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ABSTRACT

EXISTENCE OF SOLUTIONS FOR HIGHER ORDER MULTI-POINT
IMPULSIVE BOUNDARY VALUE PROBLEMS ON TIME SCALES

KUS, Murat Eymen
M.S., Department of Mathematics
Supervisor : Assist. Prof. Dr. Sibel DOGRU AKGOL
Co-Supervisor : Prof. Dr. Svetlin G. GEORGIEV

June 2022, 50 pages

In this thesis, we investigate the sufficient conditions for existence of solutions of
multi-point higher order impulsive boundary value problems on time scales. In par-
ticular, a class of third order impulsive boundary value problem and a class of 2n + 1,
n > 1, order impulsive boundary value problem is studied. In chapter 1, we give the
definitions and basic notions on time scales calculus. Then, we present some exam-
ples and give the fixed point theorems that are used in the thesis. Chapter 2 is devoted
to existence of solutions of third order multi-point dynamic impulsive boundary value
problems. In chapter 3, we focus on existence of solutions of multi-point dynamic
impulsive boundary value problems of odd order. Finally, we give a short conclusion
in Chapter 4. The results in this thesis are published/accepted for publication in the

Georgian Mathematical Journal and Miskolc Mathematical Notes, respectively.

Keywords: impulsive dynamic equation, multi-point, boundary value problem, time

scales, higher order.
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ZAMAN SKALALARINDA YUKSEK MERTEBEDEN COK NOKTALI
IMPALSIF SINIR DEGER PROBLEMLERININ COZUMLERININ VARLIGI

KUS, Murat Eymen
Yiiksek Lisans, Matematik
Tez Yoneticisi : Asst. Prof. Dr. Sibel Dogru Akgol

Ortak Tez Yoneticisi : Prof. Dr. Svetlin G. Georgiev

Haziran 10, 2022, 50 sayfa

Bu tezde, ¢cok noktali yiiksek mertebeden impalsif sinir deger problemlerinin za-
man skalalarinda ¢oziimlerinin bulunmast icin yeterli kosullar1 arastirdik. Ozellikle,
ticlincli mertebeden impalsif sinir deger problemlerinin bir smifi ve 2n+ 1, n > 1
mertebeden bir impalsif sinir deger problemi sinifi incelenmistir. Boliim 1°de za-
man skalas1 ve bazi ilgili kavramlarin tanimlari ile birlikte 6rnekler verilmistir. Son-
rasinda tezde kullanilan sabit nokta teoremleri verilmistir. Boliim 2, {igiincii mertebe-
den ¢ok noktali dinamik impalsif sinir deger problemlerinin ¢dziimlerinin varligina
ayrilmistir. Boliim 3’de tek say1 mertebeli ¢cok noktali dinamik impalsif sinir deger
problemlerinin ¢oziimlerinin varligina odaklanilmistir. Son olarak, Boliim 4’te kisa
bir sonug verilmistir. Bu tezdeki sonuclarin bir kismi Georgian Mathematical Journal
dergisinde basilmis, bir kism1 da Miskolc Mathematical Notes dergisinde basilmak

tizere kabul edilmistir.

Anahtar Kelimeler: impalsif dinamik denklem, ¢ok nokta, sinir deger problemi, za-

man skalasi, yiiksek mertebe.
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CHAPTER 1

INTRODUCTION

The discrete-time systems are as necessary as continuous time systems, and as it is
well-known that differential equations and difference equations are very adequate
tools to model many processes occurring in applied sciences. However, there are
several real phenomena encountered in various fields such as logistics, population dy-
namics, biology, electrical engineering, physics, neural networks [5, 6, 7, 13] which
cannot be modeled using only continuous or only discrete dynamical systems. As
they contain both continuous and discrete data, such models require simultaneous use
of both. The time scales theory projected by Stefan Hilger [16] in 1988 unifies the
study of both. Since then, it has been used intensely by many researchers working in
different areas to produce solutions for the modeling problems mentioned above. This
caused the eye of researchers within the literature. For practical examples and deep
knowledge about the qualitative theory of dynamic systems on time scales, we refer

the reader to the books [5, 6, 12, 17, 20].

Several processes studied in applied sciences are painted by differential equations.
But, it is more likely for many physical phenomena to have sudden changes in their
states, and so, ordinary differential equations become inadequate to model them. The
appropriate tools for modelling such problems are impulsive differential equations.
Recently, the plurality of applications has a fast result on differential equations in-
volving impulse effects, and, in the last decades major developments have been made
in the theory of impulsive differential equations since they give a natural description
of many evolution phenomena in real life. The well-known books [3, 19, 26] are

excellent sources for readers interested in impulsive differential equations.

In this thesis, combining the impulsive differential equations with the time scales, the



higher order dynamic impulsive equations on time scales are considered. In particu-
lar, the existence of solutions for some types of impulsive boundary value problems
(IBVPs) on time scales with multi-point boundary conditions is studied. By applying
the well-known fixed point theorems, the existence of solutions is proved. Examples

are also provided to show the efficiency of the results.

The thesis is organized as follows. In the present chapter, we introduce notions of
basic calculus on time scales, the definition of impulsive differential equations and
some theorems related to the fixed point theory. In Chapter 2, we show the existence
of solutions to third order multi-point IBVPs on time scales. In Chapter 3, we discuss
the existence of solutions to odd order multi-point IBVPs on time scales. Finally, we

give a short conclusion in Chapter 4.

1.1 CALCULUS ON TIME SCALES

The definitions and the results in this section can be found in [5, 6, 13] and [7].

1.1.1 Basic Definitions

Definition 1.1.1 ([S]) A time scale T is any non-empty closed subset of the real num-
bers. Some very well known examples are R, Z, N, Ny and the Cantor set. The

intervals (1,2), [1,3) or (—1,0] are not time scales since they are not closed.

We define next some basic concepts on time scales.

Definition 1.1.2 ([S]) Let T be a time scale.

i) Forward jump operator o: T — T is defined by

ot)=inf{seT:s>1t}, teT.

ii) Backward jump operator p: T — T is defined by

p(t)=sup{seT:s<t}, teT.

2



iii) The graininess function pu: T — [0, o) is defined by

uty=o(@)—t, teT.

p(p(1) p(0) ! o (1) a(o(t))
-
(1)

Remark 1.1.3 We note that o(t) > t and p(t) < t, for any t € T.

Remark 1.1.4 We assume that sup(Q =infT, inf ) =sup T, where 0 denotes the empty

set.

Definition 1.1.5 ([S]) Let T be a time scale with forward jump and backward jump

operators o and p respectively. Then

e tis right scattered if o (t) > t,

tis right dense if t < supT and o (t) = t,

t is left scattered if p(t) < t,

t is left dense if t > inf T and p(t) = 1t,

t is isolated if it is both left and right scattered.

A 159} 13 14

As illustrated by the figure above :

11 1s a dense point;

1 is a left dense and right scattered point;

13 is an isolated point;

14 1s a left scattered and right dense point.

3



The following examples illustrate the above concepts on various time scales :
Example 1.1.6 Let T = {+/n:neNy}

For any 7 € T, t = /n and we compute

o(t) =inf{s € \Ng: s>t} =inf{Vs: Vs> Vn}

Then, we have o(f) = V2 +1.
For ¢ = 0 we compute p(0) = sup{ Vk : Vk <0} =sup® =infT =0
For ¢t > 0 we have t = /n, where n > 1 and

p() = sup{ Vs : V5 < i} = Va—1= V2 - 1.

Then,

2—-1 ift#0
p) =
0 ifr=0

and

uy=c@)—t=Ne2+1-t.

Example 1.1.7 ([S]) Let N(t) be the number of plants of one particular kind at time t

in a certain area. By experiments it is known that N grows exponentially according to

the rule N = N during the months from February to July. At the beginning of August,

all plants suddenly die, but the seeds remain in the ground and start growing again at

the beginning of February with N now being doubled. This situation can be modeled

using the time scale

T=Pyy=| Ji2k2k+1),
k=0

where t =0 is February 1 of the current year, t = 1 is August I of the current year, t =2

is February 1 of the next year, t = 3 is August 1 of the next year, and so on. We have

4



t, if2k<t<2k+1
o(t) =

t+1, ift=2k+1,
and

0, if2k<t<2k+1
u() =
1, ift=2k+1.

1.1.2 Differentiation

In this section, we give a definition for Hilger derivative and we list some of its prop-

erties.

Definition 1.1.8 ([S]) If T has a left scattered maximum m, then we define T =T —

{m}. Otherwise, we define T* =T. In other words,

T\ (o(supT),supT] ifsupT < oo,

1

T ifsupT =T.

Definition 1.1.9 ([5]) If f: T — R and t € T, we define f2(t) to be the number with
the property that given any € > 0 there is a neighborhood U of t such that

£ (@)~ f()] = fAlo(0) — 51| < elor(t) = 5|

forall s € U . Here, ) is called the delta derivative of f at t, and f is called delta
differentiable in T* provided that f™(t) exists for all t € TX.

Theorem 1.1.10 ([S]) Let f: T — R and t € T*. Then, we have

(i) if f is delta differentiable at t, then f is continuous at t,

(ii) if f is continuous at t and t is right-scattered (o (t) > t), then f is delta differen-

tiable at t with
flo@®)- f()

Ao
o= ) ,



(iii) if t is right-dense, then f'is differentiable at t iff the following limit exists

i D=
s t—s

(iv) if f is differentiable at t, then

fo@) = f0) + u(O) fA0).
Example 1.1.11 Let g > 1 and T = {(¢* : k € Z} and f(t) = 1> Then f(f) = gt +1.

We compute 2(¢) as follows :

_fle@) - @) _ (qt)* -1
u() qr—t
_ 2=
~ 1(g-1)
=t(g+1)=qt+t.

A0

Theorem 1.1.12 ([S]) Suppose f,g: T — R are differentiable at t € T*. Then,

(i) (f£"0) = fA1) £g*(),
(ii) for any constant a € R, (af)A(t) = afA(t),
(iii) (f@)*(1) = fAD®) + fo()g (@) = f(g™ (1) + fAD)g(o (1)),

(iv) If f()f(o(2)) # 0, then % is differentiable at t with

(1)%) ___ o
17 fofe®y

(v) If g(t)g(o (1)) # 0, then Jé is differentiable at t with

(J_‘)A 0 = L2080~ fg )
8 g ®)

Example 1.1.13 Let a be constant and m € N. For f(t) = (t —a)™ we have

m—1

A=) (em-a)'t-a" "™
v=0

6



For a =0, we get

m—1
(@)’ O™ = itm=1,
A0 =40
(@) V=) +t ifm=2.
v=0

Example 1.1.14 Let a be constant and m € N, f(t) = (t—a)" and

m—1

A=) (em-a't-a "™
v=0

g = % t € T. Using Example 1.1.13, we compute g™(t) as follows

A SO
&= = e
m—1
D e-a) t-a"

v=0

(l N )m(O'(t) ay"

n Z (O’(l) a)m "(t a)v+1 teT.

Example 1.1.15 Let T = {n’ : n e Ny}, f(t) = > +2t, t € T. We will find f2(t), t € T.

ForteT, t=n>, neNy,n= Vi we have

o) =inf{P: P>’y =m+1)°®=(Vi+1).

Therefore, all points of T are right scattered. Moreover, we have

AO=F+200 =)+ =) +1+2=(Vi+ 1> +1+2, t€T.

Definition 1.1.16 For a function f: T — R, we define f7: T — R by f(t) = f(o(t))

1.1.3 Integration

In this section, we introduce Hilger integral on arbitrary time scale and provide some
of its properties.

(1.1)



Definition 1.1.17 ([5]) A function f: T — R is called regulated provided that its
right-sided limits exist at all right-dense points in T and its left-sided limits exist at

all left-dense points in T.

Definition 1.1.18 ([5]) A function f: T — R is called rd-continuous if it is continuous
at right-dense points of T and its left limits exist (finite) at left-dense points in T. The

set of rd-continuous functions is denoted as

Crd = Crd(T) = Crd(Ta R)-

Definition 1.1.19 ([S]) A continuous function f: T — R is called pre-differentiable
with (region of differentiation) D, provided D c T, T“\D is countable and contains

no right-scattered elements of T, and f is differentiable at each t € D.

Theorem 1.1.20 ([S]) Suppose f: T — R is regulated function. Then there is a func-

tion F which is pre-differentiable with region of differentiation D such that

FA() = f()

forallte D.

The function F in Theorem 1.1.20 is called pre-antiderivative of f.

Definition 1.1.21 ([S]) The indefinite integral of a regulated function f is defined as

ff(t)At =F@®)+C,

where C is an arbirary constant.

Below we will list some of the properties of the Cauchy integral.
Theorem 1.1.22 ([S]) Leta,b,c€T, a€Rand f,g € C,q. Then, we have the following
b b b
(i) f [f(D) £ g(D]Ar = f F(OAr £ f g(DAL,
a a a

b b
(i) f (@ DA = a f FOAL,



b a
(i) f )AL = - f FOAL,
a b

b C b
(iv) f ()AL = f F(OA+ f (A,

b b
(v) f flo®)g At = (fg)(b) - (fg)(a) - f fADgt)AL,
b b
(vi) f FADgt)AL = (fg)(b) - (fg)a) - f flo®)g (AL,
(vii) f af(t)A(t)=0,

b b
ff(t)Al Sf g(NAL,

b
(ix) if f(t) =0 foralla<t<b, thenf f(HOAt =0,

(viii) if | f(t)| < g(t) on [a,b), then

o (1)

(x) if 1 €T, then JOA@) = pu(2) f(0).

t
1.1.4 Exponential function on time scales

In this section, we introduce the Hilger exponential function and we give some of its
properties.
Definition 1.1.23 ([S]) If we define the “circle plus” addition ® on Cj, by

Z®w =z+w+7wh,

then (Cy,®) is an Abelian group.

Definition 1.1.24 ([S]) The additive inverse of z under the operation @ is

_ —Z
1+zh

S¥4

Definition 1.1.25 ([S]) We say that a function p: T — R is regressive provided
1+u@®p() #0 forall teT*

holds. The set of all regressive and rd-continuous functions f: T — R will be denoted

by R.



Definition 1.1.26 ([S]) If p € R, then we define the exponential function by

ep(t,s) = exp ( f fy(T)(P('T))A‘T),

where

log(1+ hz)

énz) = h
Z ifh=0

ifh#0

is the cylinder transformation for s,t € T.

Example 1.1.27 Let T = ¢, ¢ > 1. Every point of T is isolated and u(t) = (g — 1)t for

allt € T. Then, for t,tg € T, t > ty, we get

t
ea(t,10) = exp f LLog(l + a(T),u(T))A’T)
1o ,U(T)

1
=exp| ) mLog(lm(s)u(s»u(s)]

S€[tg,1)

=exp Z Log(1+ a(s)p(s))]

s€[tg,t)

= exp Z Log(1+(g— I)SCY(S))}

s€[to,1)

= 1—[ (1+(q—1)sa(s)).

s€[to,1)

Theorem 1.1.28 ([S]) If p,q € R, then

(i) eo(t,s) =1 and ey(t,1) =1,

(ii) ep(t,s) = = egp(t, 5),

1
ep(s,1)
(iii) ep(t,u)ep(u,s) = ey(t,s),

(iv) €5(t,10) = p(Dey(t.10) for t € T* and 1p € T,

(v) ep(a(1),s) = (L+u®)p(1)ep(t, s).

10



Example 1.1.29 ([S]) Let us consider the model introduced in Example 1.1.7.

We know that N2k +2) = 2N(2k+ 1), N® = N at 2k + 1. Thus, if N(O) =1 is given, N
is exactly ei(-,0) on the time scale T. We can calculate N as follows: if k € No and

t € [2k,2k + 1], then N satisfies N’ = N so that N(t) = aié' for some ay € R.
Since N(0)=1, we have
1=N©O)=ape® and N()=ape = ¢ for 0<t<I.
Thus, N(1) = e and N(2) = 2N(1) = 2e. Now,
2e=NQ2) = a1’ and N(@) = aje’ = get =2¢7! for 2<t<3.
Hence, N(3) = 2¢? and N(4) = 2N(3) = 4¢>. Next,
4¢? = N@) = aet  and N(t) = ape’ = 84—26’ =472 for 4<t<5.
We now use mathematical induction to show that

k
N(1) = (%) ¢ for te[2k2k+1].

The statement is already shown for k = 0. Assume it is true for k = m, m € Ny. Then

N(t) = (2/e)™e" for t € [2m,2m + 1] so that

2 m
Nem+ 1) =() et =2men!
e

and
NQ2m+2)=2NQ2m+1)=2-2"" ! = 2e)™!.
Therefore
(2e)" = NCm+2) = appi1e”"?
and

m+1
N(t):am+1e’:(—) e for 2m+2<t<2m+3.
e

Definition 1.1.30 ([S]) If p € R, then the first order linear dynamic equation
= pt)z (1.2)
is called regressive.

11



Theorem 1.1.31 ([S]) Suppose (1.2) is regressive and fix ty € T. The solution of the

initial value problem

2 =pz, o) =20

is given by

(1) = e,(1,10)20-

1.2 TImpulsive Differential Equations

Consider the initial value problem

()= f(t,2)
z(0) =29

(1.3)

subject to impulse effects
AZly=g, = I(z(t,)), k=1,....m (1.4)

with f: ([a,b] \{t1,....t,})) XR" = R", [ € C(R",R") and Az;—;, = z(t;g) —z(t;) is the
impulse operator, where z(t,j) = limp 0+ 2(f + h) and z(#,)) = limy,0- z(# + 1) represent

the right and left limits of z(¢) at ¢ = #, respectively, k = 1,...,m.

Theorem 1.2.1 ([S]) An integral representation of the IVP (1.3) with the impulse ef-
fects (1.4) is

) =20+ fo falnds+ > (@),

O<t<t
1.3 Auxiliary Fixed Point Theorems

We provide some necessary definitions and theorems derived from the book [27].

Definition 1.3.1 ([27]) A subset S of a metric space X is relatively compact if its

closure S is compact.

12



Definition 1.3.2 ([27]) Let X and Y be two normed linear spaces and T: X — Y a
linear map between X and Y. Then, T is called a compact operator if for all bounded

sets E C X, T(E) is relatively compact in Y.

Definition 1.3.3 ([27]) Let X, Y be Banach spaces and T : D C X — Y. The operator
T is said to be completely continuous if it is continuous and maps any bounded subset

of D into a relatively compact subset of Y.

Theorem 1.3.4 (Arzela—Ascoli Theorem) [[/27]] A set X C C([a, b)) is relatively com-
pact if and only if the following two conditions are satisfied.
(i) The set X is bounded in C([a,b)), that is ||y|| < c for all y € X, for some ¢ > 0.
(ii) For any given € > 0, there exists A > 0 depending only on € such that |y(t) —

y(tr)| < eforanyy e X and t,t; € [a,b] with |t; — 1| < A

Theorem 1.3.5 (Schauder’s Fixed Point Theorem) [/27]]Let Q) be a nonempty, bounded,
closed, and convex subset of a Banach space B. Then each continuous and compact

map T : Q — Q has at least one fixed point in Q.

Theorem 1.3.6 (Schaefer Fixed Point Theorem) [/27]] Assume that S is a normed

linear space and the operator F : S — S is compact. Define
H(F)={yeS:y=AFy, A€(0,1)}.

Then, either

1. the set H(F) is unbounded, or

2. F has a fixed point in S .

13



CHAPTER 2

THIRD ORDER MULTI-POINT IMPULSIVE
IBVPS ON TIME SCALES

2.1 Introduction

In this chapter, we focus on multi-point dynamic IBVPs of third order. We give new
results on existence of solutions of third order m-point IBVPs, and we provide some
examples too. The multi-point IBVPs are more adequate than the classical two point
IBVPs for modelling many real-world phenomena as it is more likely for a dynamical
system to have multi-points of freedom. We may refer the reader to the book [1]
which offers an excellent review and several examples of applications modeled by
IBVPs. Many good papers in literature deal with third-order m-point IBVPs, however
most of them have focused on differential IBVPs on the real line R, see for example
[8, 18]. Regarding to dynamic IBVPs on arbitrary time scales, there are very few
studies some of which are mentioned below. The results in this chapter have been

accepted for publication in Miskolc Mathematical Notes journal [15].

The nonlinear third order IBVP on time scales:
20 = F(1,2(0. 220,28 (1), 1€[0,TIN\Q,
Azt = T A1) = Tu AN () = L k=1,2,...,m,
20) = (o (T)),  220) = 1ZA(T)),  22°(0) = A2~ (o (T))

is studied by Li and Li in [22]. They used Schauder’s fixed point theorem to prove

that the IBVP above has at least one solution.

Liang and Zhang obtained sufficient conditions for the existence of three positive

14



solutions of an IBVP of the form

(p(=2"@®)) +a®) f(z(1) =0, t#1, 0<tr<lI;
AzZli=y = Ii(z(t)), k=1,2,...,N,

m-2

2(0) = Z @;z(7;),

i=1
Z(1)=0, 77(0) =0,

where ¢ : R — R is an homomorphism with ¢(0) = 0 and it is both positive and in-

creasing. They employed the five-functionals fixed point theorem in their work [23].

In [11], Karaca and Fen considered the following IBVP for the third order nonlinear

m-point system on time scales:

(@p(P2 D)™ +b(0) f(t,20,220),22 (1) =0, t€J=[0,1lr t#n, 0<i<l;
Az(ty) = I (z(t)), k=1,2,...,n,

A (1) = —Ti(z(t), 22 (0)),  k=1,2,...,m,
m-2

az(0) - bz*(0) = Y aiz(ry).
i=1

m—2

cx(D)+dA (1) = > Bia(r),

i=1

2%(0) =0,

where T is an arbitrary time scale, and ¢,(s) is the ¢-Laplacian operator i.e ¢,(s) =
1 1
|s|P~2s for p>1, (¢p)‘1(s) = ¢4(s) where —+ — = 1. They proved the existence of

solutions in view of four functionals fixed point theorem to reach the result.

Motivated by the studies mentioned above, in this chapter we deal with the following

third order multi-point IBVP for dynamic impulsive equations on time scales

20 = £.200.220.28 (1), 1€ o,
A6y = 2 () + Iz(0), 2200, 2 1), kedl,...,m),
22%(0) = A2 (D), @.1)

LO= 3 @),
P

z(0) =0,

15



where T is an arbitrary time scale.

Throughout the chapter, we assume that
O=ty<t <...<typy<tps1 =T,

t, k€ {l,...,m}, are left dense. We define J =[0,T ], Jo = J\{z‘k}f=1 and assume the

following:

(A1) fe€C(0,T]TxRXRXR),
(A2) I, eCRXRXR), kell,...,m},
(A3) 0<11<m<...<1, <T,

(A4) there exist nonnegative constants @ > 0 and yx >0, k € {1,...,n}, so that

1 t’x’ )
a = limsup (max M),
Ll +yl+zl— o0 \EL0.T] [x] + [y] + 2]

ye= limsup Ak(x.3.2)
Ly +el o0 1]+ Y]+ 12l

n
(A5) A, a;€R, je{l,...,n}, A#1,1- Y a; #0.
j=1

Using an integral representation of the IBVP (2.1), sufficient conditions for the ex-
istence of at least one positive solution will be obtained. Examples that support the

main results will also be provided.

2.2 Integral Representation

In this section, an integral representation of the solutions is obtained. To find an

integral equation for the IBVP (2.1), we begin with the following IBVP for the sake

16



of brevity. Consider

Ay =n0), el

D) =)+ ), D), @), kedl,...m),

A0) =MD, (2.2)
2O =2 ag@),

=
z(0) =0,

where

(A6) 1€ C([0,T]r).

Lemma 2.2.1 Suppose (A2), (A3), (AS) and (A6). Then, z is a solution of the IBVP

(2.2) if and only if it is a solution of the integral equation

P 2
HOE j; G1(t,0(s)n(s)As + Z Gt 1)1 (2(t)),2%(1), 2 (1))

O<t;<T

+ fo Galt, M)A+ Y Galt,Ia(t),22(11), 2 (1), 2.3)

O<l‘j<T]

where

t+a(t)+(1_T/l)b(t,0'(s)), if0<t<s<T

1 1-Y o
Gi(t,s) = T-1) - "~ (2.4)

t+a(r), if0<s<t<T,

=1

Z (T — ),

1-2 a =1
=1

Ga(t,5) =

and

t
a(t) = f sAs,  b(t,s) =at)—a(s)—(t—s)s.
0

The integral equation (2.3) can be written in the following explicit form:

17



5
o=({ lf-_lzzl)w@)(i) [ons
=1

i apTy 1 m
+(aw+ o E—))(55) D e 2.2 @)
1- 1§1 ] j=1

n T
+ tn Zaz fo (T1— o (s)m(s)As (2.5)

1-> q =1
=1

+ tn a ) 1), 22, 2% )@= 1))

1- > api=1 O<tj<y
=1

! !
+f b(t,o(s))n(s)As + Z Ij(Z(lj),ZA(tj),ZAz(tj))f(S—tj)AS,
0 I

O<tj<t

te[0,T]r.

Proof.

1. We first show that if z is a solution of the IBVP (2.2), then it satisfies the integral
equation (2.3).
Let z be a solution of the IBVP (2.2). If we integrate both sides of the first

equation of (2.2) step by step from O to #,we have

HMoy=20)+ fo nAs+ » @) -

O<tj<t

:ZA2(0)+f n(s)As + Z Ij(z(tj),ZA(tj),zAz(tj)), tel0,T]T,
0

O<tj<t

whereupon

T m
AMTy=20)+ f As+ Y 1), 22,2 (1),
0 =
or

T m
A22(T) = 22 (0) + 2 f n(As+A Y 1), 2.2 (1)),
0 -
j=1
Using the boundary condition
(0) = 122(T),

18



in the equation above, we find

T m
(0) = 224 (0)+ A f nAs+ ) T, 22,2 (1)
0

j=1
or )
A A m ,
YO=15 f M)A+ A;I,(z(tj),z%j),f )
and so

“0=1 [ s S 1. )
1=21 1 “ J/? J7> J

f A+ > 1), 2.2 @), re[0.Tr.

O<tj<t

Now, integrating the last equation from O to ¢ leads to

A
L=z (0)+t—f0 U(S)AS+I—ZI(Z(IJ) 2.2 1))

f f n(s)AsAsy + fo PRI DS “(t;)As

O<tj<s

ﬂ T
:ZA(O)-Hme n(s)As+t Zl (z2(t),z (t]) e (tJ))

+f(t—0'(s))n(s)As
0
£ L)) ap)e—t). 10Tl

O<tj<t

This clearly implies

) =250+

1 T
1 —/lfo T](S)AS+T[

o [Cwmmaemonss 3 paop 2. am-n.

O<tj<7;

Z (1), 22,2 (1)
j=1

and
A = 0 . A LN e, B,
a;72°(1)) = a2 ( )+011T11_/1f0 n(s) +aszl_/lZ j(@(t),27()), 2" (1))
+6Yzf (71— ()m()As +a; Z 1i(z(t)), 21 ), 2 (l,))(Tz—t,)
O<tj<t;
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Thus,

Z @iz’ (1) = 20) Z o [Z “lfl] 1-2 f n(s)As
= =1 =1 —4Jo
n /l m 2
’ [; am] [m JZ:; Iia(t)), 28,2 (& j))]

n 7
+) fo (1= 0 (s)()As
=1

n 2
Sl S LA A1),
=1 O<tj<7
Now, from
20 =) @i @)
=1
we have

Z20) = ZA(O);az + (; a/m] 1= L n(s)As
n /‘l 7 2
» (; am] (m ; Li(z(t)),28(t)), 2 (¢ J-)))
y Z al fo (11— o ())n(s)As
=1

+

@ D 1, e, ) —1)

1 O<tj<t

n n 2 T

1- al]zA<0>:[ Ozm) f n(s)As

( ; =1 I=4Jo
n /1 m )

+(Z am)[m D 1,2 .2 (@)

I=1 j=1

Y [ m-otomeas

=1

Y ). ) -1)),
=1

0<lj<‘1'1

or

which implies that

n
2 Ty

T
2(0) = lz]n - fﬂ(S)As
0




l—il am 1 < 2
ol £ [1_/lZ‘Ij(z(t,-),zA(tj),zA (7))
1-> o j=1
£
1 < T
b e [ (= oomns
1-Yaq =1 YO0
1

1 ¢ 2
D ) L)) )T t)).
1 - Z a =1 O<tj<t;
=1

Thus,

n
2 Ty

m A (T
2 = lln 1—/lf 1n(s)As
1-> o 0

=1
n
2, Ty ™

= n [1 _/lZIj(Z(tj),ZA(tj),ZAz(tj))
1= a J=1
=1

1 < 2
— D f (t1= T ()N(s)As
1-Ya =1 ¥
=1
1 n
> Y L) 2.2 ) T- 1))
1— Z (07} =1 O<lj<T[
=1

pl T 1 m N .
+t—1—/l ; U(S)AS'Fl—l_/ljZ:;Ij(Z(lj),Z (1)),2° (1))

1
+f(t—0'(s))n(s)As
0
£ L)L) -t 1€[0.Tlr.

O<tj<t

Finally, if we integrate the last equation from O to ¢ we obtain

n
2 T
I=1 A r
()=t P -1 n(s)As
=2 0
I=1
n
121 ar 1 < )
H|— [1 ) le(z(tj),ZA(tj),ZA (1))
1- Z (07 j=1
=1
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— N f (71— o ())I(s)As
1-Ya =t 0
=1
N Y L. A1)

1= a;i=1 0<<7

=1
l‘i ! A timl t: Al' Azt.
+a(>1_ﬂf0 n(s) s+a()1_&;1 (2. 28).2 (1)
! ) !
+ fo b(t, o (s(s)As+ > 1i(2(t)), 287,22 (1)) fo (s—t)As
0<tj<t
iam T
= [t| E— |+ a@) % f n(s)As
1-> o — oo
=1
ial'rl 1 & A
+|a(t)+1| = [1_ = D). . <rj>>]
1-2 Jj=1
=1
— N f (21— o (s)(s)As
1-2 ap =1 2
=1
S S ). ). - i)

n
1 - Z a =1 0<l‘j<Tl
=1

! 2 !
+ fo b(t,0-(s))n(s)As + Z Li(z(t)), 2(t)),2% (1)) fo (s—1))As,

0<l‘j<t

[y 2
= fo Gi(t, (M)A + D Grltt I, 21,2 (1))

O<t;<T

+ fo Galt, (A + " Galt, I, 2,2 1)), 1€ 10, Tl

0<[j<‘1']

From o(¢;) = t;, we observe that

t t
b(t,o(t)) = (a(t) —a(tj) — (t—t))t; = fsAs - ftjAs = fl(s —1j)As.
tj tj tj
Hence, using the functions G(t,s) and Gy(t,s), defined in (2.4), z(#) can be
rewritten in a more compact form as in (2.3).

2. Now, let z be a solution to the integral equation (2.5). Firstly, we aim to show
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that z is a solution of the IBVP (2.2).

From a(0) = 0, we have

z(0) =0.
So,
>
T
A & It] 1 T
() = - =7 n(s)As
-2 o 0
=1
n
121 T 1o i
+— [1_ O EDEADE )
1->Y o J=1
=1
1 < Tl
D [ = oomAs
1-> ap =1 0
=1
1 n

T Y LG, e, )T —1)
1— Z ay =1 O<lj<7'[
=1

1 T 1 m % .
+t_1—/l ; U(S)ASH—l—/ljZ:;Ij(Z(tj)’Z (t)),2° (1))

+f(t—0'(s))n(s)As

0

+ D ) R e)e-t), te[0.T.
O<tj<t

Setting # = 0 and ¢ = 7/, respectively, clearly we find

n
2 Ty

A =1 /l r
77(0) = - . —/lf n(s)As
1-> o 0
=1

n

lgl r R 5
b [1 ) Z}IJ(Z(IJ')’ZA(U),ZA (1))

n
1-2 Jj=
I=1
1 < T
+— Zaz f (T1—o(s))n(s)As
1-> a; =1 0
=1

1 < 2
D D L)) ) a-1))

1- Z ap =1 O<tj<ty
=1
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and

n
T
X El Tl T
(1) = - T2 n(s)As
1-> a 0
=1
121 T 1o .
— [1 T D). )
-2 a J=1
=1
1 & T
— f (11— o (S)I(s)As
1-Ya =t 0
=1

1 - 2
D Y L), 2. )T - t))

1- 2 (07 =1 0<tj<T1
=1

+77

A2 (T A < 2
-1 fo P)AS Ll /lz[j(z(lj),ZA(fj),ZA ()
Jj=1

- fo (t1= o ()(s)As
O IR )= 1)),

0<l‘j<T[
and so,
n
n n lZlale 2 T
Yty =)l — f n(s)As
1-1J,
I=1 = 11-Y o
I=1
n
n IZIQ’ITI 1 & 5
= Agry A
o= |5 ﬂrzllj(z(tj),z (t,2 (1)

=1 1= o
I=1

n 1 n 7
+Zal n Z“lﬁ (t1—o(s)n(s)As

=1 1- Z (071 =1
=1

n 1 n
> D L. ) 1))

=1 1- Z Qg =1 O<tj<T1
=1

n /1 T
+lzllaml_/lf0 n(s)As
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- A
+Za’l7'll —
=1
n 7
+Zaz f (1= 0 (s)()As

+Zaz DI, e, - 1)

=1 O<tj<ty

= D). )
=

Z T

- 2 (T
= lln 1—/lf n(s)As
1—2&1 0
=1

n

2 Ty

=1 [ A
n

1-> o A
=1

> L), 2.2 1)

Jj=1

1
+— az f (11— (s)n(s)As

I—Zalll

1 2
— Zal PR RN () RS
-2 apl=1 0<z<7
=1

= 220).

Thus, it is seen that

20 =) e,

=1

Moreover, since
1 r Ags 1 &
2= — f n(s)As + 72 1D, (1)

f HAs+ D 1t 2.2, 1e 0T,

O<tj<t

for ¢t = Iy one has
2l ——f”SAS —A ZI)Z t; Z t

Tk
+ fo n(s)As + Z Ij(Z(tj)’ZA(lj)’ZAz(tj))’

ettt
O<tj<t}
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and

2 A T 1 < 2
A () = mfo n(s)As + -1 jZ:;Ij(z(tj),ZA(tj),zA ()

+ fo nAs+ D 1), ). (1),

O<tj<t;

ke{l,...,m}. Hence,

2 2 A T 1 <
AahH-2~ () =7 fo n(s)As + —AZ] @(t).22().2 (1))

Tk
f nAs+ Y L)) 1))
O<tj<ty
1 T

/1 m
_m n(s)As— —/IZ::‘I i(z(t),z (tj) s (tJ))

: fo nAs— > 1), )25 1)

0<Zj<l‘k
= I(2(t). 220, 2> (1), kell,....m).

Finally, note that
3
20 =n), 1€[0,T]r.

Therefore, z is a solution to the BVP (2.2). This completes the proof.

2.3 Existence of Solutions

In this section, by an application of the Schauder fixed point theorem, the existence

of the solutions is proved.

Lemma 2.3.1 Suppose (A1)-(A4) hold. Then there exist positive constants Q and R

such that

(6,2 y, Dl < (Ixl + Iy +1zDQ + R,

[lk(x,y, 2l < (Ixl+ Y|+ zDQ+ R, kell,....m},

where t € [0, T |1 and x,y,z € R.
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Proof. In view the first condition of (A4), it follows that there exists a constant Nj > 0

such that
lf @, x,p, 2l < (xl + Iyl +1zDe,  1€[0, 1], |x|+[yl+]zl > Ni.
Since f € C([0,T]r xR xR X R), there exists a positive constant Q such that
lf(t.x,y, 2l <Q1, t€[0,1]r, |x|+I[yl+]z] < Ni.
Therefore
lf(t.x,y, Dl < (x + Iyl +zDa+ Q1, 1€[0,T]r, xy,zeR.

Now, from the second condition of (A4), there exist positive constants N,

je{l,...,m} such that
1 j(x,y, 2| < (Ix| + [yl +[zDdj, x|+ |yl + |zl > Naoj,

Jjefl,...,m}. Since I; e CRXRXR), j€{l,...,m}, there exist positive constants Q> ;,

je{l,...,m}, such that
1j(x,y, 2Dl < Q2j,  |x|+ VI +1zl < N2y, je{L,....m}.

Consequently
17j(x,y, 2| < (Ix[+ Iyl + 126+ Q2j,  x,y,2€R,

jell,...,m}. Let

0 = max{a,d1,02,...0,,},
R =max{01,021,02,..., 0w}

Then, we get the desired inequalities. O

Now, define the function spaces

PC([0,Ty) = {z €CUy),  limz(and limz(0 exist ) =1, jell.... ,m}},

PCY([0,T]r) = {z € PC([0,TIt): 22 € C(Jy), lim Z2(¢) and lim z2(¢) exist ,
t—tT -t
J

J

A=, el m)
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and

-t
J

PC([0,T]r) = {z e PCY([0,T]r) : 22 € CJp),  1im 227 () and lim 727 (¢) exist
t—tt
J

2 2 .
K=, jellmb
endowed with the norms

llzll = sup |z(0)l,
€10,y

||z||=maX{ sup ), sup |zA<r>|},
t€[0,T 11 t€[0,T 11

2
||z||:max{ sup [z(#)],  sup |zA(t)|, sup 'ZA (@)
1€[0,T 1€[0,T 1€[0,T

respectively. Let z € PC%([0,T]t) and introduce the operator
T
Tz(t) = f G1(1.07(5)f(5.2(5). (5,2 (s)As
0

£ G, 2.2 (1))
0<t;<T

+f Galt, 9)£(s,2(8), (), 22 () As
0

+ > Galt I, ). 2 @), 10Tl

O<tj<t;

Take A > max {AI,AZ,A3,A4} where

lil il N
— ~ 2
Al = a(T)(a(T)(‘ — )+em?)| =]
1-> o
=1
i |l 1 ! n
(o) E— 4+ (1)) m' (1) et}
|1—Zal 1= . =1
=1 =1
1 n n
(D) D il ) 1+ 1) + 4 (1))’ + (DY,
‘1 — Yl Er e
=1
Ay =o(T) El o 4 +m El o A '
n 1-A n 1-2
'1 -2 -2
=1 =1
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PR T PR UL W o M) o SR

1-> o = 1—20’111 J=1
=1 =1
2| 4 A 2
+(o(T))" |——|+mo(T)|——|+ (o(T))" + mo(T),
1-A4 1-A4
A
Az = '— o(T)+m -1 +0(T)+m
and
As=1.

Lemma 2.3.2 Suppose (A1)-(AS) hold. Then the operator
T : PCX([0,T]r) = PC*([0,Tr)
is a completely continuous operator.
Proof. Let D c PC?([0,T]t) be a bounded set. Then, there exists a positive constant

B such that
llzZll < B, zeD.

Take z € D arbitrarily. Then

T 2
ITz(1)| = ' fo G1(t, () f(5,2(5),2°(5),2% () As
£ Gl I, .2 (1))

O<t;<T

+f lGz(t,s)f(s,z(s),ZA(s),zAz(s))As
0

+ 3 Galtat I, 2.2 (1)

O<tj<7;

T
G1(1,0(5)) £(5.2(5),22(5), 2 (5))As
0

H D G, 22,2 @)

0<t;<T

" f Galt, 9 f(5,2(8),2(5), 22 ())As
0

H D Galt eI, 2,2 (1)

0<l‘j<T[
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r 2
< fo IG1(t, (DI (5,2(5),2°(5), 2 (5))|As
£ 1G22 1))

O<t;<T

Tl 2
+] G (t, $)IIf (5,2(5),2°(5), 2% (5))|As

+ 1G22 (1)

O<tj<7;
f] ||y
< (O'(T)(O'(T)( —— )+<a<T>)2)]%‘
ll - Z (07]
=1
i || n
+m( (D)= —— 4 @(T)P) %‘w(ﬂ > lail?
- 1= §l

1 n n
+cr<T>‘—nZ )" 1+ 1)+ 4(T))* + (T2 |BOB + R)

1-Ya = =
=1

<ABQOB+R), te€[0,T]r,

and
gn:] el A T 2
|(Tz>A<r>|=‘ "n 11 f £(5,2(),2%().2 (5)As
1-Y 0
=1
l—ilalﬂ-l 1 m )
ol [1%211@(;,-),#(@),% (1))
1= a j=1
=1
1 2 Tl 2
— D f (t1= () £(5,2(),2°(5), 2% (5))As
1-Ya =1 ¥°
=1

1 § 2
D ) L)), )T —t))

1- Z Q] =1 0<l‘j<T/
=1

/l T A AZ
PP f F(5,2(8),22(5), 22 () As
-1y

ﬂ m
T2 ; 1), 221,22 (1)
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!
+ f (1= () (5,208, 2(5). 2 () As
0

+ Z I, 22,2 ) —1))

O<tj<t

n
2 QT
<

| =1

1-Xa
i=1
n

n

2 Ty

=1

A r 2
I f F(5,2(8),2%(5), 2 (s))As
-1,

m

1

n

I-Xa

I=1
1

n

1-> o

=1

l‘_
1-2Jy

m

O<tj<t

n
2 Ty

n
1-XYa
=1

/l 2
172 JZ:; Liz(t),28), 2 (1))

+ f (1= () f(5.2(5).22(5). 2 ()As
0

IR E G SR DR ON D

A 2
{ T2 PNEDRI DR (fj)))‘

J=1

2. fo (7= ()£ (5,2(5), 2(5), 22 (5))As

=1

Dl Y1, )E-1)

I=1  O<tj<7;

T

£(5,2(5), 22,22 () As

=1 ‘

A a A 2
1_/1",[(; |f(S’Z(S)’Z (S),Z (S))lAS

1 | ,
‘ 1- /1‘ Z 127,23, 2 @)
J=1

D el fo (71= (DI (5,2(5), 22(5), 22 (5))IAs
=1
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1 & 2
[ Dl D> G, A, )l — 1))
1— Z ag =1 0<[j<‘1'[
=1

+1

+t|——
|1_

+ f (t— ()| f(5.2(5).22(5), 22 (5))|As
0

Y )R el — 1))

O<tj<t
n n
|t ||t
( " ; T 1 ‘ Ell T P ‘
(oa m
n 1—-A4 n 1-2
1-X o -2
I=1 =1
1 n 1 n m
— el > el ) (@)
Y = -yl B N
=1 =1
A

1
+(o(T))? ‘m +mo(T) 'm‘ +(o(T)) + mO'(T))(S OB +R)
<AQBQOB+R), t€[0,T],

and

(T 0 =7 f Fs.2(5).2%). 2 (D)As + < /lZIj(z(tj),zA(tj),zAz(tj))

f F(5.205.220). 2 (DAs+ 3 1iGa(t).227).2% (1)

O<tj<t

1 2 N .
< 'm fo f(5,2(5),2%(5), 2% (5))As| + ﬁ;h&(rﬂ,f@j%f ()

Z I j(Z(tj),ZA(tj)aZAz(t )

O<tj<t

+‘ff(s,z(s),zA(s),zAz(s))As +

% + o (T)+ m)(3QB +R)

‘— o(T)+m

<AQBQB+R), te]0,T]r.

Consequently
|7zl < AGBQB+R).
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Moreover,
(TN )] = |- f(t.2(8), 221, 2> ()]
<30B+R
<AQBQB+R), te€]0,T]T.

Hence, by the Arzela-Ascoli theorem, the operator 7 : PC%([0,T]1) — PC*([0,T]T)

is completely continuous. Thus, the proof is completed. O

Theorem 2.3.3 Suppose (A1)-(AS5) hold. Suppose that the nonnegative constants A,
B, Q and R satisfy
A(BQB+R) <B.

Then, the BVP (2.1) has at least one solution.

Proof. Let
S ={z€ PC*([0,T1r) : |Izll < B}.

By Lemma 2.3.1, T : S — PC?([0,T]r) is a completely continuous operator, and by

the proof of Lemma 2.3.1, it is seen that
Tzl < ABQB+R)<B, yeD.

Thus, T : § — §. Now, applying Schauder fixed point theorem we conclude that the

operator 7 has a fixed point in S. Thus, the proof is completed. O

2.4 An Example

We provide the following example in order to show that our main result is applicable

for dynamic IBVPs.

Example 2.4.1 Let

1
32

1 1 1] (11
where [0,3—2], [E’g]’ [Z’g] and

T:[O U U

11U11 11
16”8 4’3 A
1

-, 1] are the real-valued intervals. Let also,

2




Consider the BVP
P o 20 +22@) + 22 (0)
1020 (1+ (2(0)?) (1 + GA@)?) (1+ @2 (1))

Ay =)+ ) . ke{l,....4,

(1 i (ZA(zk))4) (1 ; (ZAz(tk))S)

Z te Jy,

(2.6)
A2 1 AZ 1
0)=-""(=|,
Fo- )
A0) = 2251 + 22 1) + —2A(es)
2 8 16 ’
2(0) = 0.
Clearly,
x+y+z
t’ b b = b te ‘I’ b b ER’
HE220 = {2121+ TS
X
1 5 Y, = ) s Vs €R7
derd) = g iar g
1\ 1 1 1 bl
—|1= = a/:—’ a(:—’ a/:—, = —.
N3)720 1T Ty BTI6 2
Thus, we have
1
|f(t,x,y,2)| < @(le + [yl + 12D, (2.7
1
1I(x,y,2)| < Wlxl (2.8)
which imply that
1
0= {om R=0
If we take
1
A=10" and B=z,
then we obtain
ABOB+R) = 3A0B = 300, L L _p (2.9)
B B 1020 2 "2 7 '

Therefore, by (2.7)-(2.9) it follows that all the hypotheses of Theorem 2.3.3 hold.
Hence, the IBVP (2.6) has at least one solution.
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CHAPTER 3

ODD ORDER MULTI-POINT IMPULSIVE
BOUNDARY VALUE PROBLEMS ON TIME SCALES

3.1 Introduction

There is a massive literature about the existence of solutions to IBVPs on time scales.
We mentioned have only some of the recent studies, see for example [21, 28] for first
order, [4, 25, 30, 32, 33, 34, 36, 38, 39] for second order, and [8, 11, 22, 23] for third
order equations, and [29] for fourth order equations. However, there are hardly any
papers dealing with m-point odd order IBVPs on time scales. Note that the results in

this thesis have been published in the Georgian Mathematical Journal [14].

In [29], Karaca and Fen studied the following fourth order IBVP on time scales

A b ft,u(t), 20, 2200) =0,
AZAAltztk = [z(AAWY gk =1,2,...,n,
Aoy, = _Lz®MWY Kk =1.2....n,
1
azAM0) _ bAZA3(O) _ f gl(S)ZAAAS
0
1
2D+ dAZY (1) - f g2()Z*As
0
2(0) = 22(0) = 0,

where T is an arbitrary time scale, J = [0,1]t =[0,1]rNT, 0,1 € T.
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The following m-point higher order non-impulsive BVP on time scales

2n
20 = fz), telttm] CT,neN
m—1 sinl
2i+1 2i 2i+1 A2it
2N =0, e )+ ) = Y (),
k=2
where @ > 0 and > m —2 are given constants 1] < fp < ... < ty_1 < ty, m >3 and

0 <i<n-1,is studied by Yaslan [35].

Our aim during this chapter is to partly fill this gap. For this purpose, we consider the
following (2n + 1) order periodic boundary value problem (PBVP) with impulse on

time scales

20 = fzo@),  te o,
Ay =0, pe{23,....2n),
A =2+ L), kell,...,m),
m 3.1)
20 = > a 2@,
o
) =)+ Iz@),  kell,...m),
z(0) = z(o(T)),

where each 7, k € {1,...,m}, is right dense and Jo = [0, T]T\{tk}k’"=1

The following hypothesis will be used in the sequel.

(B1) feC(0,TlrxR),
(B2) [t eCR), ke(l,...,m},
(B3) JreCR), ke{l,...,m},

m
(B4) oj€R, je(l,...m), > aj#1,geN, g>2,
j=1

B5 011 <m<...<1y, <T,
(B6) |f(1,2)| < ki, k(D] < ko, k(2| < k3, 1 € [0,0(T)]r, z€R, ke {l,...,m}, with

k],kz,k3 eR".

By using the hypothesis (B1) — (B6), it will be shown that the PBVP (3.1) has at least

one solution. Illustrative examples will also be given.
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3.2 Integral Representation

For clarity, we first consider dynamic impulsive linear equation

2O +a)7 () =), te o,
(3.2)

2(t0) = 2(t) + Jk(z(t)),  ke{l,...,m},

with the periodicity condition

2(0) = z(a(T)), (3.3)

where
B7) a,h e C(0,0(T)]r), a is regressive on [0,0(T)]T.

Define
PC,y([0,00(T)]T) = {z :[0,0(T)]T— R, z 1is continuous on Jo,
rd-continuous at f, z1—i>?,3+ z(t) exist, ke{l,.. .,m}}.
PC,4(10,0(T)]T) is a Banach space with the following norm

llell = max — sup |z(7)].
J€{0...., m}fe[lj,ljﬂ]T

Now, for r € N, we define another Banach space
r r—1 r—1 r .
PCY (10,0(T)]7) = {z A e P ([0,0(T)Tp). 2 exists
and it is continuous on (f,fk+1), tlirthr zAr(t) exists and
—Ik
tlir? zAr(t) exists if #, is left-scattered, ke€{l,... ,m}}
—k

which is also Banach Space, with the norm

lellae = max {lell, sup |, i€ (1,....n1}

teJy

Definition 3.2.1 A function z € PCrAd([O, o (T)]r) satisfying (3.2)-(3.3) is said to be a
solution of the impulsive PBVP (3.2)-(3.3).
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Lemma 3.2.2 ¢,(0(T),0) # 1 and suppose (B7) holds. If z € PCrAd([O,O'(T)]T) is a
solution of (3.2)-(3.3), then

o(T) m
0= [ e omo8s s Y HEICa). €0k G4)
=

where

ecq(t,s) 0<s<t<o(T)
p(t.s)=1 | (3.5)

7 eal0(1).0)eca(t,s) O=t<s<o(I),
0

1
" 1= eoa((T),0)’

Ag

Proof. The functions 4 and e, are both rd-continuous. So, from the first line in (3.2)

we can write

[2(1)ea(t,0)]* = eq(t,0)n(t)

which implies that

!
2t)eq(t,0) = 2(0)+ f eals; (A + D ealtj, 0 (a(t)
0 O<tj<t
or
Z(t):eea(t,O)[z(O)+f0 eq(s,0)m(s)As + Z €a(tj,O)Jj(Z(tj))]. 3.6)

O<zj<t

Applying the boundary condition (3.3), we have

o (T)
2(0) + fo ea(s,Om(s)As+ > ea(l‘j,O)Jj(Z(tj))]

0<tj<o(T)

2o (T)) = ega(o(T),0)

or
o(T)
[1 - eeaw(T),O)]z(m :eeaw(T),m[ fo ea(5.0n(5)As

+ Z ea(tj,())Jj(Z(lj))]-
0<tj<o(T)
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Thus,

a(T)
Z(0)=A0[ fo eca(07(T),0)eq(s, 0)n(s)As + Z eca(0(T),0)e4(t},0)J j(Z(fj))]-
0<tj<o(T)

(3.7)

Using (3.7) into (3.6), we obtain

o (T)
200 =Ao| fo ecu(T),00eealt MOAS+ D" eaal(T),ecaltst) (1))

0<tj<o(T)

+ fo eca(t, $)N(s)As + Z eca(t, 177 j(2(1))-

O<tj<t

Then, in view of (3.5), we see that (3.4) holds. |

Lemma 3.2.3 Suppose (B7) holds. If z € PC,q4([0,0(T)]T) satisfies (3.4), then z €
PCrAd([O,O'(T)]T) is a solution of the impulsive PBVP (3.2)-(3.3).

The proof follows by differentiating (3.4), and setting it is not difficult to see that the
boundary condition (3.3) hold. Therefore, we skip the details of the proof.

Theorem 3.2.4 Suppose (B1)-(B6) hold. Then the impulsive PBVP (3.1) has at least

one solution.

We will prove Theorem 3.2.4 step by step.

Firstly, observe that

S——— _¢a(d(1),0) _
A= (.01 <u(t,s) < oo (1).0) -1 B, t,s€[0,0(D)]r. (3.8)
Define
3 laj
K = ky((T)" + koo (T) + ————— (ki (1) + mkoor(T)).
1-> a;
j=1

Let o )
St z(0 (1)) = j; fo S S(s,2(0(5)AsAtrp—3... Aty
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and

fa(t,2(0(1))) = f f J1(s,2(0(5))AsAz; + Z Li(z(t))(t—1))

O<tj<t

Zajf f J1(s,2(07(5)))AsAzy

1—2& =

ey S L)1)

j=1 O<l‘j<Tj

Lemma 3.2.5 Ifz€ PC"" ((0,0(T)]r) is a solution of (3.1), then

o (T)
() = fo u(t, ) [b(s)z(a() + fa(s,2(0°(5))] As (3.9)

) ut )i, 1€ [0,0(D)]r.
j=1

Proof.

1. Letz e PCrAdZ"H ([0,0(T)]T) be a solution of (3.1). Then, integrating both sides
of the first line of (3.1) 2n—2 times,from the initial condition z2”(0) = 0 see that

20 = filtz(o®), te .

Thus, we obtain the following PBVP:

A =AAo@), e,
Ay =)+ Izw), kefl,...m),
2°0) =0,
m (3.10)
20 = ;%gzjzA(rjx
Fa
) =d)+hw), kefl,...,m),
20)  =z(o(T)).

Integration of the first line of yields (3.10) to

uwfﬂmmmHZ@O)uﬂ

O<tj<t
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f fils.z@(As+ > 1), (3.11)

O<tj<t

and

A1) =220+ f f A2 (MAsAZ + Y Liz)e-1),  (3.12)

O<tj<t

which implies

a’jZA(Tj) :ajzA(0)+ajfjflfl(s,z(a(s)))AsAzl (3.13)
0 Jo

t+a; Z Ij(Z(fj))(Tj—tj),

0<tj<Tj
jell,..., m}. Therefore,

20 =) @)

j=1

20 Y0+ Ya; [ [ At
=T O
+Za’j Z Li(z(t) (T — 1)),
&

0<l‘j<Tj

or

1 m
ZA(O)— ,,, Z f f (5,20 (s)AsAZ
Za’] =1

1

Jj=
+iaf I; (z(tj))(‘rj tj )

J=1  O<tj<t
Using it in (3.12), we get
20 = ff J1(s,2(0(5))AsAzy + Z Lj(z(tp)(t = t})

O<tj<t
1
m Z“J f f J1(s,2(0())AsAz;
; .
+Zaj > 1)
1 O<tj<t;

=ft,2((®)), 1€ Jo.
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Thus, we obtain the first order impulse PBVP,

2= folt,z20@), tedo,
2t = 2t +Izt)), kell,....m},
20)= z(o(T))
which implies that
2O +az(0(1) = a0 (D) + fo(t.2(0 (1)), 1€ T,
Z(l‘;{') =z(t) + Ji(z(tr)), ke{l,...,m},
z(0) =z(o(T)).

Now, if we apply Lemma 3.2.2, we get the integral representation (3.9).

(3.14)

. Suppose that z satisfies (3.9). Then, using Lemma 3.2.3, we obtain (3.13) and

(3.14). Hence,
ZA(O) = Z a’jZA(Tj).

j=1
Taking delta derivative of the first line in (3.14) we obtain (3.11). Thus,

2 Ik
2= [ AGeoIbs Y 16, kell.om)

0<l‘j<l‘k
and hence,
2 2

A =N )+ Iz, kefl,...,m).

In a similar way, we now take delta derivative of (3.11) to get
A3
() = fit,z(o (1))
2 Y2n—3
= f f o S(s,2(0()AsAy2,-3... Az,
0 Jo 0
t € Jo. Hence, ZA3 0)=0.
If we continue in the same way, we have
2n+1
A0 = ftz(o(@),  te o,

and

20)=0, 1e{3.....2n).

Thus, the proof is completed.
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3.3 Ecxistence of Solutions

The main result of the present chapter, the existence of solutions for the odd order

impulsive PBVP (3.1) will be shown.

Lemma 3.3.1 Suppose that (B1)-(B6) hold. Then, for some z € PC,4([0,0(T)]T), we

can write

1At 2o ()] < ky (o(T))* 2, (3.15)
Atz <K, te[0,0(T)]r.

Proof. From (B6) we have

a4 22n-3
|12, 2(0()))] < fo j; j; |/ (s,2(0(s))IAsAZ2,-3 ... Azy

<ki(a(T))*" 2, 1€[0,0(D)]r.

Then using (B4)-(B6), we see that

1f2(r,2(c(@®)))] < f f |f1(s,2(a()))IAsAz; + Z (1) —1))

O<tj<t

T Iajlf f |f1(s,2(0(5)))|AsAz
1- Z a; J=
j=1

+Z'“ﬂ > G- 1)

=1 O<tj<t;

2 laj
<ki((D)" +mkoor(T) + —=——— (ki (0(T))*" + mhyor(T))

1- Za/j
j=1

=K, t€[0,0(T)]r.

Hence, (3.15) holds. This completes the proof. O

Theorem 3.3.2 Suppose that (B1)— (B6) hold, then PBVP (3.1) has at least one so-

lution.
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Proof.

For z € PC,4([0,0(T)]T), we define

o (T) m
Wz(r) =f0 u(t, S)fz(S,Z(O'(S)))AS+Zﬂ(t,tj)fj(z(fj)), t€[0,0(T)]r.
=1

J

The Schaefer fixed point theorem will be applied to show that the operator Wz has a
fixed point.

(i) The operator ¥ : PC,4([0,0(T)]T) — PC,q([0,0(T)]T) is compact.
Proof. First, we will prove that ¥ : PC,4([0,0(T)]T) — PC,q([0,0(T)]T) is

continuous:

Pick a sequence {z,},en € PC,4([0,0(T)]T) such that z, — z € PC,4([0,0(T)]T),

as n — oo. From (3.8) we can write

a(T)
W'z, (1) —Wz(1)] < fo lu(t, N f2(s,zn(07(5))) — fo(s, 2(a(s))|As
+

(2, eI jn()) — J j(2(2 )]

j=1

o (T)
<8( f; a5, 2ale () = fals, 2 (s))IAS
+ ) Wit =7 j(z(tj))l), t € [0,0(T)]r.
j=1

In view of (3.15), the Lebesgue dominated convergence theorem is applicable.
Hence,

Wz, - ¥zl >0, n— .

Now, we need to show that ¥ € PC,4([0,0(T)]r) maps bounded sets. Take an
arbitrary D C PC,4([0,0(T)]T) which is bounded. Then, clearly

llzll < L,
where L is some positive constant. Then,
o(T) m
Pzl < fo lu(, )l f2(s,2(0(5))|As + Z (e, 1)1 j(z(25))
j=1
<BKo(T)+Bmks, te[0,0(T)]t. (3.16)
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(ii)

Let 71,2 € [0,07(T)]r. Then

o (T)
[Pz(t") — Wz (1%)] < fo (', $) = u@, )l f2(s, 2(0(5)))As
+ ) (et ) — @ Iz (@E)))-

j=1

Thus,
Yzt - Wz(1?) - 0, 1! - 12 (3.17)

The desired result follows from (3.16) and (3.17). Therefore, Arzela-Ascoli

theorem applies. Hence, the operator
Y PCrq([0,0(T)Ir) = PCra([0,07(T)]T)
is compact. Note that the set

nNF)={z€S :z=AFz, A¢€(0,1)}is bounded. Really, we have the following.
Consider

2(t) = AWz(r), t€[0,0(T)]t, A€(0,1),

where z € PC,4([0,0(T)]t). From (3.15) it is seen that

a(T) m
lz(B)] < 4 fo lu(z, )l f2(s,z(0(s))IAs + A Z (e, eI j(z(2 )

j=1
<AB(Ko(T)+mks3), te€[0,0(T)]t.

Thus,
|zll € AB(Ko(T) + mk3).

Applying Schaefer fixed point theorem, it is seen that the operator ¥ has a fixed point

in PC,4([0,0(T)]T). Thus,the proof is completed. O

3.4 An Example

We present the following examples to show that our Theorem 3.3 is applicable to the

dynamic impulsive PBVP (3.1).
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3

Example 3.4.1 Let T = U[2i, 2i+ 1], where the intervals [2i,2i+ 1], i € {0,...3} are
i=0

real valued. Choose, T =7, m =5,

=0, 11=2, =4 1r=06,

3
J=10.7r, Jo= U(2i,2i+ 1
i=0

1 5 4 9 13
Tl_za T2_25 T3_ ’ T4_29 T5_2’
= =a3=aq4=a5=1
Consider the impulsive dynamic PBVP
zZ(o(t
Ko =D _ e,
1+ (z(0 (1))
20 =20 =20 =0,
2
(¢
D) =g+ 2 (0,....3),

1+ )
S

2 2 2 2
1+ (z(t)?
B i) —Y T )
() = ke
200 =2z(8).
Here
flt)=——<l1=k
b 1+Z2— 1’
Z2
L(z) = <1=h,
k(2) =2 2
1 2
I = —% <2=ks. ke{0....3}
1+74

Noting that

art+ar+az+ag+as=5+#1.

It is seen that all hypothesis of Theorem 3.3 hold. Hence, the above PBVP possesses

at least one solution.
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CHAPTER 4

CONCLUSION

Since time scale calculus enables us to treat together the analysis on continuous and
discrete dynamic equations, the unification of these two cases by dynamic equations
on time scales has gained importance in recent years. In this thesis, the existence
of solutions, which is a classical problem in the theory of differential equations, is
considered. By employing the well-known fixed point theorems due to Schauder and
Schaefer, it is shown that some classes of nonlinear higher order multi-point (IBVPs)
on time scales posseses at least one solutions. In particular, third order and 2n + 1,
n > 1 order IBVPs are studied. Although there is a massive literature on IBVPs on
time scales of even-order, there is not much studies on their odd-order counterparts.
Thus, this work partially closes the related gap in the literature. The results in Chapter
2 have been accepted for publication in the journal Miskolc Mathematical Notes, and
the results in Chapter 3 have been published in the Georgian Mathematical Journal.
Since there is not much work on general higher-order IBPVPs on time scales, studying
the existence of solutions for IBVPs with arbitrary order will be helpful for closing

the related gap in the literature.
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