrained ends. In the tdatons, small deformation

theory is used. The layers that form the compasssembly are isotropic and have
uniform heat generation. The thermal and mechamoablems are uncoupled and
axisymmetric. The thermal problem is steady statk the mechanical problem is a
plane strain problem. The computational model gehashooting algorithm. Both the
thermal and mechanical problems are solved withuieeof shooting algorithm. The
computational model is first verified through thgeeuwf some benchmark problems
that have analytical solutions in which the physjma@perties are considered to be
temperature independent. The computational meteotheén used to solve some
composite cylinder/tube assemblies that have temyper dependent physical

properties.

Keywords: Thermoelasticity, Composite, Shootingalpm, Heat generating,
Temperature dependent properties



Oz

IS URETEN COK KATMANLI KOMPOZ iT SIiLiNDIR VE
TUPLERIN TERMOELAST iK ANAL izi

Yildirim, Murat
Yilksek Lisansimalat Mihendisfii Bolimu
Tez Yoneticisi: Yrd. Dog. Dr. A. Hakan Arge

Nisan 2012, 88 sayfa

Istya b&imli malzeme 6zelliklerine sahip icten 1sI Uretask gkatmanli kompozit
silindir ve tuplerin termoelastik analizi icin bisayisal hesaplama ydntemi
gelistirilmi stir. Kompozit sistemin sonsuz uzunlukta ve uclarigabitlenmi oldugu
kabul edilmgtir. Formulasyonlarda, kigukekil desistirme teorisi kullanilimgtir.
Kompozit yapiy! olgturan katmanlar izotrop ve sabit IsI Uretimine gahi Termal
ve mekanik problemler giimsiz ve eksenel simekriktir. Termal problem karag
mekanik problem dizlem gerinme problemidir. Hesagll yontem ai
algoritmasina dayanmaktadir. Hem thermal hem m&kanoblemler aty algoritmasi
ile ¢cozulmigtur. Hesaplamal yontem ilk olarak analitik ¢ozuimilinen ve fiziksel
Ozellikleri 1siya bgl olmayan bazi test problemleri ile galanmgtir. Hesaplamali
yontem daha sonra, fiziksel 06zellikleri 1siyaghaolan kompozit silindir/tip

sistemlerinin ¢dzumunde kullanilgtr.

Anahtar Kelimeler: Termoelastisite, Kompozit, falgoritmasi, Isi Ureten, Isiya
bagh 6zellikler
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CHAPTER 1

INTRODUCTION

The analysis of thermally induced stresses andratefioons induced by internal heat
generating axisymmetric/cylindrical structures swashcylinders, tubes, disks, and
spherical shells is of great importance in engimgeapplications. The theoretical
basis for the thermomechanical analysis of thasetsires can be found in textbooks
such as Boley and Weiner [1], Nowacki [2], Timoskerand Goodier [3], Noda,

Hetnarski and Tanigawa [4].

One basic problem, that falls into above categmsythe infinitely long
cylinders/tubes in which the thermal stresses aefbrchations are induced by
symmetrical internal energy generation. This problean be treated under plane
strain assumption. In literature there are variwasks that studied the thermoelastic,
thermoplastic and thermoelastoplastic stress sfatethe aforementioned problem
under different boundary and loadings conditionsofg these, the works of Guven
and Altay [5,6], Orcan [7,8], Gulgec and Orcan [@can and Gulgec [10,11],
Orcan and Eraslan [12], Eraslan and Orcan [13 HE#slan and Argeso [15-17],
Argeso and Eraslan [18,19] can be cited. In thveskks, the cylinders/tubes have
been considered to be made from one specific tipeaterial.

The same problem has also been studied for the afasseo-layered composite
tubes such as in the articles of Eraslan [20hskn, Sener and Argeso [21].

As it is known, the physical properties of engimegmaterials vary considerably
with temperature. The thermomechanical analysisstofictures by taking into
account of this fact gives more dependable solatid@dn the other hand, the
mathematical and computational modelling of theseblems require some
additional efforts. Moreover, for some materiatsgsinot easy to find or to perform
experiments for the neccessary data. However,dimrescritical structures, there can

be a need to consider the temperature dependenttye gfhysical properties in the
1



analysis. In the valuable work of Noda [22], theerthoelastic equations for
temperature dependent properties have been deasciiibes study is also important
in the sense that, it outlines the works done i ribgard until 1986.

The effect of temperature dependency of physicapgrties for the case of
infinitely long internally heat generating cylindédubes has been studied in the
articles such as Orcan and Gulgec [10] , Gulgec@mman [11] , Orcan and Eraslan
[12], Eraslan and Orcan [13], Eraslan and Argeb®,17], Argeso and Eraslan

[18,19] and in the references cited therein.

The main objective of this study is to develop anpatational method for the
analysis of infinitely long heat generating mudtitered composite cylinders/tubes
having temperature dependent physical propertié® domputational method is
based on nonlinear shooting algorithm. This teaailgas been successfully used by
Eraslan and Argeso [15,16,17] and by Argeso andl&mng18,19] for the numerical
evaluation of thermoelastic and thermoelastoplastiess and deformation states for
the problems involving heat generating infinitebnd) cylinders and tubes. In all
these studies, the cylinders/tubes have been amesido be made from a single
specific material, i.e., single layered structunase been considered. In this work,
the nonlinear shooting algorithm is extended toabk to solve the multi-layered
composite structure that is considered within tbeps of this thesis. The second
objective of this study is to compare the behavadrthe problem of interest having
temperature dependent and independent physicaépies It should be noted that,
the main motivation of this work comes from theds#s of Argeso and Eraslan
[18,19].

The following assumptions are made in the formatati Deformations are small
(small deformation theory is used). The infinitdhng composite cylinder/tube
system has axially constraint ends (fixed endsgré@hs a perfect bonding between
the layers of the composite assembly. Each layenade from an isotropic linear
elastic material whose physical properties are tgatpre dependent. Each layer has
a specified internal uniform heat generation. Thermal problem is steady state.
Thermal and mechanical problems are uncoupledbBtir types of assemblies the
outer surface is kept at constant reference terhperand free of tractions. In case

of composite tubes, the inner surface is insulated free of tractions. It should be



clear that, both the thermal and mechanical problane axisymmetric. Moreover
the mechanical problem is a plane strain problem.

The analysis of the problem is performed in two sgsa The computational
method is first applied to thermal problem to deiiee of the distributions of
temperature and its gradient (thermal variabled)e Tesults of the first phase
(distributions of thermal variables) are storedlsat they can be used in the analysis
of mechanical problem. In the second phase, thie the computational method is

used to solve the mechanical problem.

The study is organized as follows: In Chapter Bstfthe field equations of
thermoelasticity are briefly presented by referriogCartesian coordinate system,
then by referring to cylindrical coordinate system. Chapter 3, the definition,
modeling and formulation of the thermal and the hamical problems within the
scope of this thesis are discussed. The closed $otations in case of temperature
independent physical properties for thermal and haeical problems are briefly
reviewed also in this chapter. In Chapter 4, thetaitk of our proposed
computational method based on nonlinear shootiggrighm are given. First, the
nonlinear shooting algorithm developed for the itinedr problem is explained, then,
the algorithm is described for the mechanical mobl In Chapter 5, first, the
physical properties that are used in the studyirgreduced. Their variations with
temperature are given. Next, three benchmark pmablare solved to verify our
computational method. In these problems, the phy/sicoperties are considered to
be temperature independent. The closed form sokitid these benchmark problems
are then compared with those obtained from the qeeg computational method. In
the final part of Chapter 5, the first three probdeare reconsidered but this time we
take into account of temperature dependency of ipalyproperties. Finally, in

Chapter 6, some conclusions are given.



CHAPTER 2

FIELD EQUATIONS OF THERMOELASTICITY

2.1 Field Equations in Terms of Cartesian Coordinates

In this section the field equations for an isotmfpnear thermoelastic material are
briefly reviewed under the assumption of small defations. The thermoelastic
medium is referred toc, X,, X, rectangular coordinate system. The field equations
are presented using indicial notation. The indegegearing in the equations have a
range from 1 to 3 for three dimensional (3D) arahfrl to 2 for two dimensional
(2D) analyses. It should be noted that, repeatddx implies summation over its
range. The partial derivative with respect to tidé ot ) is denoted by the dof “.
Stress equations of motion for a thermoelastic natare given by
00,

—L 4+ f = pi (2.1)
0X;

J
whereu,’s and f,’s are the displacement and body force componeespectively,
0;(=0;) is the stress tensor, amis the mass density.

The strains and displacements are related by thmegic relations, that is,

- 0u,
£, _1f oy  ou; (2.2)
2\ 0%, 0

whereg; (: &; ) is the strain tensor.
The constitutive equations for a linear isotropierthoelastic medium are given
by
o, =2ug +Ag § —BaT (2.3)



where ¢, is the Kronecher’'s delta i and A are the shear and Lame’ s moduli ,
respectively, &, =&,+&,,+ &5, is the dilatation T =T —-T, is the temperature
deviation with T, and T, being the temperatures at the current and instiales |,
respectively andg is the thermoelastic constant . We note that,s related to
thermal expansion coefficiemt by

B=(2u+3)a (2.4)
The thermal expansion coefficient is the length change per unit length when the

temperature is increased by unity.

Shear modulugs and Lame’s constamt are related to elasticity moduld&s and

Poisson’s ratiaw by

e-pur) A
(A+u) ’ 2(A+ )

The following relations also hold betweé&n v, ¢, A, a andS:

(2.5)

_E ) _ VE :20,u ) _ Ea
Hoo0v0) A (1+0)(1-2) -2 P, @O

Constitutive equations given in Eg. (2.3) for aeln thermoelastic material can be
written in alternative forms using above relatignesented in Egs. (2.4), (2.5) and
(2.6). In fact, a linear isotropic thermoelastic tenel contains two independent
elastic coefficients and one independent thermalfficient. This means that, the
pairs (E,v), (E,u), (EA), (u,u),(,A) or (A,u) can be used for elastic
coefficients anda or [ can be used for thermal coefficients in the equatiof

thermoelasticity.
Equation (2.3) relates stresses to strains. Iféfigation is inverted for strains, we
have
& :H?Uaij _%éij +C?jaT (2.7)
which is the equation that relates strains to sé®s
The energy equation for an isotropic linear therastec material is given by

. ) 0 oT
CT=-TB8&+ Q+6_xi( k&j (2.8)



where C, is the specific heat at constant deformation nmeasper unit volume of
thermoelastic material,é; (= é‘ll+£22+£‘33) is the time rate of dilatatiorQ is the

heat generation defined per unit volume of thermsted material in unit time ank
is the coefficient of heat conduction.

The field equations of isotropic linear thermoatashaterial are summarized in
Table 2.1 and number of unknowns in these equai®msdicated for 3D and 2D

problems.
Table 2.1:Field equations of linear thermoelasticity
Number of Number of
Name of the
) Equation equations for 3D | equations for
equation
problems 2D problems
Stress equations ani o
| —+f=pl 3 2
of motion 0X;
Geometric 1( ou  du;
. gij gl I B 6 3
relations 2\ 0%, 0
Constitutive
. Oy =2Ug + A4 & —BaT 6 3
equations
- o( 0T
Energy equation C, T =-T8&; + Q+ —| k— 1 1
gy eq G WBE; ox ( O

Table 2.2: The unknown field variables in the field equatiafssotropic
linear thermoelasticity

NUMBER OF UNKNOWNS
Field variable 3D problems 2D problems
g; 6 3
u 3 2
& 6 3
T 1 1
Total 16 9

From Table 2.1 it is seen that, we have total nunolbel6 equations for 3D and 9

equations for 2D problems. The unknown field Valea in these equations are
6



shown in Table 2.2. As seen from the last row obl@a2.2, the total number of
unknown field variables is 16 and 9 for 3D and 2Dkgpems, respectively, which are

the same with that of total number of equations.

2.1.1 Initial and Boundary Conditions

Field equations of a thermoelastic material (Seaera.1) involve partial differential
equations (PDE’s). The solutions of these PDERgIire taking integrations and this
gives unknown integration constants. These integraonstants are determined by
using initial and boundary conditions, which are firescribed conditions for each
thermoelastic problem uniquely.

For the initial conditions (IC’s), displacements ), velocity (U, ) and temperature

(T) distributions must be specified at the initiahé& (t =0) for the thermoelastic
body. This means for a thermoelastic problemhainitial timet =0, u, 4, andT
must be known at every point in the domain thaingsfthe body.

In order to discuss boundary conditions (BC’'s) mdearly, we refer to Figure

2.1, which shows a thermoelastic body

n: normal axis

Surroundings

Thermoelastic body

X V : Volume S:Surface

Figure 2.1: A thermoelastic body.
For the BC’s, one member or combination from eddhe following pairs

(ul’tl)' (uz’tz)' (us’ts) (2.9)

and

(T.q) (2.10)



have to be specified at every point on the surfacaf the thermoelastic body. Here,

t.’s are the components of traction vector that are related to the stresses by

t =o.n (2.11)
where n;’s being the components of outer unit normal vectoof the boundary
point consideredq, is the amount of heat flowing per unit area inttime and it is

related to components of heat flux vectpe (q;) by

d.=nqg (2.12)
where by the Fourier's law of heat conduction
= —ka—T (2.13)
0x

In Figure 1,P denotes an arbitrary point on the surf&ef the thermoelastic body.
The displacement, traction, heat flux vectors amel temperature at poir® are
shown in the figure. It should be noted that, tli&PBspecified using the pairs given
in Eqg. (2.9) are known as mechanical BC’s. On tteiohand, the BC specified by
using the pair given in Eg. (2.10) is called therB@.

Next, we discuss three types of thermal BC’s tha eommonly used in
thermoelastic problems. Throughout this discussiois assumed that the initial
temperature T, is uniform spacewise and, is the same for the body and its
surroundings. Referring to Figure 1, if
1) the temperature of poir® is changed by amoufit , then,

T=T atpointP (2.14)
in which the temperature of the surface is prescriby a certain value.

2) there is no heat flux at poiR, i.e., pointP is insulated , then,
g, =0 at pointP (2.15)
or with the use of Eg. (2.13)

oT oT .
=-kn— =-k— =0 at pointP 2.16

where (0/0dn) denotes directional derivative along normal axis This type

thermal BC is called insulated BC.
3) the temperature of surrounding medium of the badgoant P is changed by

amountT ", then



q, = h(T— f) at pointP (2.17)

or with the use of Eqg. (2.13)

r\g—;:%zz(T—T*) at pointP (2.18)

where Z = h/ k with h being heat transfer coefficient. This type of thal
BC is called convective BC.

2.1.2 Interface Conditions

Here, we consider a thermoelastic body that is aseg@ of multiply connected
domains in which each domain has its own matehakacteristics. It is assumed
that, there is a perfect bonding between the iate$ of the domains. If the problem
involves a thermoelastic body as described abies the field equations are written
for each domain and integrated. As mentioned beatoe results contain integration
constants. But for the problem at hand, the indrad boundary conditions are not
enough to determine these integration constantsdefermine these constants some
additional conditions are needed. These additicpaditions are written at every
point that constitutes the interfaces of the cotetedomains and they are called
interface conditions (IFC’s).

For the discussions, we consider a thermoelastly bdiich is composed of two

connected domains as shown in Figure 2.2.

My, A 1K

unit vector directed

from @ to@

interfaceL

My 250 0,.K5,0,

X3

Figure 2.2: A composite thermoelastic body.



In the figure, the domains having different matepi@perties are identified by 1 and
2. P is an arbitrary point on the interfate between domains 1 and 2,=(n) is

the unit normal vector directed from 1 and 2 defia¢ pointP. The IFC’s at point

P are then given by:

1) (u),=(y), atpointP (2.19)
which states the continuity of displacementsLon

2) (t),=(), atpointP (2.20)
or, with the use of Eq. (2.11),
(O'ij n, )1 = (0'". n )2 at point P (2.21)
which comes from equilibrium of forces dn.

3) (T),=(T), atpointP (2.22)
which states the continuity of temperaturelon

4) (9,),=(q,), at pointP (2.23)
or, with the use of Eq. (2.16),
kl(g—ﬁjl = k{%)z at pointP (2.24)

which comes from the equilibrium of total heat flom L .
It should be noted that, conditions given in Ega19) and (2.21) are called
mechanical IFC’s, while conditions given in Eq2.2@) and (2.24) are called

thermal IFC'’s.

2.2 Field Equations in Terms of Cylindrical Coordinates

The thermoelastic problem considered in this stisdgoing to be formulated by
referring to cylindrical coordinate system (CSShieh is an orthogonal curvilinear
coordinate system. Therefore, in this section efbaview of CSS is given and also
the field equations of thermoelasticity are presdrty referring to CSS. We also
present the relations of the field quantities betw€artesian and CSS coordinate
systems.

Figure 2.3 shows both the CSS and the&Cartesian coordinate system having the

same origin.
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P=P(x%) or P=P(r,6,2)

€

X

Figure 2.3: Cartesian and cylindrical coordinate systems

The location of any point P in space can be idedtiéither by specifying a triple set

of X, X,, X, values if Cartesian system is used, or by spewfyi triple set of , 4,

z values if CSS is used. The relations between tlvassystems are given by
X, =rcosd, x,=rsing, x =z (2.25)

with

r={x2+x° ; 6= tan’l(%] (2.26)

In Figure 2.3, the base vectors of Cartesian systetnCSS are denoted respectively

by e (i=1-3) ande, e,, e, . The base vectors of two systems are related by
e =cosfeg+ sind g
e, =—sind g+ cod g (2.27)
€=6

Defining a direction cosine matriA =(g;) with (i,j =1-3) between these

orthogonal coordinate systems as

cosd  sind
A =|-sind co¥ (2.28)
0 0 1

Eqgns. (2.27) can be written using indicial notatio

€ =a,¢

11



€, =a,€ (2.29)

€, =38
for i =1-3. It should be noted that, matriX is orthogonal that isA™ =AT and
alsodet(A )= 1.
In order to express field equations of thermoeatdgtin CSS, the partial derivatives
d0/0x (i =1-3) must be expressed in terms iof 8, z. From Eqgs. (2.25), using

chain rule, one can write
0 _or 6+66?0 0z 0

ox, O0x dr 0x 08 0x0z
0 _0r 0 060  0z0
+ +

— = t——+t—— (2.30)

0x, 0%, 0r 0x,08 0x,0z
0 _0r0 000 020
0%, 0% 0r 0x,08 0x0z

The derivatives ofr,8 and z with respect tox are evaluated as
ﬂ:ﬁ l:ﬁ i:o
ox, r  ox, r  ox
909. % 989_% 96, (2.31)
0X, r X, 0%,
E: , 2:0 , 2:1
24 0x, 0%

Inserting Eqgs. (2.31) into Egs. (2.30) we have,
0 ol SN0
0x, or r 968
9 _gingd L L0F 0 (2.32)
0X, or r 06
W
ox, 0z

2.2.1 Displacement and Body Force Components, Stress afdrain Tensors in
CSS

The components of displacement vectprin Cartesian system and in CSS, that is,

(u,,u,,u,), are related by

12



u=A"u' (2.33)
whereu =[u,, u,, u]" andu' =[u ,u,, u]" gives
u, = U cosg+ u, sird
u, =-usind+ u, cos (2.34)
U, =l
Similarly for the body force components, we carilgabtain
f. = f,cosf+ f, sid
f,=—f,sind+ f, cod (2.35)
f,=u,

The form of stress tens@f in CSS is given by

arr O-r g 0;2
6 =|0, 04 0, (2.36)
Urz U&z Jzz

The components 06 =(0;) in Cartesian system and in CS& ) are related with
the stress transformation equations that can kigewiin matrix form as

¢ =AcA’ (2.37)
from which we have

0, =0,,c080+0,,sifd+0,sinB

0, =0,SiIf0+0,,sifd-0,,sin®

0,,= 0y (2.38)

Oy =0y) .
O, = 012c0329+(22—2“) sin®

o, =0,,cos8+0,, sid
0,, = 0,,C088—-0,,Sind

The components of stress tensor in CSS is showarfanfinitely small element in
Figure 2.4.
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X

Figure 2.4: A small element showing stress components in CSS.
Similarly from the strain transformation equatiortee strain components in

Cartesian system and in CSS are related with
£ =¢g,c080+¢,,siff+¢,sinB
£ = E,SIPO+E,,SiIPH—€,sinB
E,,=Ex (2.39)

(522 _511)

£y =&,C0SD+ sin@

£, = &,C089+¢&,, Sind
&y, = £,3C080— £, SING
2.2.2 Stress Equations of Motion, Strain Displacement Rations, Constitutive
Equations, Energy Equation in CSS

Through the use of relations between the Cartesiatem and CSS (Egs. (2.25) and
(2.26) ), the definition of direction cosine matfiq. (2.28)), the stress and strain
transformation laws (Egs. (2.38) and (2.39)), dmel partial derivative relation

given Egs. (2.32), the field equations of a therdastec material in CSS become:

14



Stress equations of motion

aarr +E60-9r +60-zr +0-rr _099+f =pU
o r 08 oz r ' '

aare +E60-99 + aa—ze + 20r9 + fg zpug
o r 06 0z r

oo, l1loo,, 00
+= +

rz

o r 068 0z

g, .
ZZ+TZ+ fz =pu,

Strain-displacement relations

_ou _u ,1ldu, _0du,
grr - ’ ‘999 ==t ’ gzz -
or r r oé@ 0z
e, =1(_1%+%_&J
2\ro@ o r
E :l(auf +a_uZJ
“ 2( 0z or
_1(6ug 10qu
] e
2\ 0z rod

Constitutive equations
For an isotropic material

a) Stress-Strain relations
O, =246, +A(&, +E5+8,) =BT
Opp = 2UEg+ A(E, +E4+E,)~ BT
O, =20+ A(E  +Ep+E )~ BT

Jre = Zlugre ; Jrz = algrz ; a&z = 21862

b) Strain-Stress relations

1
Enr :EI:O-rr _V(U€€+0-zz)i|+aT
oo :é[aee _V(Jrr +Uzz):|+aT

tu= 2o, (0,40 ,)]+aT

15
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Energy equation

CVT = _-'613(5” + 599 + gzz) + Q

0 [ OTJ 1.0T 10 [ OTJ 0 ( GTJ
+—|K—|+=Kk—+5—| k= |+—| k—
or\_ o) r a r?o00\ 068) &\ &

(2.44)

2.2.3 Initial, Boundary and Interface Conditions in CSS
Initial conditions (IC’s)
At every point inside the body displacemefis, u,, ,), velocities(u,, U, 1) and

temperaturel must be known at initial time=0.

Boundary conditions (BC’s)
One member or combination from each of the foltayvpairs (u,,t ), (u,.t,),
(u,,t,) and (T,q,) have to be specified at every point on the surf&ceof

thermoelastic body. Here the components of tractectort =(t,,t,,t,) in CSS are
related to stresses with
L=0.n+g,n,+q, N
tB = Jrenr +099n9 +JBZ nz (245)
t,=o,n +o,n,+o,n.
wheren,, n, andn, are components of outer unit nornmain CSS of the boundary
point consideredq, is the amount of heat flowing per unit area inttime and it is

related to temperaturé by

oT . 10T, oT)_ 0T
=-k -+ - +nN— |=—= k— 2.46
% (” LY rlazj on (249

Interface Conditions (IFC’s)

In order to writelFC’s, we refer to Figure 2.2 again that shows two dgffi:
domains identified by 1 and 2. Recalling th&t, is an arbitrary point on the

16



interface L between domains 1 and 2n=(n,,n,,n) is the unit normal vector

directed from 1 and 2 defined at poiat The IFC’s at pointP are then given by:

D W) =),, U =(),, (), =(u), atpointP (2.47)
which states continuity of displacements lon
2) (t),=(),, ), =(,),, (t,),=(t,), atpointP (2.48)

or, with the use of Eq. (2.45),

(g +a oy +a,n) =(g, n+g,n+q, 1),

(0,6 + Ty + 05, 10), =(TsN + 0 0 +0,, 1), (2.49)
(o.n +0,n+0o,n) =(o n+o, n+o,n),

at point P which comes from equilibrium of forces dn

3) (T),=(T), atpointP (2.50)
which states the continuity of temperaturelon
4) (g,),=(q,), atpointP (2.51)
or, with the use of Eq. (2.46),
oT oT .
— | =k,| — | atpointP 2.52
k{anl k{anl P (52

which comes from the equilibrium of total heat flom L .
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CHAPTER 3

DEFINITION OF THE PROBLEM

In this study, thermally induced axisymmetric dlasteformations of infinitely long
heat generating composite cylinders and tubes »amieed. The geometry of the
assemblies are shown, respectively, for cylindexs tabes in Figures 3.1 and 3.2.
The layers are assumed to be perfectly bondedesith other and it is also assumed

that the system have axially constraint ends (fixreds).

Figure 3.1: Composite cylinder.
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Figure 3.2: Composite tube.

Each layer is made up of an isotropic material whpsysical properties are
temperature dependent. It is assumed that each hagedifferent levels of uniform
heat generation. For am-layered system, the radial coordinateof the interface
betweeni’ th and (+1)' th layer is denoted by. (i =1,....n—1). In the case of
cylinders the inner radius i5 =0. The outer radius for both systems.jssb. The
uniform heat generation of tigh layer is Q .

For both types of assemblies the outer surfacassamed to be kept at constant
reference temperaturg and free of tractions. In case of composite tuthesinner
surface is assumed to be insulated and free ofidrac The thermal problem is
steady state and uncoupled from the mechanical Tme.mechanical problem is a
plane strain problem. Both thermal and mechappathlems are axisymmetric.

Next, we will present the governing equations oérthal and mechanical

problems by referring to cylindrical coordinate tgys (CSS). In the formulations
small deformation theory is used. As we state fi@efall the physical properties of
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the materials vary with temperature. In other wopds/sical properties are functions
of temperaturel , that is,

E=ET); v=v();, k=k(T); a=a(); o, =0,(T) (3.1)
Here E is the elastic modulusy is the Poisson’s ratio, k is the thermal

conductivity, a is the thermal expansion coefficient aag is the uniaxial yield

limit.
3.1 Thermal Problem

Since the problem is steady state and axisymmeétecenergy equation foth layer

of composite system can be written as (in view @f (2.44))

),k dr
(kl j pan +Q =0 (3.2)

Here, k =k (T) is thermal conductivity of th&th layer, T' is the temperature
distrubution in thea’'th layer andQ is the uniform heat generation in tfn layer.

Noting that the temperature distrubution is a fiorctof position, T =T(r), the

thermal conductivity can be expressed as a functwnr also, that is,

k=k(T(r)=k(r). Eqg. (3.2) can be written in an alternative fas
2-|-| k, dK
—+Q =0 3.3
o dr? (r dr Q= (33)
In the above equation, the derivative kf with respect to radial coordinate is
evaluated by using the chain rule, that is,

% dk dT'
dr dT' dr

By considering reference temperatufg=0, the boundary conditions (BC’s)

(3.4)

associated with thermal problem in the case of asit cylinders are given by

ar

=0 and T"(b)=0 (3.5)
dr

r=0
whereas in the case of composite tubes, they become
ar

=0 andT"(b)=0 (3.6)
dr

r=a

For the interface conditions (IFC’s), we have
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T()=T"r) (@(=12..n-1) (3.7)

and
a(n=a"r) (=12.n-1) (3.8)
In view of EqQ. (2.46), Eq. (3.8) can also be wnttes
aT'|  _ daT* ._ _
ki(ri)?r:r =k.(r) ar | (i=1,2..n-1) (3.9)

Here, k (r) denotes the value of the thermal conductivityhat temperature value

T=T'(r), thatis,k (1) =k (T'(r)) . Similary, k.,(r) =k .,(T'(1)) -

In summary, the thermal problem of the composittesy is governed by (a) the
2" order ODE’s presented in Eq. (3.3) for -, (b) the BC's and IFC’s presented
in Egs. (3.5), (3.6), (3.7) and (3.9). Alltogethitirese equations and conditions define

the boundary value problem (BVP) of the thermabpgm under consideration.

3.2 Mechanical Problem

As we state before, the mechanical problem is aeplstrain and axisymmetric

problem. Under these assumptions, the only nongiain components are. and
&,. We note thatg, =0 since the ends of the composite system are asstorisel
fixed. On the other hand, the only nonzero stressponents are, , g, and g, .

By using the notation that we introduce in the pas section, the strain

displacement relations for th¢h layer of the composite system reads

o du
g=2" 3.10
%=% (3.11)

Here, u' is the radial displacement of tith layer (The only nonzero displacement
component). The compatibility relation is obtairtegd insertingu' = re,, (from Eq.

(3.11)) into Eq. (3.10) as
Sres]-a =0 (312)

r

The equation of equilibrium in radial directiontbgi’th layer is given by
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do, , 0, -0y _
dr r

The equations of generalized Hooke’s law whichteslatrains to stresses of itia

0 (3.13)

layer are:
£ :é_aﬁ -V (ajé,+ajZ )_ +G (3.14)
%:éf@—m@#+¢f+d (3.15)
1 N
=g o,-v,(d,+d,)|+G =0 (3.16)

with the functionG' given by

G =G(T)= Tj a dT (3.17)

To

The equations presented above form the basis dbomulation. Here T, stands for
the reference temperatureE, = E(T'), v, =v,(T') and a,=a,(T') represent,
respectively, elasticity modulus, Poisson’s raina thermal expansion coefficient of
thei’'th layer. We also note that, since temperature fisnction of radial coordinate
(T'=T'(r)), the above parameters and functi@ can be represented as:
E=E(MM=E(M, v=nTO)=yr), a=a()=a() and
G =G(T(n)=G(rn.
Since we assume, =0, the axial stresg’, can be determined from Eq. (3.16) as

0, =v,(o}+d,)-EG (3.18)
At this point, we introduce a stress function inrie of radial stress as

Y'(r)=ro (3.19)
Inserting Eq. (3.19) into equation of equlibriung(KE3.13)), we obtain

. dy!
% ar

The strain components can be expressed in termstreés function by first

(3.20)

eliminating axial streser, from Egs. (3.14) and (3.15), and then using E§<9)

and (3.20) in the resulting expression. The resuks
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i_ 1 (1_Vi2) i _ dy’ i

&, —E[ " Y % (1+|/| )W]‘F(l"'l/ ) G (321)
i 11vi(1+v) 2\ dY' '

£ = —E{L:V)Y ~(1-v, )?}+(1+ v)G (3.22)

The thermoelastic equation is obtained by substguEgs. (3.21) and (3.22) into the
compatibility relation given by Eq. (3.12). The uégs

d2y’ +[1_ 1dE 2, dui} dy

dr? |r E dr 1-vZdr |dr

v d5+1+zj @ 1Y (3.23)
r E(l-v)dr 1-¢? dr |r

E, 1 dv, ., dT
=1 —1 G +ai _
1-v, |14y, dr dr

Equation (3.23) governs the mechanical problentter’'th layer of the composite

assembly. We note that, in Eq. (3.23), the denrestiof E and v, with respect to
radial coordinate are evaluated by using the chde) that is,

dr dT' dr dr dT' dr
Next, we will introduce the boundary and interf@oaditions for the mechanical

problem. In case of composite cylinders the BCé&s ar

u'(0)=0 and o' (b)=0 (3.25)
whereas for composite tubes they become

o/(@=0 and o'(b)=0 (3.26)
For the IFC’s, we have

u(r)=u™(r) (=L2..n-1) (3.27)
and

or)=ag"r) (@(=L2..n-1) (3.28)

Since Eq. (3.23) are given in terms of stress fancY', the conditions given above

must also be presented in ters. For composite cylinders, the first B&(0)=0
yields Y*(0)=0 from Eq. (3.11) and (3.22), while the second B{((b) =0 gives

Y"(b) =0 from Eq. (3.19). In the case of composite tukEga) =0 and ¢’ (b) =0
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gives Y'(a) =0 and Y"(b) =0. In summary these BC’s in terms of stress function

become:

Y'(0)=0 andY"(b) =0 for composite cylinders (3.29)
and

Y'(a)=0 andY"(b=0 for composite tubes (3.30)

The second IFC given in Eqg. (3.28) can easily bigtewr in terms of stress function
(from Eqg. (3.19)) as

Y'(R)=Y"(y) (3.31)
Using the above relation together with Egs. (3.13)22) and (3.27), the first IFC

can be represented in terms of stress function as

RO 0+ O O H)

= (3.32)
ROV 0+ PO D +H)

where
i v, () (1+V,(r))
H (r) = - 3.33
(1) e (3.33)
i = B0 OF) (3.34)
’ E (1) '
Hy(r) =r (1+v,6))G' ¢ ) (3.35)

In summary, the mechanical problem of the compasstem is governed by a)
the 2 order ODE’s presented in Eq. (3.23) for -, b) the BC's and IFC's
presented in Egs. (3.29), (3.30), (3.31) and (3.B&pgether, these equations and
conditions define the boundary value problem (B\WP)the mechanical problem

under consideration.

3.3 Thermal and Mechanical Problems in Case of Temperate Independent
Physical Properties and Their Closed Form Solutions

Here, we consider that the layers of the compositstem have temperature
independent physical properties. In that case,ave h
dk /dT' =0ordk/dr=0 , k =(k),
24



dE/dT =0 ordE/dr=0 , E =(E),, (3.36)
dv,/dT'=0ordy,/dr=0 , v,=(,),
da, /dT =0 orda,/dr=0 , a, =(a,),

where (k). , (E,)., (V,); and(a,), are the constant valued properties of thei'the

layer of the composite assembly. Making use ofgB.the governing ODE'’s for the
i'th layer of the composite assembly of the theraradl mechanical problems (Eqs
(3.3) and (3.23)) , respectively, reduce to

dT' +(ko)i dT
"dr2 r dr
d’' ,1dY _ Y __ (E)(ap) dT
dr®> rdr r? 1-(v,), dr

(k) +Q =0 (3.37)

(3.38)

We note that, the closed form solutions of therarad mechanical problems under
consideration can be easily determined and thek#i®s®s are also available in
literature such as [4,15]. The derivations are qrereéd by assuming reference
temperature T,=0. We will use these analytical solutions to verifyur

computational method that is proposed in this stutlyerefore these analytical

solutions are briefly presented next.

3.3.1 Closed Form Solution of Thermal Problem
The solution of Eq. (3.37) is

Qr’
4(ko),

which gives the temperature distrubution in thé layer. HereC,_, andC,, are the

T'(r)=C,_,In(r)+C, - (3.39)

integration constants to be determined. The déviveof T'(r) with respect to
radial coordinate can easily be evaluated as

dT' _C,, _ Qr
dr r 2(k,),

It should be noted that, for am-layered composite system, we have a total number

(3.40)

of 2n integration constants. These constants are detedmwith the use of

boundary and interface conditions which are givekgs. (3.5) through (3.9).
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In case of composite cylinders, the first BC in E}5), that isdT"/ dﬂ . =0,

r=
requires C, =0 to have a finite value of temperature at the afithe system.

Writing IFC’s given in Egs. (3.7) and (3.9) for éaaterface in turn and also having
the BC at outer surface (Eq. (3.5)), a totalaf-1 equations are obtained as shown

below.

TH(r) =T*(n)

ar|
(g, =0

dT? IFC’s for the finterface

dr

Tz(rz) :Ts(rz)

dT?
(k) ar

dT?

IFC’s for the 2% interface (3.41)
= (ko) ar

r=r r=r,

T (r_)=T"(r,)

K)o | = (k)

dr

dr" IFC’s for the 1—1)" interface

dr

UaE

T"(r)=T"(b)=0 - BC at the outer surface

The use of Egs. (3.39) and (3.40) in the abovweagons give u2n-1 equations
having 2n—1 unknowns(C,,C,.......... C,, ). After setting the numerical values of
parameters, we can constitude a linear systemgabehic equations in which its
solution determines the unknown integration cortstan

In the case of tubes, the first BC in Eq. (3.6)wititen first, then IFC’s given in
Egs. given in Egs. (3.7) and (3.9) for each intfare written in turn. Finally, the
last BC given in Eq. (3.6) is written. This givedadal of 2n equations as shown

below.
dTt _
(ko)ld— =0 - BC at the inner surface
"

r=a
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TH(r) =T*(n)

daTt| dT?
(ko)lw = (ko)zw

r=r,

IFC’s for the finterface

r=ry

Tz(rz) :Ts(rz)

dT? dT IFC’s for the 2% interface (3.42)
(k)2 = (ko) s~
dr - dr -,
T(n_l)(rn—l) = T n(r —1)
dare| dT" IFC’s for the (1—1)" interface
bl =g | =0y

M1

T'(r)=T"(b)=0 - BC at the outer surface

The use of Eqgs (3.39) and (3.40) in the above @psagive us2n equations having

2n unknowns(C,,C,,.....C,, ). After setting the numerical values of parametars

system of algebraic equations can be formed in kvl solution determines the
integration constants.

3.3.2 Closed Form Solution of Mechanical Problem

The solution of Eq. (3.38) is

v =Dary by (E@) { Qr —czi_{ln(r)—l}cz} (3.43)
r 2(1_ (Vo)|) 8K, ) 2

which gives the variation of stress function wistdial coordinate in the’th layer of

the composite system. HerB,_, andD,, are the integration constants. We recall
that, C,,_, and C,, are the integration constants that belong to lieental problem

and it is assumed that these constant are alreetdyntined from the solution of

thermal problem. The derivative ofY' with respect to radial coordinate can

easily be evaluated as

dY' - Dy, (E)(@) [3Qr2_c__(
dr r2 U 2(1-,))] 8k,) T
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The expressions for the field variables for th@bpem under consideration

become
i _Y (3.45)
.
i _d_Yi
= (3.46)
0, =W (¥ + ) ~(E) (@) T (3.47)
1+ (V) I _ Y_i_ d_Y_ i
& _—(Eo)i _(1 o)) - Vo) ar _+(ao) I+ ) T (3.48)
1+ (), I _ d_Yi_ i_ i
‘95 - (Eo)| _(1 (Vo)i) dl’ (VO)i r | + (ao} (1+ (VO) )T (349)
u =re, (3.50)

The substitution of stress function and its derixeatogether with the temperatuté
into Egs. (3.45) through (3.50) determines therithistion of field variables in the
i 'th layer composite system. On the other hand,itkegration constants are still
needed to be determined with the application ohldawny and interface conditions of
the mechanical problem. As in the thermal probldmare are a total number @n

integration constants in the mechanical problenafon - layered composite system.
For cylinders, the first BC i¥*(0)=0 from Eq. (3.29). Writing Eq. (3.43) for
i=1atr=0 (recall thatC, =0), we observe thaty’(0)=0 if and only if D, is
equal to zero. OtherwiseY'(0) becomes indeterminate at the axis of the disk.
Therefore the first BC require®, =0. Next, we write the IFC’s of the mechanical

problem given in Egs. (3.31) and (3.32) for eadhriiace in turn. The final condition
BC Y"(b)=0 comes from Eq. (3.29). These give a total 2sf—1 equations as

shown below.
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YH(K) =Y?(x)
dy?
Hj(rl)Yl(rl)-l- H ;(rl)? +H é(r])
B = IFC’s for the f interface
dy?
He (r)Y'(r) +H(r) ar +H 3(r)
Y?(r) =Y3(r)
2 2 2 de 2
H1 (rz)Y (r2)+H2(r2)? +H 3(r2)
B 2 IFC’s for the %interface (3.51)
3 2 3 dY3 3
H1 (rz)Y (r2)+H2(r2)? +H 3(r2)
Y2(r) =Y3(r.)
Hln—l(rn_l)Y n—l(rn_l) + H g—l(rn_]) dYn_l + H :r;-l(rn_]) IFC’S fﬁ)r the
dr | (n-1)" interface
n n-: n dYn n
Hl (rn—l)Y l(rn—l)+H2(rn—1)? +H 3(rn—])

Y"(b)=0 - BC atthe outer surface

where

i Vo), (1+ (Vo)i)

Hi(r)=-—0li\=" Vokh) 3.52
1(r) E) (3.52)
(1= we))

H(r)=—""—"1 3.53
2(r) E) (3.53)

Hy(r) =r (1+ o) )T' (r) (3.54)

Inserting the stress function and its derivativenfrEqgs. (3.43) and (3.44) into the
above equations yield8n—1 equations havin@n-1 unknowns(D,......... D,, ). As
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discussed previously, from these equations a liggstem of algebraic equations can

be formed to determine the unknown integration taonts.

For tubes, the B&Y*(a) =0 given in Eq. (3.30) is written first, then theds for
each interface are written in turn. As a final diwion, from Eq. (3.30)Y"(b) =0 is
written. This gives a total a2n equations as shown below.

Y (ad=0 - BC atthe inner surface

Yi(r) = Y2(1)

1 1 1 d_Yl 1
Hy(r)Y (r) +Hy(r) o +Hr)
_ o IFC’s for the i'interface

dv?

HE ()Y (r)+H i(rl)T +H X(r)
Y2(r,) = Y3(r)

2 2 2 de 2
H,(r,)Y “(r,) + H5(r,) ar +H ()
_ Q IFC’s for the 2 interface (3.55)

dy?
H(r,)Y?(r,)+H g(rz)? +H ()
Y2(r) =Y (1)
dYn—l

+H ™ IFC’s for the
2 () (n-1)" interface

Hln_l(rn—l)Y n_].(rn—l) + H g_l(rn— 1)T

n n-: n dYn
Hl (rn—l)Y l(rn—l) + H Z(rn—]) dr

+H ()

r=rpq

Y"(b)=0 - BC atthe outer surface

With the use of these conditions 2n linear algebraic equations havingn

unknowns can be obtained where their solution deters the integration constants

(D, Dy D, .
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CHAPTER 4

NUMERICAL SOLUTION OF THERMAL AND MECHANICAL
PROBLEMS

In this chapter, a computational model is introdlid¢er obtaining the numerical
solution of thermoelastic composite cylinder / tygveblem. The model is based on
shooting algorithm. It should be recalled that, tivermal and mechanical problems
are uncoupled. Therefore, the shooting algoriterdirst applied to thermal problem
to estimate the variation of the thermal variabresde the layers of the composite
system. Then, by making use of these thermal Vasalthe shooting method is
applied to mechanical problem to estimate the ifigion of stresses, strains and
radial displacement for each layer of the compassembly. In the formulations-
layered composite system is considered. In the dtations, the reference

temperaturel, =0.

4.1 Shooting Algorithm for Thermal Problem

The ODE that defines the thermal problem for ithlk layer of the composite system

is rewritten here from Eq. (3.3), that is,

d’T" (k . dk dT ) dT
——+| L +—1—— | —+Q =0 4.1
kldr2 (r dT' dr]dr Q (4.1)
The BC'’s of the thermal problem are given by E§sb)and (3.6)
dTt n n .
ar =0 and T"(b) = T"(r) =0 for cylinders (4.2)
ri-
(r:oro)
and
dTt n n
ar =0 andT"(b)=T"(r) =0 for tubes (4.3)
r r=a

(r=ro)

whereas the IFC’s are, (Eqgs. (3.7) and (3.9))
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T'(r)=T"(r) (4.4)

dT*
dr

dT'
ki(ri)?

=K. (F) (4.5)

r=r; =

for i=12....... n- .
In order to apply shooting algorithm, the BVP givabove will be first
transformed to am- number of system of initial value problems (IVP’s~or this

aim, two new variablesX; and X, are defined as

X/ =T (4.6)
; _dT'

Xh==— 4.7
2= g (4.7)

Using these variables, Eq. (4.1) is converted system of first order ODE’s that
have the form

dX; _ X!
dr
dX; 1.1d (4-8)
o 1,18 iy Q
dr rk dX k
The solution of the above system requires two @igch are denoted by
X, =T'(r) firstinitial condition (4.9)
and
. dT _ .
X, :? second initial condition (4.10)

for i =1,.....n. Equation (4.8) with the IC’s given by Eqgs. (4a89)d (4.10) define a
system of IVP. If we can determine the IC’s of flystem given in Eq. (4.8) for each
layer (i =1-n), then we haven number of system of IVP’s where each one can be

solved numerically. We note that, these system \WP’'d should be solved

consequtively starting from the first lay@r=1) to the last(i =n), since the solution
of the system of IVP for thé& —1)" layer provides IC ‘s of the™ system of IVP.
However, the first ICX; of the first layer is unknown. In order to detemeX;, an
iterative computational algorithm (shooting algoni) is established. The algorithm
uses Newton’s iterations to estimate. In the following, the details of shooting

algorithm for the solution of thermal problem ip&ained.
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Consider the system of IVP for the first lay@~1). The BCdT"/ dﬂ . =0 for

r=

cylinders anddT"/ dﬂ =0 for tubes both yields

X:i=0 (4.11)
for the second IC. As stated before, the first X¢ is unknown. Therefore an
estimate valuab is given toX;, that is

Xl=o (4.12)
The solution of the system IVP of the first layebgected to these IC’s determines

the distribution of T* and dT*/ dr. Next, we consider the system of IVP for the

second layer(i =2). The IC’s for this problem can be determined froma IFC’s

given for the first interface, that are,

T(r) =T%r) (4.13)
dTt dT?

rN—-yN =k,(r)— 4.14
0G| O] (4.14)
Writing these conditions in terms of] and X; and rearranging the results give
X2 (1) = X4(r) (4.15)

x2(r) =) y 1y 4.16

2 (1) () 2(1) (4.16)

Here, we recall thaiX;(r,) and X}(r,) are already determined from the solution of

system of IVP of the first layer. Using the IC’'svygn in Eqgs. (4.15) and (4.16) the
solution for the system of IVP for the second lagan be accomplished.
The above procedure is repeated to determine th&émsoof system of IVP from

layer i =3 through i =n. Recall that, the BC that must be satisfied at dheer
surface of the composite systemTis(b) =0. In order to satisfyl "(b) =0, Newton
iterations are used. For this aim, a functibe f (®P) is defined as

f(®) =] X} (0) ] (4.17)

estimate®

where the right side denotes the valuexgf(b) which is obtained for estimate value
@ . Next, we solve the thermal problem two more titfivess by setting

Xl1 =P +AD (4.18)
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that gives

f(@+a0)=[X)(0)] (4.19)
and second by setting

X =®-AD (4.20)
that gives

f(@-20)=[X/(0)] (4.21)

where A® is a small increment. Recall that, the formulaNafwton’s iterations is

given by
(4.22)

Here, ®* is the estimated value ofX] in the k" iteration cycle.

f (%) =df /dr|¢:¢)k can be approximated with the use of central diffiee formula

f (@ +AD) - f (D" - AD)

f'(D*) = 4.23
(P°) S (4.23)
Rewriting Eq. (4.22) by making use of Eq. (4.28¢ have
k

f (@ +AD) - f (D -AD)
The application of Eq. (4.24) requires the solubbthermal problem three times for
each iteration cycle. The iterations are carrieduniil

‘cb"*l—cbk‘ <& (4.25)

where &, represent the specified error tolerance.

4.2 Shooting Algorithm for Mechanical Problem

The ODE that defines the mechanical problem for ithdayer of the composite

system is given by Eq. (3.23), that is,
d2y’ +[1_ 1dE 2, dui} dy

dr? |r E dr 1-vZdr |dr
_[1_ v, dE 1+ o }Y_‘
"

r E(1-v)dr  1-v? dr

E | 1 dv .,  dT
=1 —1 G +a’i—
1-v, |14y, dr dr
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with

G‘:G%T):]de (4.27)
The BC'’s of the mechanical problem are given by. E829) and (3.30) as
Y'(0)=0 andY"(b) =0 for composite cylinders (4.28)
and
Y'(a) =0 andY"(b) =0 for composite tubes (4.29)
whereas for the IFC’s we have (Egs. (3.31) and?(3.3
Y'(r) =Y (1) (4.30)
and
Hi(n)Y‘(lﬁ)+H‘z(ri)dd—Ti +H(h)
= 4 (4.31)
HIEY (O + PO D] H)
dr |
with
| vi(r)(1+v, ()
Hi(r) =- 4.32
(r) £ (4.32)
H%nziglﬁﬁﬁj (4.33)
i E (1) '
Hy(r)=r (1+v,¢))G' () (4.34)

for i =1,2......n— . Following a similar procedure as we did in therprablem, this
BVP will be transformed to &- number of system of IVP. This is accomplished by

defining two new variablesz, and Z, as

Z =Y (4.35)
. dy’

Z=—o 4.36
2 =g (4.36)

Using these variables, EqQ. (4.26) is converted ansystem of first order ODE’s, that
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dd22 “NZ+ N, DN, (4.38)
r r

where
1, 1dE N v, v

N, =-=+— 4.39
Y r E dr 1-v? dr (4-39)
N =i-_ % dE v (4.40)
r E@-v)dr 1-y° dr
T [
N =-—o 1 IaidT‘+qdl (4.41)
1-v, |1+y, dr dr

Here, we recall that, the terntE / dr and dv, / dr can be evaluated by using the

chain rule as (see Eq. (3.24))

dr dz dr dr dz dr

The solution of the above system requires two @igch are denoted by

Z =Y (1) first initial condition (4.43)
and
. dy! A, .
Z, :W second initial condition (4.44)
fori=12....... n.

The IC’s for each layer have to be determined ttiabthe solutions of these-

number of system of IVP. As we explained previoushe solutions have to be

carried out in a consequtive manner. However, #wrsd IC Z, of the system of

IVP for the first layer is unknown and to determidgé we will again use shooting

algorithm. The details of the algorithm for the rnagical problem will be discussed

next.

Consider the system of IVP for the first laydr=(). The BC Y'(0)=0 for
cylinders andy*(a) =0 for tubes both yields
Z'=0 (4.45)
for the first IC (see Eq. (4.35)). The secondZ€ is unknown, therefore an estimate

value ¥ is assigned t@; as
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Zi=y (4.46)
The solution of system of IVP for the first layarbgected to IC’s given by Egs.
(4.45) and (4.46) determines the distribution f and dY'/ dr. Next, we consider
the system of IVP for the second laygr=2). The IC’s for this problem can be
determined from the IFC’s given for the first irfeare, that are,

Yi(1) = Y*(x) (4.47)
dy*
dr|_
= (4.48)

dy?
dr

HY ()Y () + H(r) +HAr)

HY (Y () +H 3(r) +H ()

Writing these conditions in terms & and Z, are rearranging the results give
Z2(r)=2,(r) (4.49)

1

ZZZ(rl):HZ—(r)

{[HH)-HI) ]2 )+H T Z Y )+H ¥ )-H § )} (4.50)

Here we recall thatZ;(r,) and Z}(r,) are already determined from the solution of

system of IVP for the first layer. Using the IC’wen in Egs. (4.49) and (4.50), the
solution for the system of IVP for the second lagan be accomplished.
The above procedure is repeated for the solutiosysfem of IVP from layer

I =3 throughi =n. Recall that, the BC that must be satisfied atainer surface of
the composite system i¥"(b)=0. As we did in the previous section, Newton

iterations are performed for this purpose. A funrctg = g(W) is defined as

g(W)=[Z(] (4.51)

estimate¥
where the right side denotes the valueZzgfb) which is obtained for estimate value

Y . Solving the mechanical problem two more timest firy setting

Z,=W+AY (4.52)
to give
g(qJ +AqJ) = I:Zzn(b):lestimatGW+A'~P (4-53)

and second by setting
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Z=W-AY (4.54)
to give
g(W-a¥)=[Z ()]

with AW being a small increment. The formula of Newtoriésations method can

(4.55)

estimateW-AY

be constructed as

(Z))° =W =wh - 200%)g (V") (4.56)
2 g(W* +AW) - g(W* - AW) '

The application of Eq. (4.56) requires the soluttdbmechanical problem three times

for each iteration cycle. The iterations are cdroeat until
Wt - <, (4.57)

whereg,, represents the specified error tolerance.

4.3 Solution of Initial Value Problems

In the study, the numerical solution of system\#P’s for thermal and mechanical
problems are obtained by using double presiciorsioer of the state-of-the-art
ordinary differential equation solver LSODE deveddpby Hindmarsh [23] and
Brown and Hindmarsh [24].

The computational method is first applied to thdrprablem and system of IVP’s
are solved using LSODE consecutively starting frithhi one corresponding to the
first layer up to the one corresponding to thelflager. For each solution, LSODE is
executed by choosing the stiff option turned ote $olution of each system of IVP
provides the initial conditions of the next oneshould be noted that, the initial
estimate valuep given for the temperature (see Eq. (4.17)) atatkie the cylinder
or at the inner radius of the tube greatly affetis accuracy and stability of the
method. In the sample problems presented in Chéptiée specified error tolerance
defined in Eq. (4.25%, is chosen as0®°. The Newton iterations achieve the desired
convergence in 3 to 10 iterations in problems hgviemperature independent
properties whereas 3 to 50 iterations are neeutetthé problems having temperature
dependent properties.

The results of the thermal problem (temperatureisngradient) are stored so that

they can be used in the analysis of mechanicall@mb
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The computational method is finally applied to mealal problem and system
of IVP’s are again solved using LSODE similary aglained in the thermal
problem. In this case LSODE is executed by turrongthe nonstiff option. In the
sample problems presented in Chapter 5, the spéatfiror tolerance defined in Eq.
(4.57) &, is chosen ag&0”°. The Newton iterations achieve the desired corerezg
in 3 to 10 iterations in problems having both terapg&e independent and dependent
properties.
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CHAPTER 5

ASSESSMENT OF THE FORMULATION AND SAMPLE
PROBLEMS

In this chapter, we consider some sample problenas amalyze them using the
computational method which uses shooting algoritiie. recall that, the definition
of the thermoelastic heat generating compositendgli/ tube problem that is
considered within the scope of this thesis is girreilChapter 3 and computational
method based on the shooting algorithm is discuss€thapter 4.

In order to implement the proposed computationgbithm, we developed a
computer program using FORTRAN 90 programming laggu

For the verification of the computer program westficonsider some benchmark
problems whose closed form solutions exist. In eéhgsoblems the physical
properties of the selected materials are considardae temperature independent.
We recall that, these closed form solutions areflyrdiscussed in Section 3.3. The
results of closed form solutions are evaluatedguMIA\THEMATICA 7.0 and they
are compared with those obtained from our compurggram. Next, some problems

with temperature dependent properties are consldere

5.1 Material Properties

In the example problems, two different materials eonsidered. The first one is a
steel alloy UNS G41300 and the second one is anialum alloy UNS A93550. We
note that the abbreviation “UNS” stands fafrified NumberingSystem for Metals
and Alloys”. The variations of physical propertie#h temperature for these two
alloys are taken from Material Property Databasef?®l they are given as follows:
UNS G41300

Thermal Expansion coefficie[it/°C]:

For —273.15C<T< 703.85C
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a =1.0599206523482848 10+ 2.2723516478°1IG 2.378094'1d
Thermal Conductivityw/(m °C)]:
For -173.15C< T < 99.85C

k =35.31225322775738 8.00414160477575°16- 1.65649658595T 40
+2.63702% 10T?®

For 99.85C<T< 1199.85C

k =36.866873461078896 2.23034782934°T0r 8.615782Tf0
Elasticity ModulugGPa]:

For -0.15C<T< 776.85C

E=212.81411995016902 2.235395%48*T0- 1.063196°T10
Poisson’s Ratio:

For -0.15C<T< 779.85C

v =0.28780622069544737 5.2022465862756857°T10
-2.835417380% 10T*+ 1.246582 1or?

Uniaxial Yield LimitfMPa]:
For —-0.15C < T < 537.85C

0, =518.9861958549853 2.6898899534063475" L0
+1.353368807¢ 108T>- 2.6197%2 *fU?

UNS A93550
Thermal Expansion coefficieri/°C]:

For -0.15C< T < 300C

a =2.08778751998 10+ 1.8732%¥3 1D
Thermal Conductivityw/(m °C)]:

For -0.15C < T < 537.85C

k =137.43357167622128 1.14278693957'10-  1.663835'Tf0
Elasticity ModuludGPa]:

For -273.15C < T < 499.85C

E =70.83972778471862 3.501227309841928°10
+6.153504541239796 10r’+ 3.788598464 °I0
-3.545736¢ 10°T*
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Poisson’s Ratio:
For —273.15C < T < 499.85C

v =0.3308563373280350 2.0906580661445668°TLO
-6.340010832582346 1r°+ 4.03392530408623510
+8.5428872037% 16T*+ 3.170585 10r°

Uniaxial Yield LimitfMPa]:
For -28.15C < T < 24.85C
o, =160.0
For 24.85C < T < 149.85C

0, =160.30020743509633 2.873355265967277°1.0
-4.495292525%8 10T*- 6.1329%9 fU°

For149.85C<T< 259.85C

0, =—358.47557252930043 11.902469111358533
-9.388632890356504 ITr*+ 2.882823x66 ‘10
-3.1125% 10'T*

For 259.85C<T< 369.8%C

0, =176.55675868099885 8.0631389635 ‘T0+ 9.91%355'TI0
We note that, in the above variations the tempegaluis given in terms of Celcius.
Table 5.1 shows the values of physical propertte¥ a0 for UNS G41300 and
UNS A93550. These values are obtained by settimgpéeatureT =0 in the above
equations, that isg, =a(0), k, =k(0), E, = E(0), v, =v(0), (g,), =0, (0).
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Table 5.1:Physical properties of UNS G41300 and UNS A93550 at0’

Property UNS G41300 UNS A93550
a, [1/C] 1.0599206523482848 T | 2.08778751995 1D
k, [W/mC] 35.312253227757¢ 137.433571676221:
E, [GPa] 212.814119950169( 70.839727784718¢€
V, 0.287806220695447: 0.33085633732803¢
(d,), [MPa] | 518.98619585498¢ 160.0

Figures 5.1 through 5.5 show the normalized vannetiof physical properties for the
steel alloy UNS G41300 frond"C to 300C. Similarly Figures 5.6 and 5.7 depict

these variations for the aluminum alloy UNS A93550.
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Figure 5.1: Variation of normalized Figure 5.2: Variation of normalized
thermal expansion coefficierftr / a,) thermal conductivity(k / k;) with
with temperature for UNS G41300. temperature for UNS G41300.
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In the examples presented below, the temperatuoblgm is solved using
dimensional variables whereas the solution of meiclah problem is performed by

using the nondimensional and normalized varialilesva in Table 5.2.

Table 5.2: Normalized and nondimensional variables used f@ $olution
mechanical problem.

Nondimensional radial coordinate r=r/b

Nondimensional elasticity modulus E=E(T)/ &
Nondimensional stress components 0,=0;lgg , (j=r.0.z)
Normalized strain g =g log  (j=r.60,z)

Nondimensional radial displacement U=uk/ oy

Normalized thermal expansion coefficient? = a(T)Ex/ 0q

Nondimensional heat load 5 = QERG'Rtf 10 yeke
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In Table 5.2,b is the outer radii of the composite/tube systé&in, g,,, ar andk;

, respectively, are the reference values of el@gtroodulus, uniaxial yield limit,

coefficient of thermal expansion and coefiicientlegrmal conductivity.

5.2 Numerical Examples

In all the examples, the reference temperaturelected asl, =0 and the reference
values material parameters are set to corresponaings of UNS G41300 &t =0,
that is,

Ex =[BEluns cazoc s Gur =[(T4) o] uns casaoc

g =[A)unscasoc ¢ Kr =Ko uns carzoc
It should be noted that, since thermoelastic amaigsconsidered in the study, our
solutions are valid in the elastic range. As vkelbwn, yielding commences when
the yield stresgr, is equal to uniaxial yield limit, i.e.

g, =0, (5.1)
Here, we note that uniaxial yield limit is a furmsti of temperature, i.e7, =g, (T).

Assuming that the materials considered here yialdsrding to von Mises yield

criterion, for the state of plane strain we have

UY :\/%I:(Ur_ae)2+(0-r _0-2)2+(U€_Uz)2] (52)

Inserting Eq. (5.2) into Eq. (5.1) and dividing tresult into the reference value of

uniaxial yield stressd ;) gives

5_U - \/%[(5} _5-9)2 + (5} _5-2)2 +(0_-9 _5-1)2] (53)

Rearranging Eq. (5.3) as

1:%\/%[(5r 7,7 +(0, -0,)’ +(@,-7,)] (5.4)

gives the yield condition in terms of nondimensiorgtresses. Note that

o, =0, | g, is the nondimensional uniaxial yield stress. la tomputations, we

define a nondimensional stress variable as

® = 2@ -3, +(@ ~2,) +(@,-7.)7] (5.5)
o, \2
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which its radial distribution is calculated for ealayer of composite system (for
i =1-n). Therefrom, the values @b' <1 states that we are in elastic range, whereas

as soon asd' =1 the plastic deformation starts.

The first three examples are the benchmark probteatsare solved to verify our
computational method. In these problems, the physicoperties are considered to
be temperature independent and their values aem taam Table 5.1. The results of
analytical solutions are obtained through the UsMATHEMATICA 7.0. In the
next three examples, the examples presented ashrbaric problems are
reconsidered. But in these problems, we obtainstilations by assuming that the
physical properties of the materials change wittngerature according to the
variations given in the beginning of this chaptbr. following discussions, the
abbreviation “CP” is used fo€ConstantProperty (or fortemperature independent
physical propertieswhile the abbreviation “VP” is used fdfariable Property (or
for temperature dependent physical propejtie$Ve also note that, these
abbreviations are also used as a subscript undez gariables to denote whether the
variable is obtained from the solution of composyénder/tube system having CP
and VP.

5.2.1 Example 1: Two Layered Composite Cylinder Having Tenperature
Independent Physical Properties

In this problem, we consider a two layered comgosylinder where the inner core
is assumed to be made from steel alloy UNS G413@Dtlhe outer layer is made
from aluminum alloy UNS A93550. Figure 5.11 sholws tomposite assembly. It is

also assumed that, uniform heat is generated ontiié@ inner core, that iQ"#0
and Q°>=0. The nondimensional values of radial coordinatésthe interface
between layers and the outer radius are, respbgtize=0.2 and 1, =1.0. Figure
5.12 and 5.13 show the variations of temperatuceimngradient at the elastic limit
heat load| Q} |  =63.3763078, that is, at the heat loa@" when the yielding
starts. The corresponding stress and radial displant-strain variations are depicted
in Figures 5.14 and 5.15, respectively. In thegerés, the results obtained from

analytical and numerical solutions (NSM) are dedptespectively, by diamonds
and solid lines. In the analytical solutions, thalues of integration constants
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evaluated, respectively, for the thermal and mechhrproblems are: C =0,
C, = 266.416836, C, =-74.9327272{, C, =0, and, D, =0, D, =0.440807271,
D, =0.4464758098 18, D, =0.753162562% 10. We also use red and blue
colors in the plots in order to identify the resutf the different layers easily. From

Figure 5.14, it is seen that, the yielding statttha axis of the cylinderd; (0)=1)

in the steel alloy.

Steel

Aluminum

Figure 5.11:Two layered composite cylinder. First layer is made

from UNS G41300 and second layer is made from UNS550.

Uniform heat is generated in the first layer.
We also compare these results in Tables 5.3 thréughTable 5.3 shows the values
temperature and its gradient at some nondimensiawizl distances. On the other
hand, Table 5.4 and 5.5 compares the results ohamézal problem. In these tables,
the digits of the values of any quantity which a&gfer both solutions are denoted by

blue colors whereas the digits which do not agreedanoted by red colors.
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Figure 5.12:Variation of temperature with nondimensional ragiabrdinate
in the two layered composite cylinder considereBxample 1.
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Figure 5.13: Variation of temperature gradient with nondimenaioradial
coordinate in the two layered composite cylinderstdered in Example 1.
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Figure 5.14: Variation of nondimensional stress

components with

nondimensional radial coordinate in the two layewsinposite cylinder
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Table 5.3:Comparison of the values of temperature and itdigna
obtained from the analytical and numerical solwgiohExample 1.

Analytical |

Numerical

Analytical |

Numerical

Temperature [Celcius]

dT/dr

0.0 2.664168368E+02 2.664168371E+02 0.000000000E+00 0.000000000E+00
0.1 2.299625206E+02 2.299625209E+02 -7.290863230E+02 -7.290863230E+02
0.2 1.205995722E+02 1.205995724E+02 -1.458172646E+03 -1.458172646E+03
0.2 1.205995722E+02 1.205995724E+02 -3.746636364E+02 -3.746636364E+02
0.3 9.021696580E+01 9.021696608E+01 -2.497757576E+02 -2.497757580E+02
0.4 6.866016352E+01 6.866016376E+01 -1.873318182E+02 -1.873318187E+02
0.5 5.193940865E+01 5.193940884E+01 -1.498654546E+02 -1.498654551E+02
0.6 3.827755715E+01 3.827755730E+01 -1.248878788E+02 -1.248878794E+02
0.7 2.672662630E+01 2.672662640E+01 -1.070467533E+02 -1.070467538E+02
0.8 1.672075488E+01 1.672075493E+01 -9.366590910E+01 -9.366590963E+01
0.9 7.894950786E+00 7.894950795E+00 -8.325858587E+01 -8.325858637E+01
1.0 0.000000000E+00 -3.711501906E-08 -7.493272728E+01 -7.493272775E+01




Table 5.4:Comparison of the values of stress componentsnaatdrom the analytical and numerical solutiong&gémple 1.

€g

Analytical Numerical Analytical | Numerical Analytical | Numerical Analytical | Numerical
r UH Uz (0]
0.0 -3.721196071E-01 -3.721196167E-01 -3.721196071E-01 -3.721196167E-01 -1.372119607E+00 -1.372119614E+00 1.000000000E+00 9.999999973E-01
0.1 -3.165024513E-01 -3.165024532E-01 -2.052681398E-01 -2.052681416E-01 -1.149650984E+00 -1.149650986E+00 8.939710584E-01 8.939710588E-01
0.2 -1.496509840E-01 -1.496509858E-01 2.952862624E-01 2.952862606E-01 -4.822451145E-01 -4.822451168E-01 6.757007663E-01 6.757007666E-01
0.2 -1.496509840E-01 -1.496509858E-01 -2.133268601E-01 -2.133268620E-01 -4.637726351E-01 -4.637726371E-01 9.329413941E-01 9.329413947E-01
0.3 -1.469646779E-01 -1.469646797E-01 -8.661949581E-02 -8.661949755E-02 -3.343789648E-01 -3.343789667E-01 7.258505206E-01 7.258505212E-01
0.4 -1.227652280E-01 -1.227652297E-01 -1.901267555E-02 -1.901267715E-02 -2.425726946E-01 -2.425726964E-01 6.285409468E-01 6.285409473E-01
0.5 -9.720569597E-02 -9.720569766E-02 2.663826788E-02 2.663826642E-02 -1.713622192E-01 -1.713622208E-01 5.620096029E-01 5.620096034E-01
0.6 -7.357102507E-02 -7.357102669E-02 6.118679190E-02 6.118679059E-02 -1.131790242E-01 -1.131790256E-01 5.135442977E-01 5.135442982E-01
0.7 -5.226478449E-02 -5.226478604E-02 8.907374169E-02 8.907374054E-02 -6.398583388E-02 -6.398583506E-02 4.785981344E-01 4.785981350E-01
0.8 -3.309381129E-02 -3.309381276E-02 1.125158483E-01 1.125158472E-01 -2.137275410E-02 -2.137275508E-02 4.544933943E-01 4.544933950E-01
0.9 -1.576424868E-02 -1.576425008E-02 1.327736859E-01 1.327736850E-01 1.621464611E-02 1.621464533E-02 4.392271474E-01 4.392271484E-01

1.0

0.000000000E+00

-1.335284561E-09

1.506325124E-01

1.506325116E-01

4.983772134E-02

4.983772075E-02

4.311361257E-01

4.311361270E-01
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Table 5.5:Comparison of the values of radial displacemedtsirain components obtained from the analyticdlrmmmerical solutions

of Example 1.

Analytical

Numerical

Analytical |

Numerical

Analytical

Numerical

Numerical

u

£

r

-z

&

z

0.0

0.000000000E+00

0.000000000E+00

1.287806221E+00

1.287806217E+00

1.287806221E+00

1.287806217E+00

0.000000000E+00

0.1

1.216182102E-01

1.216182102E-01

1.072933863E+00

1.072933864E+00

1.216182102E+00

1.216182102E+00

-1.110223025E-16

0.2

2.002619488E-01

2.002619489E-01

4.283167903E-01

4.283167909E-01

1.001309744E+00

1.001309745E+00

0.000000000E+00

0.2

2.002619488E-01

2.002619489E-01

1.255892898E+00

1.255892898E+00

1.001309744E+00

1.001309745E+00

0.000000000E+00

0.3

2.971708791E-01

2.971708793E-01

7.493029244E-01

7.493029250E-01

9.905695970E-01

9.905695978E-01

0.000000000E+00

0.4

3.575270143E-01

3.575270146E-01

4.790034239E-01

4.790034241E-01

8.938175357E-01

8.938175365E-01

0.000000000E+00

0.5

3.958138583E-01

3.958138586E-01

2.964859329E-01

2.964859326E-01

7.916277165E-01

7.916277171E-01

-5.551115123E-17

0.6

4.182802222E-01

4.182802225E-01

1.583571354E-01

1.583571346E-01

6.971337037E-01

6.971337041E-01

0.000000000E+00

0.7

4.283643080E-01

4.283643081E-01

4.686204413E-02

4.686204267E-02

6.119490114E-01

6.119490115E-01

-2.775557562E-17

0.8

4.282410822E-01

4.282410821E-01

-4.686207535E-02

-4.686207729E-02

5.353013528E-01

5.353013526E-01

0.000000000E+00

0.9

4.194142705E-01

4.194142701E-01

-1.278551373E-01

-1.278551398E-01

4.660158561E-01

4.660158557E-01

0.000000000E+00

1.0

4.029886567E-01

4.029886560E-01

-1.992566894E-01

-1.992566923E-01

4.029886567E-01

4.029886560E-01

-9.053897019E-18




5.2.2 Example 2: Three Layered Composite Tube Having Temgrature
Independent Physical Properties

In this problem, we consider a three layered contg@dsbe as shown in Figure 5.16.
The first and third layers of the composite systemassumed to be made from steel
alloy UNS G41300 whereas the second layer is meat@ fluminum alloy UNS
A93550. It is also assumed that, uniform heat rsegated only in the first layer, that

is, Q'#0, Q=0 and Q® =0. The inner radius of the tubeis=0.4; the radius of
the first and second interfaces are, respectivély; 0.6 andt, =0.8; and the outer

radius ist, =1.0.

Aluminum

insulated =04

Figure 5.16:Three layered composite tube. First layer is maoie f
UNS G41300, second layer is made from UNS A93550 e

third layer is made from UNS G41300. Uniform heagiénerated in
the first layer.

Figure 5.17 and 5.18 show the variation of tempeeaaind its gradient at the elastic

limit heat Ioad[C_Qé ]CP =16.8353369.. The red, blue and green colors, respectively,

are used to identify the results of first, secondl ahird layers easily. The
corresponding stress and radial displacement-steiations are depicted in Figures
5.19 and 5.20, respectively. In the analytical 8ohs, the values of integration

constants evaluated, respectively, for the theraral mechanical problems are:
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C,=309.880189, C,=621976500, C,=-99.5259710(, C,=64.2261289,

C, =-387.350237;, C,=0, and, D,=0.2912582118 18, D, =0.304096652,

D, =0.7141289668 10, D, =0.5460334489 10, D, =0.248724131,

D, =0.342243434. From Figure 5.19, it is seen that, the yieldingtstat the first
interface of the tubed’(T)) =1) in the aluminum alloy. Tables 5.6 through 5.8

compare these results as in the previous example.

200.0 : T
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| —— NSM
— 150.0 i E
2} ] 1
2 | ]
S} | 1
<5} | ]
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g. : : T3
£ : AV
~ 500 | : :
Steel I'_l Aluminum I'_2
0.0 ' i
0.4 0.5 0.6 0.7 0.8 0.9 1.0

Nondimensional radial coordinate

Figure 5.17: Variation of temperature with nondimensional radial
coordinate in the three layered composite tubeidersd in Example 2.
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Figure 5.18:Variation of temperature gradient with nondimensiamadial
coordinate in the three layered composite tubeidersd in Example 2.
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Table 5.6: Comparison of the values of temperature and @dignt
obtained from the analytical and numerical solwgioh
Example 2.

Analytical

| Numerical

Analytical |

Numerical

Temperature [Celcius]

dT/dr

0.4

1.830960591E+02

1.830960592E+02

0.000000000E+00

0.000000000E+00

0.5

1.650900218E+02

1.650900218E+02

-3.486152136E+02

-3.486152134E+02

0.6

1.150665452E+02

1.150665452E+02

-6.455837289E+02

-6.455837284E+02

0.6

1.150665452E+02

1.150665452E+02

-1.658766183E+02

-1.658766182E+02

0.7

9.972454907E+01

9.972454910E+01

-1.421799586E+02

-1.421799586E+02

0.8

8.643470756E+01

8.643470760E+01

-1.244074637E+02

-1.244074638E+02

0.8

8.643470756E+01

8.643470760E+01

-4.841877967E+02

-4.841877970E+02

0.9

4.081142075E+01

4.081142076E+01

-4.303891526E+02

-4.303891529E+02

1.0

0.000000000E+00

2.077686023E-09

-3.873502373E+02

-3.873502378E+02
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Table 5.7:Comparison of the values of stress componentsradgtdrom the analytical and numerical solutionExample 2.

Analytical | Numerical Analytical Numerical Analytical Numerical Analytical Numerical
r Ur
0.4 0.000000000E+00 0.000000000E+00 -5.091813294E-01 -5.091813295E-01 -9.423328180E-01 -9.423328181E-01 8.169690870E-01 8.169690870E-01
0.5 -8.457856966E-02 -8.457856970E-02 -3.147178748E-01 -3.147178748E-01 -8.324479330E-01 -8.324479330E-01 6.634444579E-01 6.634444579E-01
0.6 -9.801611423E-02 -9.801611430E-02 3.996387306E-03 3.996387137E-03 -5.271712155E-01 -5.271712156E-01 4.882210942E-01 4.882210942E-01
0.6 -9.801611423E-02 -9.801611430E-02 -2.828234558E-01 -2.828234559E-01 -4.539145344E-01 -4.539145345E-01 1.000000000E+00 1.000000000E+00
0.7 -1.179753626E-01 -1.179753627E-01 -1.975256002E-01 -1.975256003E-01 -3.885759272E-01 -3.885759273E-01 7.813565573E-01 7.813565576E-01
0.8 -1.238338790E-01 -1.238338791E-01 -1.350682078E-01 -1.350682078E-01 -3.319770511E-01 -3.319770513E-01 6.576838475E-01 6.576838478E-01
0.8 -1.238338790E-01 -1.238338791E-01 2.808383429E-01 2.808383430E-01 -3.304828267E-01 -3.304828269E-01 5.385986294E-01 5.385986296E-01
0.9 -6.618659755E-02 -6.618659760E-02 5.016148772E-01 5.016148774E-01 -5.205901099E-02 -5.205901102E-02 5.608711429E-01 5.608711432E-01

1.0

0.000000000E+00

-1.775388061E-11

6.844868698E-01

6.844868702E-01

1.969995791E-01

1.969995792E-01

6.103175270E-01

6.103175274E-01
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Table 5.8: Comparison of the values of radial displacemedtsirain components obtained from the analyticdlramerical
solutions of Example 2.

Analytical

Numerical

Analytical

Numerical

Analytical

Numerical

Numerical

|
u

£

r

oz

&

z

0.4

2.231260726E-01

2.231260726E-01

1.213542065E+00

1.213542065E+00

5.578151814E-01

5.578151815E-01

0.000000000E+00

0.5

3.333679948E-01

3.333679948E-01

9.631108183E-01

9.631108183E-01

6.667359896E-01

6.667359896E-01

0.000000000E+00

0.6

4.104245658E-01

4.104245658E-01

5.526686090E-01

5.526686091E-01

6.840409431E-01

6.840409430E-01

0.000000000E+00

0.6

4.104245658E-01

4.104245658E-01

1.422921013E+00

1.422921014E+00

6.840409431E-01

6.840409430E-01

1.110223025E-16

0.7

5.346881487E-01

5.346881488E-01

1.081890809E+00

1.081890809E+00

7.638402125E-01

7.638402125E-01

0.000000000E+00

0.8

6.298105641E-01

6.298105643E-01

8.321792867E-01

8.321792870E-01

7.872632051E-01

7.872632054E-01

0.000000000E+00

0.8

6.298105641E-01

6.298105643E-01

2.661238004E-01

2.661238005E-01

7.872632051E-01

7.872632054E-01

0.000000000E+00

0.9

6.417222097E-01

6.417222100E-01

-1.819359386E-02

-1.819359388E-02

7.130246775E-01

7.130246778E-01

0.000000000E+00

1.0

6.277891654E-01

6.277891658E-01

-2.536972834E-01

-2.536972836E-01

6.277891654E-01

6.277891658E-01

-9.860799973E-18




5.2.3 Example 3: Three Layered Composite Cylinder Havingrlemperature
Independent Physical Properties

Here, a three layered composite cylinder as showiigure 5.21 is considered. The
first and second layers of the composite systemassemed to be made from steel
alloy UNS G41300 whereas the third layer is mademfraluminum alloy UNS
A93550. In this problem, we assume that uniformtheagenerated only in the

second layer, that iQ' =0, Q*#0 and Q*=0. The radius of the first and second

interfaces are, respectively, =0.3 andT, =0.5; and the outer radius i§=1.0.

Steel

Aluminum

Figure 5.21: Three layered composite cylinder. First layer isdma
from UNS G41300, second layer is made from UNS ®81a8nd the
third layer is made from UNS A93550. Uniform hesitgenerated in
the second layer.

Figure 5.22 and 5.23 show the variation of tempeeaand its gradient at the elastic
limit heat load [Qj ]CP =34.9144925. The corresponding stress and radial
displacement-strain variations are depicted in FEglb.24 and 5.25, respectively. In
the analytical solutions, the values of integratcmmstants evaluated, respectively,
for the thermal and mechanical problems areC =0, C,=251122609,
C, =361493307- C,=867.097374., C,=-165.124049; C,=0, and, D, =0.

D, =0.550772329, D, =-0.2481833229 10, D, =0.550772329,
62



D, =0.4383325094 10, D, =0.131974632 . From Figure 5.24, we observe that
the first layer (steel alloy) starts to yield sitaueously as a wholedy, (7)) =1

whereT” denotes values df between 0 and]) . As before, we compare the values

of the results obtained from analytical and nunsrsolutions in Tables 5.9 through
5.11.

250.0 {
! ¢ Analytical
: — NSM
200.0 ;
%) i
= 0
o 0
@ ,
©, 150.0 !
&) |
2 0
© %
8 100.0 ;
5 i 4
[t i ZT
50.0
Steel I’_1 Steel r_2
0.0 L
0.0 0.2 0.4 0.6 0.8 1.0

Nondimensional radial coordinate

Figure 5.22: Variation of temperature with nondimensional radial
coordinate in the three layered composite cyliramrsidered in Example
5}
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© | .
-800.0 | : :
L dT? E ¢ Analytical
-1000.0 i W E NSM
-1200.0 | i E
Steel n Steel ! [
-1400.0 . . L L
0.0 0.2 04 0.6 0.8

Nondimensional radial coordinate

1.0

Figure 5.23: Variation of temperature gradient with nondimensiaadial
coordinate in the three layered composite cyliramrsidered in Example

3.

Nondimensional stress components

¢ Analytical
— NSM

0.6

0.8

Nondimensional radial coordinate

1.0

Figure 5.24: Variation of nondimensional stress components with
nondimensional radial coordinate in the three lagecomposite cylinder
considered in Example 3.
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Figure 5.25. Variation of nondimensional radial displacement and
normalized strain components with nondimensiondlatacoordinate in
the three layered composite cylinder considerdexample 3.
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Table 5.9:Comparison of the values of temperature and @dignt
obtained from the analytical and numerical solwtiohExample 3.

Analytical

Numerical

Analytical

Numerical

Temperature [Celcius]

dT/dr

0.0

2.511226097E+02

2.511226097E+02

0.000000000E+00

0.000000000E+00

0.1

2.511226097E+02

2.511226097E+02

0.000000000E+00

0.000000000E+00

0.2

2.511226097E+02

2.511226097E+02

0.000000000E+00

0.000000000E+00

0.3

2.511226097E+02

2.511226097E+02

0.000000000E+00

0.000000000E+00

0.3

2.511226097E+02

2.511226097E+02

0.000000000E+00

0.000000000E+00

0.4

2.145370229E+02

2.145370228E+02

-7.029036533E+02

-7.029036529E+02

0.5

1.144552695E+02

1.144552695E+02

-1.285309537E+03

-1.285309536E+03

0.5

1.144552695E+02

1.144552695E+02

-3.302480996E+02

-3.302480993E+02

0.6

8.434959573E+01

8.434959576E+01

-2.752067496E+02

-2.752067496E+02

0.7

5.889561120E+01

5.889561124E+01

-2.358914997E+02

-2.358914998E+02

0.8

3.684636688E+01

3.684636691E+01

-2.064050622E+02

-2.064050625E+02

0.9

1.739755503E+01

1.739755506E+01

-1.834711664E+02

-1.834711667E+02

1.0

0.000000000E+00

1.072881617E-09

-1.651240498E+02

-1.651240501E+02




Table 5.10:Comparison of the values of stress componentsradatdrom the analytical and numerical solution&xample 3.

Analytical

Numerical

Analytical

Numerical

Analytical

Numerical

Analytical

Numerical

0,

r

O

0]

0.0

-2.154867468E-01

-2.154867467E-01

-2.154867468E-01

-2.154867467E-01

-1.215486747E+00

-1.215486747E+00

1.000000000E+00

1.000000000E+00

0.1

-2.154867468E-01

-2.154867467E-01

-2.154867468E-01

-2.154867467E-01

-1.215486747E+00

-1.215486747E+00

1.000000000E+00

1.000000000E+00

0.2

-2.154867468E-01

-2.154867467E-01

-2.154867468E-01

-2.154867467E-01

-1.215486747E+00

-1.215486747E+00

1.000000000E+00

1.000000000E+00

0.3

-2.154867468E-01

-2.154867467E-01

-2.154867468E-01

-2.154867467E-01

-1.215486747E+00

-1.215486747E+00

1.000000000E+00

1.000000000E+00

0.3

-2.154867468E-01

-2.154867467E-01

-2.154867468E-01

-2.154867467E-01

-1.215486747E+00

-1.215486747E+00

1.000000000E+00

1.000000000E+00

L9

0.4

-1.976866285E-01

-1.976866284E-01

-1.001714049E-02

-1.001714051E-02

-9.922170224E-01

-9.922170223E-01

9.031099024E-01

9.031099023E-01

0.5

-1.122217245E-01

-1.122217245E-01

5.152837637E-01

5.152837632E-01

-3.814512143E-01

-3.814512144E-01

7.969884806E-01

7.969884802E-01

0.5

-1.122217245E-01

-1.122217245E-01

-1.112719653E-01

-1.112719655E-01

-4.001136677E-01

-4.001136677E-01

9.353688071E-01

9.353688070E-01

0.6

-1.016885639E-01

-1.016885639E-01

6.409142021E-03

6.409141860E-03

-2.718993997E-01

-2.718993999E-01

7.882586283E-01

7.882586283E-01

0.7

-7.979017066E-02

-7.979017068E-02

9.291436773E-02

9.291436766E-02

-1.634957808E-01

-1.634957809E-01

7.346008636E-01

7.346008638E-01

0.8

-5.380458723E-02

-5.380458725E-02

1.608322703E-01

1.608322703E-01

-6.959229476E-02

-6.959229488E-02

7.231759457E-01

7.231759459E-01

0.9

-2.676454482E-02

-2.676454482E-02

2.166209727E-01

2.166209727E-01

1.323645001E-02

1.323644997E-02

7.332468613E-01

7.332468616E-01

1.0

0.000000000E+00

2.785907789E-11

2.639492648E-01

2.639492650E-01

8.732928700E-02

8.732928706E-02

7.554681364E-01

7.554681367E-01
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Table 5.11:Comparison of the values of radial displacemedtsirain components obtained from the analyticdlrammerical
solutions of Example 3.

Analytical

Numerical

Analytical

Numerical

Analytical

Numerical

Numerical

|
u

g

r

|
EG

&

z

0.0

0.000000000E+00

0.000000000E+00

1.287806221E+00

1.287806221E+00

1.287806221E+00

1.287806221E+00

0.000000000E+00

0.1

1.287806221E-01

1.287806221E-01

1.287806221E+00

1.287806221E+00

1.287806221E+00

1.287806221E+00

0.000000000E+00

0.2

2.575612442E-01

2.575612442E-01

1.287806221E+00

1.287806221E+00

1.287806221E+00

1.287806221E+00

0.000000000E+00

0.3

3.863418663E-01

3.863418663E-01

1.287806221E+00

1.287806221E+00

1.287806221E+00

1.287806221E+00

0.000000000E+00

0.3

3.863418663E-01

3.863418663E-01

1.287806221E+00

1.287806221E+00

1.287806221E+00

1.287806221E+00

0.000000000E+00

0.4

5.059532472E-01

5.059532471E-01

1.023201184E+00

1.023201184E+00

1.264883118E+00

1.264883118E+00

0.000000000E+00

0.5

5.774104414E-01

5.774104412E-01

3.467154117E-01

3.467154119E-01

1.154820883E+00

1.154820882E+00

0.000000000E+00

0.5

5.774104414E-01

5.774104412E-01

1.151023641E+00

1.151023641E+00

1.154820883E+00

1.154820882E+00

0.000000000E+00

0.6

6.676248892E-01

6.676248892E-01

6.805216355E-01

6.805216361E-01

1.112708149E+00

1.112708149E+00

1.110223025E-16

0.7

7.176091754E-01

7.176091756E-01

3.346642323E-01

3.346642328E-01

1.025155965E+00

1.025155965E+00

0.000000000E+00

0.8

7.370101962E-01

7.370101966E-01

6.312099052E-02

6.312099090E-02

9.212627453E-01

9.212627457E-01

0.000000000E+00

0.9

7.318383145E-01

7.318383149E-01

-1.599283753E-01

-1.599283751E-01

8.131536828E-01

8.131536833E-01

0.000000000E+00

1.0

7.061460900E-01

7.061460903E-01

-3.491520909E-01

-3.491520910E-01

7.061460900E-01

7.061460903E-01

-2.493824638E-18




In the above benchmark examples, we observe tlatesults of the analytical
solutions and those obtained from NSM are in perfagreement for both
temperature and mechanical problems. In fact, fbrgaantities, analytical and
numerical solutions agree up to 6 significant gigivhich show the accuracy of
NSM. This can also be identified from Tables 5.80tlyh 5.11. Finally, the last

column in Tables 5.5, 5.8 and 5.11 give the vahfeaxial strain, obtained from

the numerical solution. As we know, for our probl¢ptane strain problem) these
values must be equal to zero. The axial strainegin these tables show also the
accuracy and validity of our computations.

In the next three problems, the examples preseagdgenchmark problems are
reconsidered. But for these problems, we obtainstiietions by assuming that the
physical properties of the materials change witmpgerature according to the

polynomials given in the beginning of this chapter.

5.2.4 Example 4: Two Layered Composite Cylinder Having Tenperature
Dependent Physical Properties

The definition of the problem is the same as inr&pke 1. On the other hand, the VP
composite cylinder is considered here. The eldshd heat load is calculated as

[Qﬂvp =52.91590(. Figures 5.26 and 5.27 show the variations of tatpre and

its gradient obtained for] Qi |  in which these results are denoted by solid lines.

For comparison, these figures also contain thelteesdi the CP composite system

obtained for[@]vp and these results are denoted by dashed linesdrithonds.

Again different colors are used to identity theutesthat belong to different layers.

The corresponding stress and radial displacemesitisivariations obtained for

[Qll]vp are depicted in Figures 5.28 and 5.29, respegti@bm Figure 5.28, it is

e

seen that, the yielding starts at the axis of tylsnder ([<D$ (O)] =1) in the steel

VP
alloy for VP system as in CP system. The elastiatlheat load of VP composite

cylinder is about 17% lower than the problem coasd in Example 1

([Qi' ]vp < [Qé':lcp)'
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Figure 5.26: Variation of temperature with nondimensional radial
coordinate in the two layered composite cylindensidered in Example
4.
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Figure 5.27: Variation of temperature gradient with nondimensiaadial
coordinate in the two layered composite cylindersidered in Example 4.
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Figure 5.28: Variation of nondimensional stress components with
nondimensional radial coordinate in the two layecednposite cylinder
considered in Example 4.
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Figure 5.2S: Variation of nondimensional radial displacement and
normalized strain components with nondimensiondiatacoordinate in
the two layered composite cylinder considered iarggle 4.
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5.2.5 Example 5: Three layered composite tube having tengrature dependent
properties

The definition of the problem is the same as inrgple 2. The elastic limit heat load

Is calculated a{@é] =16.608919L. In that problem, we observe that there is not

VP

much difference between the elastic limit heat $oafl this problem and the one
considered in Example 2. The temperature and édignt obtained fo[@é]vp are
depicted in Figures 5.30 and 5.31 whereas the sjoraling stresses and radial

displacement-strains are shown in Figures 5.32 B8, respectively. As before,
these figures also contain the results of the CRposite system obtained for

e

[Qll ]VP. From Figure 5.32, it is seen that, the yielditayts at the first interface of

the tube K¢3(ﬁ)] =1) in the aluminum alloy for the VP system as in §/Btem.

VP

5.2.6 Example 6: Three layered composite cylinder havingemperature
dependent properties

The definition of the problem is the same as inrggle 3. The elastic limit heat load

is calculated a{@;] =29.291784¢ The elastic limit heat load of VP composite

VP

cylinder is about 16% lower than the problem coesd in Example 3

([Qll]vp{c_gé,]cp). The temperature and its gradient obtained ﬁoj;,]vp are

e

depicted in Figures 5.34 and 5.35 whereas the sjoraling stresses and radial

displacement-strains are shown in Figures 5.36 5aBd, respectively. Again, these

figures also contain the results of the CP compasjstem obtained fc[@elu ]VP. As

in Example 3, we observe that the first layer (stakboy) starts to yield

simultaneously as a Whol%cpi (r_*)]vP =1 whereT denotes values df between

0 andr;)
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Figure 5.31: Variation of temperature gradient with nondimensio radial
coordinate in the three layered composite tubeidersd in Example 5.
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Figure 5.32: Variation of nondimensional stress components with
nondimensional radial coordinate in the three lagecomposite tube
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Figure 5.33: Variation of nondimensional radial displacement and
normalized strain components with nondimensiondlatacoordinate in
the three layered composite tube considered in Biamh
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Figure 5.34: Variation of temperature with nondimensional
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Common observations that can be made from thetsestiExamples 4, 5 and 6

are as follows:

1)

2)

Comparing the variations of temperature and itdigra for VP and CP
solutions, it is seen that they are very closeacheother. This can be seen
from Figures 5.26, 5.27 and 5.30, 5.31 and 5.3K.5The only property that
effects the temperature problem is the thermal gotndty. The values of
thermal conductivities for both type of materialsange about 10% with
respect to the value at 0 degree Celcius withintéhgperature range for the
selected problems (see Figures 5.2 and 5.7). Ferstiected example
problems, it seems that, the variation of thernadduictivities do not effect
the distrubution of thermal variables significantly

Comparing the variations of stresses and stran¥P and CP solutions, we
observe that, in the regions where there are haheg temperature some of
the stress and strain components differ signifiganthis behaviour is
observed even in Example 5 where the elastic lmidt loads for CP and VP

systems are very close to each other.
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CHAPTER 6

CONCLUSIONS

In this study, a computational method is develofmedhe thermoelastic analysis of
internally heat generating infinitely long multiyered composite cylinders and tubes
with fixed ends. In the formulation the followingssumptions are made:
Deformations are small. The physical propertiethefmaterials that form the layers
of the composite assembly are varying with tempeeafThe layers of the composite
assembly are perfectly bonded with each other. Eaar is made from an isotropic
linear elastic material. The thermal problem isadie state. The thermal and

mechanical problems are uncoupled.

The proposed computational method is based onmearlishooting algorithm. In
order to apply this algorithm, the boundary valuebtem that defines our problem is
converted to system of initial value problems. Bom layered composite assembly,
we haven number of system of initial value problems. Thisgal value problems
are solved consecutively starting from the oneesponding to the first layer up to
the one corresponding to the final layer. The sotubf each system of initial value
problem provides the initial conditions of the nexie. On the other hand, one of the
initial conditions of the system of initial valuegblem that corresponds to the first
layer is unknown both for thermal and mechanicalbfgms. Therefore, we use
nonlinear shooting algorithm which is based on N iterations and try to satisfy
the outer boundary conditions. The solutions dfiahivalue problems are obtained
by using the state of art program LSODE. Sincenta¢rand mechanical problems
are uncoupled, the method is first used to detezrttie solution of thermal problem.
Next, using of the solutions obtained from therprablem, the mechanical problem

is solved again via the nonlinear shooting algamith
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In the sample problems two different material préips are used. These are: Steel
alloy UNS G41300 and aluminum alloy UNS A93550.tte first three problems
(benchmark problems) that are covered in Chapterw®, have verified our
computational method. For these problems, we dendiemperature independent
physical properties. The closed form solutions efidhmark problems are obtained
with the use MATHEMATICA 7.0, and these solutiong® &ompared with those
obtained from our computational method. From thesmparisons, it is observed
that, our computational method gives very accurasalts. In fact, the results of
analytical and numerical solutions agree at leastsgynificant digits both for
thermal and mechanical problems in the distribiiohall the field variables. In the
following three problems in Chapter 5, we reconsithe first three problems. But
this time, the solutions are obtained by takingoirdccount of temperature
dependency of physical properties. The distribitiohthe stress, strain components
and radial displacement for the composite assembi®ing temperature dependent
and independent physical properties are also caedpé#m all the example problems,
the analyses are carried out up to elastic limét Heads, that is, until the yielding
commences. As expected, the elastic limit heatdoad temperature dependent
solutions are determined lower than with those iobth from temperature

independent solutions. In the examples two differeaterial properties are used.

The results of the last three problems show tlatiifermal problem, temperature
dependent and independent solutions give nearlygdhge distributions for thermal
variables. On the other hand, when the distribgtion stress, strain and radial
distributions are examined, at the regions havimgh htemperature values a
significant difference between the values thesk fi@riables exist. This shows, the
importance of taking into account of temperaturpettglency of physical properties

in the thermoelastic analysis.
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