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ABSTRACT

STATE CHANGE OPERATOR:
ALGEBRAIC AND LANGUAGE CLASS PROPERTIES

Cevik, Ahmet
M.S., Department of Computer Engineering
Supervisor : Asst. Prof. Dr. ttevren Kili¢
Co-Supervisor : Assoc. Prof. Dr. HalitgDztiziin

July 2009, 53 pages

A new proper subset of regular languages, inspired fronratigbower consumption
attribute of computational devices, is introduced in ttigesis. This new subset is
called state change languages. For our purpose, we definara operator whose
domain is finite automata and range is state automata. Wepnaven that the new
class is closed under union and intersection, but not unoieptementation. The
decidability of this set is also discussed. Then, the naticabstract power consump-
tion is given and this notion ,along with the satisfiabilifystate change languages, is
axiomatized in the last section. Finally, the importanc¢hef existence of a univer-
sal operator that shows the abstract power consumptioactesistic of well defined
abstract models of computation to determine the limits efrtenegry consumption

for particular algorithms, is pointed out.

Keywords: State change languages, finite automata, abgtaer consumption, clo-

sure properties, decidability, axiomatization.
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Oz

_ DURUM DEGISIKLIGI ISLECI: _
CEBIRSEL VE BICIMSEL DiL K UMESI OZELLIKLERI

Cevik, Ahmet
Y uksek Lisans, Bilgisayar Mhendislgi Bolumi
Tez Yoneticisi : Yrd. Doc. Dr. Hirevren Kili¢
Ortak Tez Yoneticisi : Doc. Dr. Halit @uziizin

Temmuz 2009, 53 sayfa

Bu tezde soyut hesaplama modellerinin soyiig tjiketimiozelliklerinden esinlenerek
duzgin dillerin yeni bir alt Kimesi tanimlanmistir. Bu yenukneye durum dgisikligi

dili adi verilmistir. Bunun igin, tanim &mesi sonludzdevinir ve erim Kmesi du-
rum ozdevinir olan birli isle¢ tanimlanmistir. Bahsedileany kimenin birlesme
ve kesismedzellikleri altinda kapali oldgu, timlemeozelligi altinda ise kapali ol-
madgi kanitlanmistir. Kimenin karar verilebilirji hakkinda tartisiimistir. Ayrica
soyut gi¢ tiketimi kavrami formal olarak tanimlanmis, ve sadlibnde bu kavram
durum degisikligi dillerinin sajlanabilirligi ile beraber belitlestirilmistir. Son olarak,
belirli algoritmalar icin dizenli olarak tanimlanmis soyut hesaplama modellerinin
guc tiketimininin alt limitinin belirlenmesindeki evrenselrtiglecin varlginindnemi

vurgulanmistir.

Anahtar Kelimeler: Durum dgsikligi dilleri, sonludzdevinirler, soyut g¢ tiketimi,

kapalilikozellikleri, karar verilebilirlik, belitlestirme.






ACKNOWLEDGMENTS

My very special thanks from my deep heart go to my thesis adVsirevren Kilic.

| would not complete my work without his support and motigati | feel very lucky
that | have a mentor like him. | also want to thank him for teaghme Theory of
Computation which played an important role in my thesis, aildoentinue to play
in my further academic study. | want to thank my co-advisolitlaguztiziin for his

comments and discussions throughout my thesis study. I¢hotiforget to mention
my friends for their motivation. Last, but not least, | wamtihank my family for their

continuous support not only in my studies but in so many atffiegs.

Vil



TABLE OF CONTENTS

ABSTRACT . . . . . e iv
OZ . o v
DEDICATION . . . . o e e Vi
ACKNOWLEDGMENTS . . . . . . . e e e e e Vii
TABLE OF CONTENTS . . . . . . . . e e viii
LISTOFFIGURES . . . . . . . e e e e X
CHAPTERS
1 INTRODUCTION . . . . . . . . e 1
2 FINITE AUTOMATA AND REGULAR LANGUAGES . . ... .. 3
2.1 Finite Automata . . . . . .. .. ... .. ... ....... 3
2.2 Regular Expressions . . . . . . . .. ... ... ....... 4
2.3 Algebraic Properties of Regular Expressions . . . . .. ... 8
3  STATE CHANGE LANGUAGES . ... ... ... ... ...... 11
3.1 State Change Operator and State Automata . . . . . .. ... 12
3.2 State Change Languages and Expressions . . . . . . ... ..
4 CLOSUREPROPERTIES . . ... ... ... ... ... ...... 17
4.1 State Automata wite-Transitions . . . . . .. ... .. .. 19
5 DECIDABILITY OF STATE CHANGE LANGUAGES . . . . . . .. 23
5.1 Emptiness Checking . . . . . . .. ... ... ... ..., 25
5.2 Language of the Turingmachine . . . ... .. ... .. .. 26
5.3 An Undecidable Problem . . . .. ... .. ... .. .... 27
6 ABSTRACT POWER CONSUMPTION . . . . . ... ... ..... 30
6.1 Abstract Power and Complexity . . . . . .. ... ... ... 30

viii



6.2 An Uncomputable Number . . . .. ... ... ....... 31
7 AXIOMATIZATION OF ABSTRACT POWER CONSUMPTION . . 34

7.1 Logical Descriptionof SCL . . . . . ... . ... ... ... 34
7.2 Formulas, Models, and Theories . . . . . . ... ... ... 35
7.3 The Axioms . . . . . . . ... . ... ... 39
7.4 Axiomatized Formal Theories . . . . . .. ... ... .... 42
7.5 Satisfiability of Finite Automata Properties . . . . . . . .. 46
8 CONCLUSIONS . . . . e e 49
REFERENCES . . . . . . . . e 51



FIGURES

LIST OF FIGURES

Figure 2.1 The basis of the construction of an automaton faaegular ex-

pression. Epsilon moves are indicatedas’eps’. . . . .. .. ... .. 7
Figure 2.2 Induction to construct finite automaton from autagexpression. . 8
Figure 3.1 AfiniteautomatoA.. . . . . . . . . . . . ... .. ... 13
Figure 3.2 State automat@®=C(A). . . . . . . . . . . . .. .. 13
Figure 3.3 Relationship among language classes involving SCL . . . . . 16
Figure 4.1 State automat@y recognizing the languadeo M. . . . . . . .. 21
Figure 4.2 State automat@1 recognizing the languagé&(S))*.. . . . . . . . 21
Figure 5.1 Reduction frorh; to L,. The solution ofL; is the solutionol;. . 27



CHAPTER 1

INTRODUCTION

Models of computation are mathematical abstractions ofxgational devices. They
are usually used to study the limits of computation. The samodels, on the other
hand, can also be used to elaborate on related run-timbuaési of computational
devices. Specifically, power consumption is such an ateilhat can be associated
with execution of any computing device. Configuration changiging computation

can be thought as the main driver behind such consumption.

Power consumption characterization realized by workingbstract computational
models rather than on their implementations gives us: (iideaa about power con-
sumption related limits of their implementations undettaiarconditions (ii) an ab-
straction to investigate possible robust classes of layggighat can be identified
through the very basic idea of power consumption [1]. Thiguim may lead to
identification of new abstract machines. Power consumgiased formalization of
digital computing systems has been investigated in [2]. tedlto item (ii), search
for robust classes of regular languages is known to be anrololgm of theory of
computing, automata theory, formal verification and reguaiadel checking [4][3].
In [3] for example, a robust decidable class of regular laggs recognized by finite
ordered monoids, called/, has been proposed. Other example subclasses of regular
languages identified due to the “negative result that redateyuages cannot be in-
ferred from positive data only” [5] include: k-reversiblniguages [6], strictly regular
languages [7], regular code languages [8] and uniquelyitetmg regular languages

[9].

In this thesis, a simple operator that enables model lewgepaonsumption charac-



terization of its possible implementations is proposediestigate about a possible
robust language class defined by the range description oh#pping is given. For
the time being, we restrict ourselves to a unary mappingdpetates on state change
behavior of finite automata model of computation. As a consage, a new formal
language set what we call State Change Languages (SCL) idfie@ntThen, the
language class and closure properties of SCL are invedligatbe reason behind
choosing to work on a finite automata instead of transdud@®j$J0] is to exploit on
the recognized language set. Note that tfierecan clearly be extended to alternative
computational models by defining alternative operators.

The remainder of the thesis has the following organizationSection 2, finite au-
tomata and regular languages are reviewed. In Section 3yrthey state change
operator, and the set SCL, obtained by the mapping, are defiméte same section,
it has been shown that SCL is a proper subset of regular laeguagd the algebraic
properties of the€C operator have been discussed. In Section 4, the languapgerpro
ties of SCL including closure and decidability are given. Btton 5 the notion of
abstract power consumption for finite automata is discuskedly. In Section 6, the
focus is on the logical perspective where we give an axiaraatin of abstract power
consumption over finite automata, and use this formalisrersatisfiability of finite
automata properties, when given a formal specification. |[a$tesection includes the

conclusions and future work.



CHAPTER 2

FINITE AUTOMATA AND REGULAR LANGUAGES

A model of computation is a mathematical abstraction of amyputational device
including todays computers. Although they are not used fgr @ractical reason,
they are important to study the limits of computation. Irstbection, finite automata
(FA) and its corresponding language class called regutegyuages (RL) are formally
reviewed in order to give the necessary background to utadetshe work done. The
properties of the language recognized by finite automatgiaea. Then, we give two

known results, as lemmas, which will be used later on.

2.1 Finite Automata

Finite automaton is the simplest model of computation. nmially, a finite state au-
tomaton consists of a set of states and a finite control whastdles the transitions
among the states in response to external inputs. Beforeggirerformal description,
let us define a notation first. For any sgtwe write P(Q) to be thepower setof Q.
Now we can write the formal definition of nondeterministiatenautomata. We will
use, from now on, finite automata and nondeterministic faittomata interchange-

ably.

Definition 1. A Non-Deterministic Finite Automat@NFA) is a 5-tuple
(Q,%,6,0q0, F), where
Q : finite set of states,

¥ : finite set of symbols, called the alphabet,

3



5: Qx X U{e} — P(Q), the transition functioh
Qo € Qs the start state, and
F C Qis the set of accepting states [10].

Definition 2. A language is calledegularif some finite automaton recognizes it.

Definition 3. Let A andB be two languages. We define the regular operations union,
concatenation, and star as follows:

e Union: AUB ={x xe Aorxe B}

e ConcatenationAo B= AB= {xy| x€ Aandy € B}

e Star: A* = {X1%... X/ k> 0 and eaclx, € A}

Regular languages are closed under the operation mentitao®d along with inter-
section, complemenation,ftkrence, reversal, homomorphism and inverse homomor-
phism. The proof can be seen in [11].

2.2 Regular Expressions

In the previous subsection we focused on abstract stateingadbscription of lan-
guages. Now we show an algebraic way to describe regulaudeygs. The notion
is called "Regular Expression”. Regular expressions (RE)reaéclarative way to
express strings. It is worth noting that a regular expresEidgs just an expression,
not the language itself. Therefore, we WS&) to refer the language th& defines.
Regular expressions can be defined recursively as follows.

Basis: The basis consists of,

1. e and0 are regular expressions, exhibiting the langudgeand( respectively.
In other words) (¢) = {€}, andL(0) = 0.

2. Ifae X, thenais a regular expression. It should be clear th@) = {a}.
Induction: Inductive step consists of several parts.
1. If AandB are regular expressions, th&n+ B is a regular expression denoting

L(A+ B) = L(A) U L(B).

! eis called theempty string




2. If A andB are regular expressions, thé& is a regular expression denoting
L(AB) = L(A)L(B).

3. If Alis a regular expression, théXi is a regular expression denotihgA*) =
(L(A)".

4. If Ais a regular expression, then so A9 (vhich denotes the same language as
A. Thatis,L((A)) = L(A).

So far we have shown two fiierent types of expressing languages; finite automata
and regular expressions. They, in fact, represent the samge&ge class which is the
class of regular languages. To show this formally, we neegiv® two lemmas that
will also be used in the next section. Firstlemma statessverty language defined by

a finite automaton can also be defined by a regular expresSapond lemma states
the inverse of the first lemma. That is, every language defigedregular expression

can also be defined by some finite automaton.

Lemma 1. If L = L(A) for some finite automatoA, then there is a regular expression
Rsuch that. = L(R).

Proof. Suppose thah's states arg1,2,...,n} for some integen. Let us useR’

as the name of the regular expression whose language isttio¢ steingsw such
thatw is the label of a path from stateo j in A, and that path has no intermediate
node whose number is greater tHanTo construct the expressioﬁ%”, we use the
following inductive definition, starting & = 0 and finally reaching = n.

Basis: The basis ik = 0. Notice that all states are numbered 1 or above. So, the
restriction on the path is that the path must have no intelateedtates. There are two

types of path that meet such a condition:

1. An arc from node (stateé)o nodej.

2. A path of length 0 that consists of only some node

If i # J, then only first case is possible. We must examine theARd find those

input symbolsa such that there is a transition from state statej on symbola.

1. Ifthere is no such symbal thenR? = 0.
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2. Ifthere is exactly one such symimithenRY = a.

3. If there are symbolsy, a,, ..., a that label arcs from stateto statej, then

R.(jo):al+a2+"'+ak.

If i = |, then the legal paths are the path of length 0 and all loops ifto itself. Such
length is shown by the regular expressefhen, in case (1) the expression becomes
€, in case (2) the expression beconaesa, in the third case the expression becomes
€E+ag+ap+-+a

Induction: Suppose there is a path from state j that goes through no state higher

thank. There are two possibilities.

1. The path does not go through the state'hen, the label of the path is in the

language oR¥™.

2. The path goes through stdtat least once. We can break the path into several

pieces. Then, the set of labels for all paths of this type psagented by the
regular expressioRi (R ) R

When the expressions for the paths of the two types above arkiced, we have the

expression

4 =R RV R

for the labels of all paths from statdo statej that go through no state higher than
k. [

We showed how to find the regular expression of any given FAadh the method
shown above may get complicated when the state size gets.|8rg make the con-
version more easily, we may use another method by elimigatia states of the FA.
This method seems more practical than the first one. Howesxedo not show this
method here. You may refer to [11] for FA to RE conversion byestimination.
Now, we give the second lemma which will be used together Wiehfirst lemma
later on. We now show that every langudgthat isL(R) for some regular expression
R, is alsoL(A) for some FAA. The proof is by structural induction on the expression
R.



Lemma 2. Every language defined by a regular expression is also ddfiyadinite

automaton.

Proof. Supposel = L(R) for a regular expressioR. We show thal. = L(A) for
some FAA with:

1. Exactly one final state.

2. No incomming arcs to the initial state.

3. No outgoing arcs from the final state.

The proof is by structural induction dR

Basis: The basis has three parts. These cases are shown in Figure 2.1

I':’ \I |'I \‘I
; eps ; = :
—0 | —0 |
1 1 : :
I‘\ l; i l;

\s

@) (b)

{ N
: a |

(c)

Figure 2.1: The basis of the construction of an automatam faaegular expression.
Epsilon moves are indicated as 'eps’.

Part (a) in Figure 2.1 shows how to construct the automatotinéregular expression
e. Itit clear that the language of the automatofeis Part (b) shows how to construct
the automaton for the regular expressforObviously, language of the automaton is
0 in this case because there are no reachable paths fromtatartsthe final state.
Part (c) shows how to construct the automaton for the regdpressiora. In this
case, the language of the automaton consists of only thmesiri

Induction: Similar to basis, inductive step has three parts is showngarg 2.2.

There are four cases in the inductive step.

e If the regular expression R+ S, we use part (a) in Figure 2.2 to construct it.

7



“ eps

eps
&f

(b)

Figure 2.2: Induction to construct finite automaton fromgutar expression.

e If the regular expression RS, then we use part (b) to construct it.
e If the regular expression R*, then we use part (c) to construct it.

e If the regular expression i, then the automaton that defin@ss used for

(R) because the parentheses do not change the language.

At the end, the constructed automaton satisfies the indubtipothesis. [ |

2.3 Algebraic Properties of Regular Expressions

Regular expressions have a number of algebraic laws. Intfat,are quite similar
to the laws of arithmetic if we think of the set-theoretic cgg@®ns such as union and
concatenation as addition and multiplication, respelstivA summary of algebraic

laws for regular expressions is given below.

Associativity and Commutativity:

Commutativity: LetL; andL, be two regular expressions. Then,
Li+Lr=Ly+ Lj.

Associativity for union: LetL,, L, andL3 be regular expressions. Thebh; & L) +
Lz =L+ (Lo + Lg).



Associativity for concatenation: Let L;, L, and L3 be regular expressions. Then,
(LiLo)Ls = Ly(LoLs).

Identity and Annihilator:

Let L be a regular expression. Then,

0+ L =L+0=Lwhich asserts thdt is the identity element for union.

eL = Le = L which asserts thatis the identity element for concatenation.

OL = L® = 0 which asserts thdlt is the annihilator for concatenation.

Distributive Laws:

LetL,, L, andL; be regular expressions. Then,
Li(Lo + Lg) = Lyl + LyLs, and

(Ls + Lo)Ly = LgLy + LoLy.

The ldempotent Law:

An operator is called idempotent if the result of applyintpitwo of the same values
as arguments is that value. An assertion can be as follows.

Let L be a regular expression. Thdns# L = L which asserts the idempotent law for

union.

Closure Laws:

Let L be a regular expression. Theh; Y = L.

0 =e.

€ =e.

L* = LL* = L*L, whereL" is defined as + LL + LLL + ---.
L*=L"+e.

So far regular languages, regular expressions, their nmfdedmputation counter-
part called finite state automata, and properties of redatgyuageexpressions have
been reviewed. In the next section, we describe the unas/dtange operator which
manipulates the given finite automaton according to someifsgaion. This trans-

formation introduces a new set of languages called Statedehlaanguages (SCL),



hence a new model of computation counterpart called Staterdata (SA). The re-

lationship between the regular set and SCL will also be shown.
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CHAPTER 3

STATE CHANGE LANGUAGES

In this section, the formal definition of the state changeraioe (simply we call
it the C operator) followed by an illustration is given. Thehe state change lan-
guage class, its restrictions and properties are given. dDtiee main ideas of this
section is to show that the obtained language by the tramsfioon of the given fi-
nite automata using the C operator, is a proper subset of RLalg¢ediscuss the
alphabet change due to transformation of the given FA. Beferstart to explain the
state change operator, it is better to explain what a unaeyabpr really means with
some examples. Unary functions are mappings with one angunifethe elements
of the domain are mapped to the elements in the same selJi.eA — A), then
we call themoperators The termfunctionis more general. Typical examples of
unary functions are absolute values, logarithms, sin asdwuctions. Their domain
may not be a single argument, but map to tuples or other stiest For example,
one may define a unary operatdrwhich gets an integer and maps it to a pair con-
sisting the number itself and its inverse. So, the domairskeuld be defined as
{...,-2,-1,0,1,2,...} which is equal to the set of integefd, Then, the range set
should be defined &s..,(-2,2),(-1,1),(0,0),(1,-1),(2,-2)...}. This is not lim-
ited with our example. The set can be extended to any levelvé\will see later on,
the state change operator acts on finite state machines. theprevious part, we
defined finite state machines as 5-tuples. So, our domainstsiag 5-tuples such as
{(Z1, Qu, 61, o, F1), (Z2, Q2, 62, Qo,» F2), - - -, (Zn, Qns 6ny Qo,,» Fr)}. Still, the argument
is considered to be single. Here, we see the importance afetiésstructures in theo-

retical computer science.
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3.1 State Change Operator and State Automata

Definition 4. A State AutomatoSA) (Q,Y’, ¢, o, F) is a non-deterministic finite
automaton with the following restrictions:

1. ¥’ = {0, 1} is a restricted two symbol alphabet,

2. Transition function can include transition rules eitlmethe form
&’(p,0) = {p}, wherep € Q or,
in&’'(p,1) = R, whereR € P(Q — {p}), or both.

Now we will define theC operator, which acts on the transitions of NFA and produces
another automaton. The input to the operator is a finite aatom and the output is
another automaton, but these two automata are relatedC Operator is defined as

follows.

Definition 5. State change operatpCC, is a surjective mappin@ : NFA —» SA
such that, for a giverA = (Qa,Za, 0a, 0o, Fa) € NFA, it producesC(A) = B =
(QB,ZB,(SB, Jos> FB) € S Asuch that,QB = QA; 2B = {O, 1}, Jog = o, FB = FA, and

for eachoa(p, @) = Rwe describég as;

if pg Rthen 6g(p,1)=R
if pe R then  6g(p,0) = {p}, os(p.1) = R— {p}

being new state transition rules.

Simply, theC operator modifies the transition function of a given NFA bypmpiag
its input symbols td0, 1}. The transformation take3(|Z||Q|?) steps. To illustrate the

transformation, an example is given below.

Example 1. LetA = ({qo, 1}, {&, b}, 8, o, {01}) be an NFA where, the transition func-
tion ¢ is defined by,

6(%o, @) = {qo}

6(Cho, b) = {as}

6(0l, @) = {0o}

12



a b

@b@

start KOJ

Figure 3.1: A finite automatoA.

0(0, b) = {on}
The transition diagram representationfois shown in Figure 3.1.

Notice that inA state change occurs either when the current stajgasd the input
is b, or when the current state @g and the input i®. Then, by applyingC operator,
the given NFA is transformed by relabeling its input symbdlse transition diagram

representation of new automaton is given in Figure 3.2.

0 0

@1@

start:

Figure 3.2: State automat@= C(A).

During the transformation, the number of states and the eurabtransitions are
preserved. Yet, we may have transitions that duplicate essimply eliminate one of
them. The output automaton, sByhas a fixed alphab&t= {0, 1}, which in fact may
be diferent thar{O, 1}. It could be any two symbols that represent two discretetsyen
i.e. state change and no state change. Therefore, one cealdiagb}, or {A, [},

or {1,0} or any setS, |S| = 2, that is capable of representing two discrete events.
Finally, its number of states remains the sam@.a®bviously,L(A) # L(B) since the
automata take their description fromfférent domainsL(A) = {w| w ends with B,
while L(B) = {w] w has odd number of IJsIf we try to write their regular expression,
itwill be Ry = (a*+bb*a)*bb" andRg = (0*+10°1)*10*. The state automaton describes
the state change characteristic that forms a basis for pogresumption description

of NFA under consideration. Regarding the algebraic progerit is easy to see that

13



C is idempotent, i.eC(C(A)) = C(A) for any NFAA. Itis also clear to see th&thas
a many-to-one functional property. Therefo@eis not invertible. That is, sSinc€ is
surjective we cannot obtain the input from the output. It lddae possible if it were

injective. For the following discussion, we give the folliog definition.

Definition 6. Let A and B be two alphabets. A functiof : A* — B* is called a
language morphismover language&(A) andL(B) such thatf(e) = €, and f(w) =
f(u)f(v) for all w,u,v € A* such thatv = uv satisfyingw € L(A) and f(w) € L(B).

TheC operator may not always provide a morphism of languages.

Proposition 1. Let A = (Qa, Za, 94, Jo,, Fa) € NFA without e transition such that
L(A) # 0. There exists a morphisim: ¥* — {0, 1}* defined ovelL(A) andL(C(A)),
respectively if and only if for each € X, a transition ruléa(p, @) = Rshould satisfy
eitherR = {p} orRN {p} = 0 for all p € Qa.

To make the latter statement clear, consider Example 1. \M& #iat no such mor-
phismg exists such that itv € L(A), then so igg(w) = g(x)g(y) € L(C(A)) = L(B),
wherew, x,y € ¥*, andw = xy. As a counter example, consider the case bb e
L(A). If there exists a morphism, then it should satisfy the conditions that are spec-
ified, i.e. g(bb) = g(b)g(b) must be inL(B). However,bb gets the value 10, in this
case, in automatoB. This means that we cannot assign a unique value for the dymbo
b.

Introducing theC operator reveals the fact that there exists at least ongnetation
related with the syntax of finite automata, and that is theggavonsumption. It is
worth noting that one can apply tizoperator to any model of computation, through
some extensions. The problem is that the definition of theatpemust be extended
so that it precisely defines necessary parameters for eacputational model. One
can see that the current definition of eperator is not complete over Turing ma-
chines. Besides the state changes of its finite control uaiing machine has other
mechanics like writing ofieading from tape or moving tape head that may form ba-
sis for alternative power consumption characteristicapfiears that th€ operator

is universal for standard finite automata. That is, it is a/ewsal operator to inves-

tigate its abstract power consumption, because there ish&w option than its state
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changes which is the only implication for its power consuomt We can also say
that diferent computations, and models of computation as well, wapsditerent
level of power consumption. In the following section, a néass of languages, SCL,

obtained by the surjective mapping, is introduced.

3.2 State Change Languages and Expressions

Any state expression, defining a state automaton, is alsgudareexpression, but
not vice versa. For example, a state expression cannotdiadluexpression (i.e.
0,00,00Q...,00...0) for any constark > 0 in it, by definition. In other words, we
have defined a O transition as “no state change” which meatstlany state, the
automaton should change its stategtagain which defines an infinite loop. So, we
cannot define infinite loop with a finite number of transitioMghenever the regular

expression of the automaton is written, it will always be ‘amétead of 6.
Definition 7. A language is irSCLIif some state automaton recognizes it.

Theorem 1. The set of state change languages is a proper subset ofrkmgaages.
That is,SCLC RL

Proof. First we have to show that every language in SCL is also in RLs iBlobvious
since every state automaton is an NFA. Next, we have to shatthiere exists at
least one regular expressi@nsuch that_(E) # L(C(A)) for all A € NFA That is,

we have to show that there exists at least one regular laedu@&) that cannot be
recognized by any state automaton. Consider the langu@je- {0}. It means that
some state automatdhmust accept the input 0, and reject any other given input. In
other wordsL(B) = {0} should hold. This contradicts with the fact ti&atannot hold
any transition rule such a&p, 0) = R— {p} which is necessary for the generation of
{0}. [

Corollary 1. If there exists a state automaténthen there exists a state expression
E, such that (A) = L(E).

Proof. The proof is trivial. We must show that there exists aESiEthere exist a SA
A satisfyingL(A) = L(E). Since every state change language is a regular language by

Theorem 1, we can use Lemma 1 to convetd E. [ |
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Non-regular
Languages

Regular
Languages

Finite
Languages

Figure 3.3: Relationship among language classes involviglg S

As shown in Figure 3.3, SCL can be classified as a subset ofarelgmiguages. Note
that SCL is an infinite set. However, not all finite languagesiaiSCL. For example,
the set{0} is in the finite language set, but not in SCL. On the other haud;)
is in SCL, but not in the finite language sdt(01*) is neither in SCL nor in finite
languages. Converselyl} is both in SCL and finite languages.
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CHAPTER 4

CLOSURE PROPERTIES

This section considers the closure properties of SCL. It maknthat regular lan-
guages are closed under some operations including uni@ns@ction, complement,
difference, reversal, kleene star, concatenation, homonsonpland inverse homo-
morphism [11]. Recall that Bomomorphisnis a maph : ¥* — I'* for two alphabets
¥, I', such that(w) = h(ap)h(ap) - - - h(a,) for all w = aya;, - - - @, € X*, whereg; € X,

1 <i < n. The set of SCL is not closed under homomorpism and inversehm
phism. In fact, the alphabet change in the definition is thetpshere the problem
arises. Ifwe lek = {0, 1}, andl’ = {X, Y, z}, then we have a problem with representing
state changes. Remember that we only have two symbols in S@Lthird symbol is
undefined in SCL, and this results in any such string, comtgitiiree or more dier-
ent symbols, fail to be interpreted since the operator actstate changes, i.e either
we have a state change or no state change. Similarly, SCL islos#d under any

inverse homomorphism: I'" — X, for everyl” such thatl'| > 3.
Theorem 2. If L andM are SCL, then so ik U M.

Proof. The proof is by product construction of two state automdta.dndM are in
SCL, then there exist state automAtia= (Qq, X, 61, q1, F1) andA; = (Qs, X, 62, O, F2)
that recognize them respectively. Hor M, we construct an automatdithat sim-
ulatesA; andA;. The states oA are of the form Q,, Qy) such thatQ, € P(Q;) and
Qy € P(Q.). Furthermoreg of Ais defined ag : Q1 x Q; XX — P(Q1) x P(Qz). The
start state ofA is the pair €1, 02), i.e. the start states &; andA,. A should accept
if and only if either of the automata accepts. Therefore fia states ofA consist
of pairs Q¢, Qyt) such that eitheQ,; € P(Q1) N F1 # 0 or Qs € P(Q2) N F2 # 0,
or both. So, we defind = (Qy X Qy,Z,da, (01, 02), Qxs X Qy¢) andé((p.q),a) =
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(61(p, @), 92(g, @)). Thus, by this wayA acceptd U M. [ |

Let us now consider closure by intersection. It is similacltsure by union, but with

a little modification.
Theorem 3. If L andM are in SCL, ther. N M is in SCL.

Proof. Similar to closure by union, we again use product constoactiere. IfL
andM are in SCL, then there exist state automata= (Qq, X, 61,0:, F1) andA, =
(Q2, %, 62, Op, F») that recognize them respectively. We construct an autom#athat
simulatesA; and A, such thatA recognized. N M. The states oA are of the form
(Qx, Qy) such thatQ, € P(Q,) andQ, € P(Q,). We define the transition functian
of Aasd : Q1 x Q2 x X — P(Qq) x P(Q;). The start state oA is the pair @1, qz).
Here, A should accept if and only if both of the automata accept. I8ofihal states
of A consist of pairs Qys, Qyt) such that bottQ,; € P(Q:) N F1 # 0 and Qys €
P(Q2) N F, # 0 holds. So, we definéd = (Qx X Qy, X, da, (01, 0), Qxr X Qyf) and
6((p,q),a) = (61(p, @), 92(g, @)). Hence A acceptd. N M. [ |

State automata are non-deterministic finite automata, fuyitien. However, depend-
ing on the input automaton, the state automaton can alsotbemgistic. Interest-

ingly, deterministic state automata (DSA) is less powettfian its nondeterministic
counterpart. Many languages that are recognized by narrdetistic state automata,
cannot be recognized by deterministic state automata. Tdidgm is based on the

following definition.

Definition 8. A finite automatonA = (Q,ZX,6,0o, F) is said to beincompleteif
6(g,a) = 0 for someg € Q anda € X. It is completeotherwise.

If an automaton is deterministic, it must be complete. Ifdnéomaton is incomplete,
then it is nondeterministic. However, being that an autemas complete does not

imply that it is deterministic. So, we give the following trem.

Theorem 4. There are state change languages that cannot be recogyizey de-

terministic state automata.

Proof. A simple counter example is the langud@g Although it can be recognized
by some nondeterministic state automaton (NSA) wiosensists of a single transi-

tion 6(go, 1) = {gs}, Whereqq is the start state arg} is the final state, this automaton

18



is incomplete. Hence, it is obviously nondeterministic.wi try to make this au-
tomaton complete, then all states should self-loop with m@sition which directly

changes the language. [ |

We conclude the following from the above theorem.

Corollary 2. There is no conversion from NSA to DSA for all state changgleges.

It is worth noting that eliminating transitions with emptyisg, does restrict construc-
tions for proving closure properties. It arises a philosophquestion that is whether
the empty string in formal language theory really helps usotostruct unique mathe-
matical objects, finite automata in particular, to presetesure properties. Allowing
empty string transitions in state automata makes thingereasd brings more clo-
sure properties. That is, if we leave each epsilon tramsdmit is, hence add the rule
os(p, €) = Rif (a = €) to the definition ofC operator, obvious constructions lead us

to have more closure properties.

Another fact about the set of state change languages isttighot closed under
complementation. Let us again consider the language{1}. Then, for instance,

it must be the case that 0X0L. But the only possible state automaton to recognize
this string must also recognize the string 1 which contitadigth the fact that % L.
Therefore, we say that SCL is not closed under complementatio

Unlike RL, SCL is not closed under complementation, homomisrphand inverse
homomorphism. We do not currently know whether or not they dosed under
other operations. Next, we show how closure propertiesgdamen we allow empty

string in state automata.

4.1 State Automata withe-Transitions

By definition, state automata do not include transitions wittpty string. Allowing
empty string in state automata would contradict the inteitiotion of abstract power
consumption since state changes may still occur eiifansitions in any given finite

automata. That is, internal state changes causeettansitions in a finite automaton
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should also be considered which is already handled byCtloperator. So, th€
operator treats empty string like other input symbols. @nather handg-transitions
are independent from the input string which does not violagenotion of abstract
power consumption of a finite automaton for a given particul@ut string. This
requires us to use-transitions explicitly in state automata. In this case, lesve
eache transition in a given finite automaton as it is. Therefore, dlefinition of state
change operator should be extended. We give the followirligitden for a newC

with e moves.

Definition 9. State change operator withmovesC,, is a surjective mappin@. :
NFA — SAsuch that, for a givei\ = (Qa,Za, 04, 0o, Fa) € NFA, it produces
C(A) = B = (QB, X, 08, Uos, FB) € SAsuch thatQg = Qa, g = {0,1}, o, = Coa,
Fg = Fa, and for eaclda(p,a) = R,

os(p,e) =R if (a=¢)
os(p,1) =R if(aze)A(pg R
os(p,0) = {p}, ds(p.1) =R-{p} if(aze)A(peR

Let us call the set of languages recognized by state automititae-transitions,e-
SCL. Clearly, every language in SCL is alsoaét8CL. Obviously, using in state
automata gives modularity in proving the closure propsrtiany of them become
trivial to construct. Union and intersection proofs arenalalid in this case. Other
than these two, we give the following theorems for closurepprties of state au-
tomata withe transitions.

Theorem 5. If L andM are ine-SCL, then so i o M.

Proof. LetS, = (Q,{0,1},6,,qs, F1) andSy = (Qm, {0, 1}, 6m, Gms Fm) be the state
automaton of. andM respectively. The construction for the concatenation g ier
languages applies here. We construct an autontatosa (Q, U Qn, {0, 1}, 6n, Ois, Fm),
where{§} U {6m} C {6,}, wWith an additional transitiong,(q;,€) = {gms for each

ar € F.

As shown in Figure 4.1, similar to the concatenation comsiva for regular lan-
guages, the resulting automaton is a state automatoneaitinsition. The input
string will be accepted if and only if it has an accepting camagion on the automa-
ton Sy which isL o M. [ |
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Figure 4.1: State automat@,, recognizing the languadeo M.

Letw = aya,...a, be a string oveE. Then, its reversal i8R = a,a,_,...a;. For
example ifw = 00110, them? = 01100. We say that the reversal of a languhge
LR = {wAweLl.

Theorem 6. If L is in e-SCL overZ, thenLR is also ine-SCL.
Proof. Let A = (Q, X, 6, 0o, F) be a state automaton, such th&p) = L. We define

the reversal ofA asAR = (Q, X, 6%, qo, F). Since{p} € 67(g,a) & {q} € §(p,a), we
haveL(AR) = (L(A))R = LR. [ |

Theorem 7. If Lis in e-SCL, then so id.*.

Proof. Let S = (Q,X, 4, 0o, F) be an arbitrarily given state automaton, whére=
{dt,,...,Q5} for some 1< i € N. We construct another state automat®n =
(Q,%,¢,0, F’), given in Figure 4.2, wher® = QU {q}, andF’ = {q;}, we add the

following transitions to obtaid’ so that{¢} C {¢'} is satisfied:

O
Q@

Figure 4.2: State automat@&i recognizing the languagé(S))*.

0 (0, €) = {Qo}, andd’(as,€) = {q} for everyqs € F. The resulting automaton is

clearly a state automaton with additiorafransitions. [ |

We see that constructions become trivial wattransitions. We do not know whether

or not SCL is closed under concatenation and reversal. Hawive again worth
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noting that regardless of whether the automaton is with éhout e moves, deter-
ministic or nondeterministic, the set of state change laggs are not closed under

complementation and string homomorphism.
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CHAPTER 5

DECIDABILITY OF STATE CHANGE LANGUAGES

Decidability plays an important role in theory of computapiand mathematical
logic in order to define the limitations of mathematical thes. It is almost a tradi-
tion to discuss the decidability of a proposed formal lamguset, when given one.
In this section we consider two decision problems regard@g.. One of them is
deciding the language emptiness, other one is the probleleaiding whether or not
the language of a given Turing machine is a state change dgegWWe will see that
one of them is decidable, where the other remains to be uthalelei. Before showing

these problems, let us first discuss the notion of uncompityab

Undecidability, the opposite extreme of decidability, Iisctean important concept in
theory of computation and logic. We have the notion calleantability in the very
heart of computability. We say that a seis countable if it is finite or there exist a
bijection f : A — N. Every countable set is enumerable. That is we can assign a
numbern € N for each element of the enumerable set. The idea of uncoliiptyta
goes back to the work of Georg Cantor on Set Theory when he gittneexistence

of uncountable sets in the late 19th century with a powerfethod calleddiagonal-
ization [32]. Obviously, at that time the term computation was natkn properly.

In his proof, he considered an infinite sequence of the foanxg, .. .), where each

x ={0,1}.

$:=11001011,...
$,=0,0,10,1,1,0,0,...
S3=000,10,10,0,...
$S4=1000,1111,...
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S5=0,1,10,1,0,1,1,...
S6¢=11010,0,0,1,...
$;=1101010,0,...
Sg=1010,1,0,0,1,...

S¢=0,1110,110,...

We construcy by taking the complement of the diagonal values. Howevemndrae
diction occurs at the position where diagonal value meawétue inSy. Whatever
the symbol is, it should be the opposite of itself in eithesezat is a contradiction. It
is like saying “This statement is false”. Therefore, one pawver present a complete

list of binary sequences.

In 1931, Kurt Gdel [12] published his famous Incompleteness Theoremis avit
breakthrough paper, On Formally Undecidable Propositd/®sincipia Mathematica
and Related Systems, which became one of the most celebestgtsrin mathemat-
ics, logic, and of course theoretical computer sciendadébshowed that any formal
axiomatic system that is capable to represent arithmediosh(as the Peano Arith-
metic and Zermelo-Frankel), is either inconsistent or mptete. In other words,
there will always be statements, s&ysuch that neithe6G nor -G can be proved
within the system no matter how large the set of axioms is. Bs=# we add the un-
decidable statemef@ to the system, sa$, as an axiom, we obtain a new system, say
S’. So, this stronger system again has the same sicknesst,|Gtatel used the idea
of liar paradox, and diagonalization which was introducgddantor. He assigned
a specific number, calledd@@el number, to each formula and proofod&l showed
the unachievability in terms of provability in formal axiatic systems. Alan Turing,
then introduced Turing machines which are assumed to haveatent power to re-
cursive functions. In a point of view of theoretical compugeience, @del’s result
says that there are undecidable problems which cannot sedsby any reasonable
model of computation. As a fundamental reason, there are fraoguages than Tur-
ing machines. So, the timeline of undecidability startshv@@antor who introduced
infinite sets and uncountability. Thenp@el showed the unprovability of mathemat-

ical statements. With Turing machines we define uncompilitiaby the problem
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known as the halting problem.
Now, after this introduction, we show two decision problerakted to SCL. One
of them is decidable where the other remains to be unde@dalihe membership

problem is also decidable for SCL although a particular sadtinot dedicated for it.

5.1 Emptiness Checking

This part focuses on the decision problem called the emgilmhecking of state
languages. In fact, the problem is deciding whether orlnet 0. The answer is
obvious. 0 is empty and all other state languages are not. If we are givstate
automaton, we can think of the problem as graph reachalityply, if a final state
is reachable from the start state then we say that the laegaagpt empty, and it is

empty otherwise.

Proposition 2. For any given SAS, determining whether or ndi(S) = 0 is decid-

able.

Proof. First, let us define the reachability recursively as follows

Basis: The start state is reachable from the start state.

Induction: If a stateq is reachable from the start state and there exist a transitio

from qto p, thenpis reachable.

Complexity of state reachability for a given state automasa@(n?) for n states. If
we are given a state expression then we have to convert thesskpn to its equivalent
state automaton, then apply the process given above. Thawggban apply the fol-
lowing recursive rule to check if the given state expressiemotes empty language.
Basis: 0 is the empty language. Nothing else is empty language.

Induction: SupposeS is a state expression.

1. If S =R+ M, thenL(S) is empty it bothL(R) andL(M) are empty.

2. If S = RM, thenL(S) is empty it eitherL(R) or L(M) is empty.

3. If S = R, thenL(S) is not empty because kleene star includes the empty string

€.
4. If S = (R), thenL(S) is empty if L(R) is empty. [ |
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It is again worth noting that the set of SCL is decidable andes8iCL C RL That
iS, given a stringv and a state automatol determining whether or nat € L(A)
is decidable. Furthermore, it is also decidable that givenexpression in any form
whether or not it is a state expression. By constructing agmsh automata, we can

decide this problem.

5.2 Language of the Turing machine

In this part, we consider the problem of deciding whether atrr the language of
the given Turing machine is a state change language. We staivthis problem is
undecidable. Let us call this problegfor the time being. We will use the notion
of reducibility here. We will reduce an undecidable probleinto S. By reduction,
we will have the fact that the solution to the probl&@nimplies the solution to the
problemH. Since there is no solution td, we deduce the fact th& must also be

undecidable. Proving undecidability always involve thiéolwing logical argument.

1 S—H premise

2 S assumption
3 H MP; 1,2

4 -H premise

5 1

6 -S RAA; 2-5

First, let us give the definition of reducibility which plags important role in theory
of computation used in classifying the decidability and pomational complexity of

problems.

Definition 10. Let AandB be two languages. We say thfais reducibleto B, denoted
asA < B, if there is a computable functiérf : =* — X, such thatve A < f(w) €

B for all w.

LetL; andL, be two languages. lf; < L,, thenL; is atleast hard ds,. The direction

of reducibility is important. We usually reduce from spexth general which allows

1 Afunction f : ¥* — X" is said to becomputabléf it halts on a Turing machine for every inpute =*.
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us to infer that ifL,, which is a subset df,, is undecidable, then we guarantee that

S0 isLo.

Figure 5.1: Reduction frorh; to L,. The solution ofL; is the solution oL;.

5.3 An Undecidable Problem

In this part, we prove the fact that given a Turing machvhedetermining whether or
not the language d¥ is a state change language, is undecidable. One may wish to
know whether or not a given Turing machine is equivalent tnesastate automaton.
This problem can be regarded as a type of minimization probl&iven a Turing
machineM, determine whether or not it can be minimized to some stdtsaatonS,
such that. (M) = L(S). In other words, the same given language can be recognyzed b
some state automaton instead of by a Turing machine, to etisatrthe computation
would take less theoretic power for all instances, if cormpahal model complexity

is proportional to abstract power consumption. This pnobie no diferent than the
problem of determining whether or not the language of a giuating machine is a
state change language. There is a theorem [22] which sayth#ra is no solution to

this problem.

Definition 11. A language isecursively enumerabliéit can be recognized by some

Turing machine.

Theorem 8 (Rice’s Theorem) Every nontrivial property of the recursively enumer-

able languages is undecidable.

The undecidability of language related problems regardunmgng machines, in fact,
has shown to be common. In Rice’s theorem, nontrivial progerefer to the ques-

tions related to language (or some other functional prgpeiftthe Turing machine.
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Even the problem of determining whether or not the langudgeengiven Turing
machine is finite, has been shown to be undecidable. So,d=rtkie problem of de-
termining given a Turing machine, whether the language @fTilring machine is in
SCL or not. Let us call this proble®r\,, and represent the string encoding of Turing

machines with the notatiofM). More formally, the following set is undecidable.

Stv ={(M)| MisaTM andL(M) is in SCL.

Before proving the undecidability @t y, let us first prove the undecidability of the
following problem. The problem is called the halting prablen empty tape. Let us

call this problemBr\, which is defined as

Brm = {{M)| M is a TM and halts om}.
Lemma 3. By is undecidable.

Proof. We reduce the halting problem & \. Let M be the Turing machine which
decides whether or not it halts on the given inputWe construct a Turing machine
M,, which writesw on its tape when it is started on the empty tape, then sinailate
M. If the computation halts, theaccept ttherwise,reject Note thatM,, halts on

w < M,, halts when started on empty tape. [ |

So far, we have shown how to prove problems to be undecidgiyleductions. Now,

we prove the problerry to be undecidable by using a similar reduction.
Theorem 9. Sty is undecidable.

Proof. The proof is by reduction frorBry. Given(M), we construct another Turing
machineM’, such that it simulateM on €. If the computation halts, then the uni-
versal Turing machine runs the Turing machMeéon any stringv € N, whereN is
some non-state change language. Notice kvahalts either orw or on no strings,
depending on whethévl halts one or not. But there is no Turing machine that de-
cides whetheM halts one. This implies that there is no Turing machine that decides
whetherL(M) = @ which is a state change languageNowhich is a non-state change

language. [ |
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Obviously, this is a consequence of Rice’s theorem. The prolshay not look im-
portant by itself, but once it is related with the notion oftbct power consumption
it becomes more interesting. The next section discussé&sabpower consumption,

uncomputable numbers, and a related undecidable problem.
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CHAPTER 6

ABSTRACT POWER CONSUMPTION

Abstract mathematical models of computation hayiedent resource consumptions.
Two important and known resources are space and time. Thigsechapter con-

cerns with another important resoure@gergy

6.1 Abstract Power and Complexity

In this concise section, the notion of abstract power compgiam for finite automata is
discussed. It has been mentioned thatGreperator maps the given finite automaton
to its state automaton, i.e. to its state change descriptiofact, we consider state
changes as a cost in terms of abstract power on finite autoRatdhis purpose we

give the following.

Definition 12. A finite automatorF consumes anit abstract poweduring its com-
putationA = (paydz---a, + Qk@az---an + -+ + (se, Wherege € Q, gs € F, and
&, a,...,8, € %, If gk # k1 (i.e. the state at the computational stegiffers from
that at stegn — 1). Total abstract power consumption ofi& the number of state
changes in a run, and given by the expres$ign dif (g, gi_1), wheredif(q;, g-1) is

1 if the states are fferent atith computational step from the- 1th computational
step.dif(q;, gi_1) is O, otherwise.

Finding the minimum total abstract power consumption of\egistate automaton
is nothing but to find shortest run (or path) fragto any of the final stateg; € F,
that can be computed in polynomial time. Clearly, Definitidridnot limited to finite

automata. One can extend the operator for Turing machinexample work is done
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by authors in [23], in which a Turing machine variant is consted to model energy
consumption at algorithmic level in wireless systems. Aenoardware treatment of
energy complexity is given in [24]. The critical thing is tithe operator or variant
should be universal. In general, for any reasonable modebmiputation, including

guantum Turing machine, deciding on a lower bound for thatialtabstract power

consumption would be interesting in their own right.

We may define a new complexity notiopower complexity The power complexity
of finite automata is certainly bounded above by its time demity. We may have
three fundamental complexity notions then: time, spacg pawer. The three notions
consider, respectively, how much time does the machinettakempute something,
how much memory does it require to perform the computatiod row much energy,
in principle, does it require to perform the computationtia next section, we give

a problem which is strongly undecidable in its own right.

6.2 An Uncomputable Number

Now, we show that there is a particular mathematical objebich is a real number
related with a problem about abstract power consumptiqrpéras to be undecidable.
First, let us give the following definition about computablenbers which goes back

to the work of Alan Turing [21].

Definition 13. A real number iscomputableif, given an integem, there exists a

computable function that outputs the firstligits of its decimal expansion.

Some real numbers can be computable. For example Pi is cabipuihe way it is
computeed is that by just calculating it. Our result, in fést consequence of Rice’s
theorem, and Gregory Chaitin’s [13] work of irreducible stures in algorithmic in-
formation theory [25][26]. Chaitin, inspired from@d@el’s incompleteness theorems,
showed that there are mathematical truths which are truadaeason, i.e. has no
structure or irreducible. Usually, mathematical struesucan be reduced to a more
compact form which are deducible from it, such as a set ofragim a formal system.
As Leibniz said, if something is true it is true for a reasonakitwe call it as the proof

of the fact. However, Chaitin, as well a®9@el, showed that there are constructible,
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but uncomputable information that has no structure. In fabat Chaitin meant was
the source of undecidability is the randomness in mathesyas well as the lack of
structure. For example, irreducible information may loibde lan independent tosses
of a fair coin. Consider a binary string of lengthlf the string cannot be represented
simpler than itself, then the program to compute the bithaft string should have
bits of axioms. There is a particular real number called thait®t's Omega Number,
or simply Q. Chaitin considered Turing’s halting problem, then he carcsed(Q,
also called the halting probability, which represents th@bpbility that a randomly
chosen program will halt. He showed tl§ais uncomputable. That is, there is no al-
gorithm that enumerates its digits. TRenumber relies on the existence of prefix-free
universal computable functions [27]. LBt be the domain of a prefix-free universal

computable functiof. The omega number is defined as,

Qr = Z 2-lpl
pePr
Now consider the problem of determining whether or not thglege of a given Tur-
ing machine is a regular language or not. If the languageeftiring machine was
really some regular language, then it would be possiblensttoct a finite automaton

accepting the same language. Let us think about the conseegie

Definition 14. A computational modeM is said to beabstract power minimizablié
L(M’) = L(M) by someM’ such thatM’ consumes less abstract power tiaror all

inputs.

The above definition may sound a bit far fetched, but it is ieduo understand the
following problem. We may say that descriptional complgX83] of a model of
computation is nothing but its own mechanical complexityisireasonable to say
that Turing machine is more complex than a finite state machirseems that recog-
nizing a larger set of languages requires more complex nmésina. If descriptional
complexity and the abstract power consumption are prapwatj then this problem
can be seen as abstract power minimization. This indirentyans that the same
functionality can be done with less abstract power. Inst#aturing machine, we
can recognize the same language by some finite automatoih vghsomething that

consumes less abstract power and has less descriptionplecoty than any Turing
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machine, by hypothesis. In fact this problem is strictly ecidable.

We can almost construct another instanceQofelated with the fact about Turing
machines that are abstract power minimizable or not. Thibdutan infinite binary
sequence where each bit representsfieiring machine in size ordéiWe construct
our real number as follows: If th€' Turing machine is abstract power minimizable,
then we put 1. Otherwise, we put 0. This number is uncompetadiven some
integern, there exists no finite procedure that enumerates its diditsee number
cannot be compressed smaller than it is. Fdits, we need bits of axioms. This
is anotherQ number that we can almost construct in some way, but uncabfeut
So, if we believe that descriptional complexity is propomntl with abstract power

consumption, then our problem is undecidable.

! The set of all Turing machines is countably infinite, we can obviously emata them.
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CHAPTER 7

AXIOMATIZATION OF ABSTRACT POWER CONSUMPTION

At the beginning of our discussion, we said that formal laagges such as regular lan-
guages or its subclasses were widely used in model chedkarggexample the authors
in [17] presented an encoding for bounded model checkingefgular properties as
specification model. Using-regular languages which are recognized licB Au-
tomata is the most common case in model checking of real tysiems, especially
with specifications represented in temporal logic formwasch is where timed au-
tomata [18] are considered. We will not consider such cagkismwork. Rather,
we consider satisfiability on state automata, i.e. thosaydvhalt. Also we do not
focus on Richi automata since nondeterminigtieterministic conversions may lead

to problems.

In this section, we give the logical descriptione@SCL generally. We also give an
axiomatization of abstract power consumption over finiteaata. Then, we use this
formalism to ensure whether the given abstract power copsamproperty of a finite
automaton satisfies the formal specification, representiist-order predicate logic,
which is a property of another finite automaton that we ardilap an equivalent

model for with respect to the specification.

7.1 Logical Description of SCL

Formal languages which are nothing but sets, can be deddojpenodels of com-
putation, algebraic structures, and logical formulas [[28[31]. Furthermore, all

descriptions define the same set of languages. That is, rwiptesnal method is
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more or less powerful than other in most cases. Here, we gi@naral description

of state change languages wititransitions, shortly — S CL in terms of first-order
logic. The logical description of SCL withosttransitions is far more complex since
we do not know whether it is closed under concatenation,nidestar, etc. For the
alphabet = {0,1, =, (,), +}, the set of simplified state expressions is described by the

predicate logic formula,

¢ =-3Ax3Ay(y = x+ LA Q(0, X) A =Q(x,Y)).

where we define the relation on the predic@{@, x) as: at positiorx, the expression
contains the symbah. Then, the predicate logic formula says, expressions do not
contain O without« next to it. For any given alphab& where|X| = 2, a bijection

f : ¥ — {0,1} for loading semantics to symbols, where 0 represents ne sitange,
and 1 means state change, we say that there exists a pushdmamagonP with an
alphabet’ = {0, 1, , (,), +} that decides whether the expression is in SCL.

7.2 Formulas, Models, and Theories

In this part, we give some important definitions related torfal systems and formal
theories which will be used later on. Formalism is the ideanaking a notion precise
by using symbolic logic so that everyones agree on it. Thelgelf is the system
that allows us to formalize theories, deduce sentencestferaxioms to obtain new
theorems, etc. This is what we cdlmal systemsA formal system has the following

components:

e analphabetof symbols,
e agrammar
e a set of sentences, thgioms

e a finite set ofdeduction rules

A well-formed formulas a syntatically correct expression in a formal language or
a formal language class. For example, if we consider thefsegalar expressions as

the set of all well-formed formulas over regular languagiesn we can say that each

35



expression is a well-formed formula over the regular setwillaise this notion later.
Regarding models in propositional logic, #ebe a propositional logic formula. Then,
amodel.Z is a trugfalse valuation on propositional atoms such thétsatisfiesp
which is denoted byZ E ¢. In general, a model is an interpretation which makes the
sentence true. A sentencesmtisfiablef it has a model, and it is tautology, i.e. valid,
if it is true in all models. Then, given a mode#/, the set of sentences for which
M = P1, P2, ..., ¢n is called thetheory of.#, denoted a3 h(.#). .# is called the
axiomsof Th(.#). Given a theoryl, if some sentenc8 is provable inT, we denote
itby T + S. AtheoryT is consistenif there exists no sentend® € T such that
bothT - AandT + —A holds. We sayl is inconsistenbtherwise. An example of
an inconsistent set would B8, —=S}. A formal theory is said to beompletaf every
true sentence is provable.&andT are two formulas an® = T, thenG U =T E 0,

i.e. inconsistent (or contradiction). L& = {¢1,¢>, ..., ¢} be a set of well formed
formulas. Finally, a theory is decidableif for any given sentencd it is possible

to determine whether or nét € T. In propositional logic, given a formulawe can
decide whether or nat is satisfiable by writing the truth table for the formula. For
n atoms, we therefore havé,zhence finite, possible valuations. Before giving the
adequacy theorem [15] for propositional logic which stdited for any sentencs, if

S is atheorem theB is a tautology, and i§ is a tautology thei$ is a theorem, let us

give two lemmas first.
Lemmad4. If SandS — T are both tautologies, théhis a tautology.

Proof. Assume thaf is not a tautology. Then, given the fact ttf&andS — T are
tautologies, there must be a model such t&) = T, (S - T) = T, andv(T) = L
LIfvS — T)=T,theny(S) = L orv(T) = T or both. IfV(S) = L, this contradicts
with v(S) = T. If V(T) = T, then it contradicts witlw(T) = L. In either way we get a
contradiction. Thereforel, must be a tautology. [ |

Lemma 5. Let S be any sentence and IBt, ..., S, be the propositional variables
of S. Letv be any model. Then, ¥(S;) = T let S/ be S; while if (S;) = L let
S/ be=S;. Also letS' beS if V(S) = T andS’ be-S if V(S) = L. Then we have
{S,,....Si}+ S

The adequacy theorem is often called as soundness and ¢engds. Soundness

1 For some variablg, v(p) means the logical value @f. T means true, and means false.
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means every provable statement is true. Completeness meagdrele statement is
provable. Now we give the proof of soundness, than later ompbeteness, thus we

get the proof of the adequacy theorem.
Theorem 10. (Soundnesdjor any sentencs, if + S thenE S.

Proof. If S is a theorem, then there is a sequeBgge .., S, with S, = S such that
the sequence is a proof 8f If S is an axiom, then there is nothing to prove since its
truth value is known to be true and can be shown in a straighti@ manner. IS is

not an axiom, then we can have an induction on the length girthef of S. If n = 1,
thenS is an axiom, s@& is a tautology. Ifn > 1, then we assume that all theorems
with proofs of length less thamare tautologies. So, eith&is an axiom or the proof
of S contains two sentence&; andS;, with i, j < n, such thasS; is, say, §; — S).

S; andS; are tautologies by hypothesis, and by Lemm& 4 a tautology too which

completes the proof. [ |
Theorem 11. (Completenesdjor any sentence, i S thenr S.

Proof. Assume that S. LetS,,...,S, be the propositional variables B. By
Lemma 5 we know that, for any moddl/,...,S;} + S. Note thatS’ is S since
= S, so for any modeb is true. Therefore, we havs),...,S, ;,Sy} + S and
{S1,...,S]_1,=Sn} + S. Using the deduction theorem we hd®s,...,S/ }+ S, —
Sand{s;,...,S_;} - =S, — S. Since we can show (S, — S) — ((-S, = S) —
S) we have, using Modus Ponens twi¢8;, ..., S/ ,} + S. By repeating this process

n— 1 more times we have thatS as required. [ |

Assigning true false valuations to variables is not the ¢agwedicate logic. First
let us define the elements of predicate logic. A language edlipate logic based
on (P, U, F), denoted ad.((P, U, F)), is defined by the alphabet consistingaun-
nective symbol$-, —, A, V, «}, a set ofquantifier symbolgV, 3} whereV is the
universal quantifier and is the existential quantifier, a set péinctuation symbojs
a setP = {P1,P,,..., Py} of n— ary predicates a universe(also callednamesset
U ={aj,a,...}, and asefF = {fy, f,,..., fy} of n — ary function symbolsWe also
have a set of/ariablesused in the formulas. For instance, ¢n= YxP(x), X is a

variable bounded by the universal quantifier, &{g) is the scope of it.

Definition 15. A variablexin a formulag is freeif xis not bounded by any quantifier.
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We said that true false valuations do not give us the truthnéshe predicate logic
sentence. Rather, we have interpretations. At this pointhweld consider the se-
mantics of well formed formulas in predicate logic. In pieate logic annterpreta-
tion of a languagé. = L((P, U, F)) over a univers# is a pairlj = (¢u, ¥y)" where,
Yy Pn > RU" maps, for eaclP, € P, then — ary predicate symbols ta — ary
relations ovelJ.

¢y : Fn— (U" - U) maps, for eaclfr, € F, then—ary functions symbols ta—ary
functions over the universe.

An assignmentalso called model) is one instance of an interpretatiod,\a@ have
the following properties:

Let S andG be any formulas. Then,

1. #E-Sift /4 ¥ S,

2. M E(SANG)Iff # ESand.Z E G,

3. #E=(SVQ)iff # = Sor.# kE G, orboth,
4. M (S — G)iff 4 (-SVG),

5. # E(S e G)iff #FE ((SAG)V (=S A-G)),

6. . E AxSiff there is an elememt e U such that there is some assignment that

makessS true.

7. /4 = YXSift . # E -3IAx=S. That is, there is no assignment that maké&s

true.

It is now worth giving the following definition.

Definition 16. A predicate logic formula is satisfiableis there is some model/
such that# E ¢. A formula isvalid if it is true for every model. A formula is

unsatisfiablaf there is no model that makes it true.

One important question about the predicate logic is reggrthe validity of a given
formula. That is, given a predicate logic sentei®eis S valid? It is crucial to

note that this is an undecidable problem. This is one of thstifiumdamental results
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in mathematical logic. In propositional logic, the answerthis question is easy.
We browse all possible valuations and see whether one of Hagisfies the given
sentence. However, this is not the case in predicate logaedhere are infinitely

many models.

7.3 The Axioms

In this section, an axiomatic treatment to abstract powasamption over finite au-
tomata and SCL is given, based on state expressions. Foatiatiof these notions
are required both for a better understanding, and for thesestion related with the
satisfiability. We have several elementary axioms. But fastis define the language
of this theory.

Let X be the set of all state expressions in the correct form treaganerated from
{0,1,+,0,x%,(,)}*. The symbok is an commutative and associative binary operator
for union of two state expressions,is a unary operator for kleene star, ands

an associative binary operator for the concatenation ofdtate expressions. For
convenience, we do not write the concatenation operatoicglp We use first-
order logic, and we definedd = X U NUT U {0, 1} as the set of universe, where

is the set of all finite automata structures, @htlare constant symbols intrepreted
as state change and no state change, respectively. Thelg stoddoe confused with
the numerals ilN. We definel (E, a), Q(E, a,i), > (A1, A2), M(E4, E,), wherea € X,

E € U, andi € N as relations, i.e. predicategE, a) is interpreted as; the expression
E includes the symbd. Q(E, a, i) is interpreted as; thigh position of the expression

E is the symbob. We interpret>- (A1, A), shortly> as; the minimum abstract power
consumption of the automatdh is more than that of the automatéa. M(E,, E)
meanskE; contains more 1's than th&b, whereE; andE, are state expressions. We
defineA(E) andS(E) as functions.A(E) gives the automaton structure whose state
expression i€. Finally, we interpreS(E) as the number of states of the automaton

whose state expressionks

1. Axiom of distinction: 0# 1. 0 and 1 symbols are not equal in either syntactic

or semantic (i.e. constraint of at least one of the symbaisilshstand for state
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change, and the other one opposite) meanings.

. Axiom of equality:YxVy(M(x,y) < A(X) > A(y)). This axiom states that the
abstract power consumption AX) is greater than thai(y) if and only if x has

more 1's thary has.

. Axiom of non-zero=3x(j = i+1AQ(X, 0,i) A=Q(X, =, J)). This statement says
the similar thing that we have said about the restrictionstafe expressions.
There is no such state expression that contains a star-fgalfol. This axiom

is not known to be true for standard SCL description, but tane{SCL.

. Axiom of transitivity: YXYyVz((M(X,y) A M(Y,2) — M(x,2)). That is, if x
has more 1’s thag, andy has more 1's tham, thenx hasx has more 1's than
z which means, by axiom of equality, the abstract power comsiom of the
the automaton whose state expression is greater than the abstract power

consumption of the automaton whose state expression is

. Axiom of succession?x3dy(A(y) > A(x)). This axiom states that there is always
some finite automaton which consumes more abstract powerahg other

finite automaton.

. Axiom of singularity: Yx(I1(x,1) — S(x) > 1), where> is the usualgreater
thanoperator defined over numbers. We say that for any state €sipre, if
x contains the symbol 1, then the automaton whose state expndsx has at

least two states.

. Axiom of uniquenessi!x=I(x,1). That is, there exists a unique state expres-

sion such that it does not contain any 1. Consequently, tinigession is Q

We now give two definitions in order to say something aboutdibeidability of the

relations used in the axioms, given above.

Definition 17. A total functionis a functionf : A — T" which maps every element

of X € A to exactly one corresponding valiéx) € I'. We say that theangeof the

functionf : A - T'is{f(X) | x € A}, i.e. the set of elements inthat are the values

of f for arguments im\.
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Definition 18. An n-ary relationR(a;, a, . . ., &,) is effectively decidableff there is
an algorithmic procedure that could decide, in a finite nuntbesteps, whether the

relation applies for any given case.

Definition 19. A total functionf : A — T is effectively computabléf there is an
algorithmic procedure that could calculate, in a finite nembf steps, the value of

the function,f(x), for any givenx € A.

The termeffectiveis important here. An féective procedure [16] involves execut-
ing an algorithm that successfully terminates for all insts. Since we can think
of algorithms as Turing computable functions, by Churchiigmhesis, an #ec-
tive procedure is one that a Turing machine computes. $ecteve decidability or
computability does not depend on the architecture. Thaiggrithmic decidability
and computability is architecture independent. Before \geudis the satisfiability of
state change expressions on abstract power consumptiars, fiest give the follow-
ing definitions on enumerability. We say that a set is enubierifiit is possible, in
principle, to enumerate its elements. That is, there musbhb®e function that counts
its elements in some order. For example the{Bgtl, 2, .. ., 9} is clearly enumerable
because it is finite. So, every finite set is enumerable. lit&de infinite, such as
the set of all integers, then we must find a function which nevesy element oN to
some element i®. In this casesS is calleddenumerablelf no such mapping exists,
then the set is calledonenumerabler simply uncountable We have already given
an uncountable set, that is the set of all binary sequent&sdtion 5. Note that the

set of real numbers is also uncountable. Hence, we give tlosvings.

Definition 20. A setX is enumerablef and only if eitherX is empty, or there is some

surjective functionf : N — .

Definition 21. A setX is effectively enumerablé and only if eitherX is empty, or

there is someféectively computable function that enumerates it.

Note that enumerability andfective enumerability are flerent. Every fective enu-
merable set is clearly enumerable. But not every enumerable dfective enumer-
able. There are infinite sets that are enumerable, but caergfectively enumerated
such as the set of arithmetical truths. In fact, this &d€&’s First Incompleteness
Theorem [16].
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7.4 Axiomatized Formal Theories

Mathematical logic is concerned with some philosophicasgions. What is logic?
Why do we need formal axiomatic systems? Why do we need formadisall? In
logic classes, we are asked to translate arguments into @o@mate formal lan-
guage, and then find formal proofs from given premises. Theqse of using formal
languages is because natural languages contain reduadamd ambiguities. Using
an artificial language can eliminate these problems and dsshe contradictions
in mathematics. This was what David Hilbert proposed as dajdae beginning of
the twenieth century in a lecture given at the Internatiddahgress of Mathemati-
cians. Eliminate all the problems and contradictions inheatatics by formalizing
all of mathematics using a formal axiomatic system with difieal grammar, a set
of axioms and etc. @del and Turing, however, showed that it could not be done.
That is, there is no complete and consistent formal axiahgory which can cap-
ture all truths in mathematics. The failure of Hilbert’'s gramme surprisingly led to
the creation of theoretical computer science. In a sensepaters are the instances

of formal systems. This isomorphism can be explained asvisl[14].

Formal System Digital Computer

Alphabet of the language bits of 1's and O's

Well-formed formulas Bytes (8-bit strings)

Grammar of the language | Instruction format

Axioms Input
Deduction rules Program
Theorems Output

Proof Computation

Notice that proofs really correspond to computations. &foee, limits of provability

implies limits of computation. However, we can say that ity refers to a larger
class. A universal Turing machine is one that is capable mukiting any other
Turing machine. Because of the universality, computabisitg complete theory. But
this is not the case in mathematics. There is no completersalformal system for

mathematics. Even the most powerful theory of mathematiustwis considered to
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be the Zermelo-Frankael Set Theory, cannot prove the sdtarithmetical truths.

We said that formal systems consist of a formal languaget afssxioms, and de-
duction rules. We will focus on the decidability issues.sEwnf all, for any formal
axiomatized theory, we must be able teetively decide whether or not a given ex-
pression is a well-formed formula. We are using first-oradegyid as the language of
the theory. The given expressions is finite. Therefore, @reaheck if it is in the
correct form or not. Secondly, we must be ablefteetively decide whether or not a
given well-formed formula is an axiom. In our case, the sebadbms is finite which
makes this property decidable. This property does not uti¢heories with infinitely
many axioms, because one may have a set of axioms in a centainThat is, if one
asks that given a well-formed formua whether or not is an axiom, it is decidable
if the axioms are in a certain form. So, one can just checkyittagtic form, and de-
cide the problem. An axiomatized formal theory also needsesdeduction rules. As
it can be seen, we use state change expressions combinetheviihst-order logic.
Finally, in formal axiomatized theories when we are givemue tsentence, say,
which is also called a theorem, it can be traced back to thefsetioms. That is, if
we have a formal axiomatized theofy and if we deduce a sentenggwe say that

is a theorem of the theory, and it is provable. We indicate &isil + ¢. We are now
ready to give a simple example to illustrate some of the dedims that we have given
related to formal systems and formal axiomatized theories.

Example 2. Consider two formal theori€eg;, andT,, whose language consists of the
set of propositional atomi, g,r} together with all the well-formed formulas that
can constructed from them using the propositional convestnd operators, whose
logic is a standard natural deduction system for proposalitogic, and whose sets of
axioms arg-p} and{-p, g, —r}, respectively. Thereford,; andT, are both formal
axiomatized theories. Both theories are consistent. That is not the case that
we proveS and-S from the theory, wher& is an arbitrary sentence in the theory.
Moreover, both theories are decidable. That is, given aesestwhich belongs to
the language of that theory, we can determine whether ortrfotlows from the
axioms. One important thing is that althou@his a decidable theory, this does not
mean that it decides every well-formed formula. For inséaiig¢ does not decide the

well-formed formula § A r). Because the axioms @f, do not entail eitherd A r) or

43



-(q A r). So, completeness of a theory, and the capability of cingckiechanically
what a theorem is, areftierent from each other. On the other hamglis a complete
theory, i.e. we can prove, for any given senteade the language of,, eitherT + ¢
orT + —¢.

Now there is one last thing we should discuss about the erabili¢y of formal the-
ories. We next show that every axiomatized formal theoryduamse properties, and

we state this fact with the following theorem.

Theorem 12.1f T is an axiomatized formal theory, then (i) the set of wellrfied for-
mulas, (i) the set of proofs constructibleTn (iii) the set of theorems arefectively

enumerable.

Proof. (i) If T is a formal theory, then it has a finite set of alphabets,Xaye can
have an algorithm that generates all possible stringsgi.é a lexicographic order.
That is, first strings of size 1, then 2, and so on are generétexclearly countable
infinite. Let us call the set of all well-formed formulas\as Obviously,W C ¥*. By
definition of formalized languages, there is a mechanicatg@dure to check which
of the strings count as well-formed formulas. So, for ewery ¥* we check whether
w is a well-formed formula or not. By this way we cafiextively enumerate the set

of all possible well-formed formulas, i.e. the &t

(i) Similar to enumerating the set of possible well-form@dmulas, we can enu-
merate all proofs in the language Bfin size order. Since proof is a finite sequence
of well-formed formulas, the set of all proofs This countable infinite. In a brute-
force fashion, we enumerate all possible finite sequencegtiformed formulas.
By definition of axiomatized theory, there is an algorithm beck whether or not a
sequence of well-formed formulas is a valid derivation ¢fydrom the axioms ofl .

So, we can select those are valid derivation which eventgges us the #ective

enumeration of the set of all possible proofs in the langudde

(i) In this part, we start by enumerating the set of all pbleswell constructed

proofs, then check if the conclusion is satisfiable by thems. [ |

It is important to note thatféective enumerability of the theorems in an axiomatized

formal theory does not imply the theory is decidable. Giveragbitrary formulag,

44



if ¢ is really a theorem in a formal axiomatic thedrythen it will eventually appear

on the enumeration list. However, we may not able to decid®ther way.

The relations and functions, used as non-logical symbdisaraxiomatization of ab-

stract power consumption, are decidable. There iSi@ttve procedure that always
halts. Moreover, the theory of abstract power consumps@omplete. It is complete
due to the fact that, in first-order logic, the theory of anysture is a complete and

consistent set of sentences [30].

Theorem 13. For any structuréM in the language of the theor7h(M) is a complete

and consistent theory.

Proof. We have to show that for any structuk&, and for any sentencg; either

¢ € Th(M) or =¢ € Th(M) but not both. It would be inconsistent otherwise. Since
-, A, and3d are universal symbols for first-order logic and are capabtietine other
logical symbols, we assume thatloes not contain any symbols other thgm, and

3. The proof is by induction on the total number of occurendes,a\, andd in ¢.
Basis: If ¢ contains none of the universal symbols, then this implies¢hhas the
form R(ty,...t,) ort; = t, wherety,...,t, are terms defined in the language of the
theory. Simply,¢ is atomic. Sincep is a sentence, it is variable-free. Thatdsis
not bounded by any quantifier. Sindd,is a structure defined by the language of the
theory and each is a variable-free term\ interprets each as an elemers; of the
universeU of M. By the definition of, M E t; = t, if and only if a; anda, are
the same element &f. Similarly, M E R(ty,...,t,) if and only if (a;,...,a,) is in
the a subset d" that the interpretation dl assigns tdR. In each casedyl = ¢ or

M E —¢ but not both. This completes the basis case.

Induction: Our inductive hypothesis is that we assume for any sentemtioing

at mostmoccurences of, A, andd, this property holds. Suppose thahas the form
- ory A 6. Then, by inductive hypothesis, the property holds for hiodndé. By
the semantics of and A, the property also holds faf. Finally, suppose that has
the form3y(x). Similarly, by the semantics &f, M E ¢ if and only if M¢c E y(c) for
some constart in the language oM¢. By inductive hypothesis the property holds

for y/(c). Therefore, it also holds faf which completes the proof. [ |
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Here, our structure is a two tupk = (U, ¥) whereVY is the interpretation that was

given. Due to the above theorem, we say thhtA) is complete.

7.5 Satisfiability of Finite Automata Properties

In this part, we show that the formalism that we have congtdican be used in the
satisfiability of state expressions, when given a formatsjpation related to abstract
power consumption along with a finite automaton or regul@ression. The given
formal specification, in first-order logic, and regular eegsion which is converted
to its state expression is tested to satisfy another expreasder that specification.
So, we show how to satisfy the properties of state expressioder given formal

specification. For example, if one has a simple computatioaalel that exhibits a

state change characteristic, and want to find similar modedgiefine a formal spec-
ification, which has to be the property of that computationatel, then test whether
another given candidate model satisfies the property. Byhis we conclude the
equivalence of two abstract models with respect to the gieemal specification.

This means that, both models have the same behavior acgdodour specification.

It is worth to note that the domain set that we are working angsuntable set.

Let us define state expressions as the set of all well-formediflas in SCL. Call this
set¥. Then,

‘P:OLi =L,ULyU---
i=1

Notice that¥ is countably infinite, hence it is denumerable. That is, weassign a
unique natural number to each state automaton or its eguivsiate expression. The
enumerability of well-formed formulas is usually calle@@zl numbering which is
originally used in the proof of @del’'s incompleteness theorem. Suppose we are given
a regular languagR (that we want to find a model for), a state change langu#fe
and a formal specification written in first-order logic. Then, we can decide whether
or not.# satisfiesR under the formal specification, we write as.# =r R. The
guestion is “does the given candidate ma@élsatisfy our state automatdn = C(R),
henceR, with respect to the specificatidii? We say that# Er L iff .# =T and
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Li E I'. That is, if both the state expression of a given finite automand the
given candidate mode# satisfy the specificatioR, then we say tha#/ satisfies the
state expression of the given finite automaton uddeNow, we give the following

definition.

Definition 22. A languageM is equivalentto L; € ¥, denoted asM =r L; with

respect to a specificatidn wheneveiM Er L.

Consider the following example.

Example 3. For convenience let us give a simple one. Suppose that we\ane @
finite automatom = ({go, g1}, {&, b}, d, do, A1), wheres(Qo, @) = {o}, 5(do, b) = {1},
6(tr, b) = {a:}. Then,F = C(A) = ({0, du}. {0, 1}, 6, Go, o) such thab(do. 0) = {do},
6(0o, 1) = {a1}, 6(q1, 0) = {q1}. Clearly,L(F) = 0°10°. Let us define our specification

as follows:

I'=-3x3y(y=x+1AQ(L,x) A Q(Y)).

It consists of the set of all finite automata that do not chahge state consecutively

on any input. Then, one may give a candidate mdadet 10°10°. We can conclude
thatM [r F, becauseM does not change its state consecutively. Hence, we say that
M = F. However, ifM = 110'1, thenM [ F.

To summarize; the aim is to check the abstract power consamplation between
two given finite automata. We must define a formal specificdtiexpressed in first-
order logic, along with a finite automatoh such that the property about abstract
power consumption foA is satisfied byI". We are given another finite automatBn
to be checked whether the property®is also satisfied by'. Then, we conclude
that the properties ok andB are both satisfied by. Hence, we say that andB are

equivalent with respect tb.

This method is one formal approach to satisfy the propertgrms of abstract power
consumption of some finite automaton, when given a formatiipation written in

first-order logic. This simple formal method can be used,xadamed before, to
infer about the abstract power consumption relationshipvéen two computational

models, particularly to find equivalent models under thegispecification.
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Note that this method should not be confused with model dhgckn model check-
ing, we have a sentence and we look for some valuation ompirgttion, depending
on the logic, which makes that sentence true. Here, altholglspecification is
written in the form of first-order logic, the state expressis not an interpretation.
Instead, it is a mathematical object that has the propenyhait formal specification

expresses.
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CHAPTER 8

CONCLUSIONS

A new proper subset of regular languages, called state ehanguages, is defined
and related descriptions: state expressions and automgaggvan in this thesis. The
language generated by the output automaton can be corgigeainternal” lan-
guage defined by state transitions of input automaton dutsngomputation. The
obtained class is shown to be closed under union and intemsebut not under com-
plementation. From our language morphism result, one dierabout the existence
of a language morphism between RL and SCL. Then, the deciyabilSCL is dis-
cussed. We also introduced the notion of abstract poweucopon which we think
is an important concept for defining lower bounds for the r@astenergy needed for
the computation of some model, particularly finite automéata all inputs. Then,
we related Chaitin’s work on irreducible structures to owtem of constructing a
particular uncomputable number. We then gave an axiomatizaf the notion of

abstract power consumption over finite automata with aniegdn to satisfiability.

This thesis has two results. The work in this thesis is thedtep towards a universal
analysis on algorithmic energy complexity of models of comagpion. Second result
is the existence of a relationship between the formal laggset of the model of
computation to which the operator is applied, and the laggud the output descrip-
tion. One open problem is the algebraic characterizatiostaie change languages
in which we expect a similar result as that of the cas@&/sanguages. More impor-
tantly, in the future, one can define such an operator, etkingbthe abstract power
consumption characteristic of the abstract model, forratbhenputational models, es-
pecially those which are not well defined physically, in grttehave an idea about

their lower bounds on power consumption characterized by thechanics. Such
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an example is the lower bound for abstract power consumgtiaquantum Turing

machine. It would be invaluable if one can specify a lowerrzbfor some core com-
putations used in algorithms such as quantum fourier toamsfetc. Although some
algorithms require a polynomial time, they may require emaus amount of energy.
To define lower bounds for algorithmic energy complexitye onust define a uni-
versally accepted operator for quantum Turing machine to@a its abstract power

consumption characteristic in order to deduce a formaltesu
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