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ABSTRACT

STATE CHANGE OPERATOR:
ALGEBRAIC AND LANGUAGE CLASS PROPERTIES

Çevik, Ahmet

M.S., Department of Computer Engineering

Supervisor : Asst. Prof. Dr. Ḧurevren Kılıç

Co-Supervisor : Assoc. Prof. Dr. Halit Oğuzẗuzün

July 2009, 53 pages

A new proper subset of regular languages, inspired from abstract power consumption

attribute of computational devices, is introduced in this thesis. This new subset is

called state change languages. For our purpose, we define a unary operator whose

domain is finite automata and range is state automata. We haveproven that the new

class is closed under union and intersection, but not under complementation. The

decidability of this set is also discussed. Then, the notionof abstract power consump-

tion is given and this notion ,along with the satisfiability of state change languages, is

axiomatized in the last section. Finally, the importance ofthe existence of a univer-

sal operator that shows the abstract power consumption characteristic of well defined

abstract models of computation to determine the limits of their enegry consumption

for particular algorithms, is pointed out.

Keywords: State change languages, finite automata, abstract power consumption, clo-

sure properties, decidability, axiomatization.
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ÖZ

DURUM DEĞİŞİKL İĞİ İŞLEĊI:
CEḂIRSEL VE ḂIÇİMSEL DİL K ÜMEṠI ÖZELLİKLERİ

Çevik, Ahmet

Yüksek Lisans, Bilgisayar M̈uhendislĭgi Bölümü

Tez Yöneticisi : Yrd. Doç. Dr. Ḧurevren Kılıç

Ortak Tez Ÿoneticisi : Doç. Dr. Halit Ŏguzẗuzün

Temmuz 2009, 53 sayfa

Bu tezde soyut hesaplama modellerinin soyut güç tüketimiözelliklerinden esinlenerek

düzg̈un dillerin yeni bir alt k̈umesi tanımlanmıştır. Bu yeni kümeye durum dĕgişikliği

dili adı verilmiştir. Bunun için, tanım k̈umesi sonluözdevinir ve erim k̈umesi du-

rum özdevinir olan birli işleç tanımlanmıştır. Bahsedilen yeni kümenin birleşme

ve kesişmëozellikleri altında kapalı oldŭgu, ẗumlemeözelliği altında ise kapalı ol-

madı̆gı kanıtlanmıştır. K̈umenin karar verilebilirlĭgi hakkında tartışılmıştır. Ayrıca

soyut g̈uç tüketimi kavramı formal olarak tanımlanmış, ve son bölümde bu kavram

durum dĕgişikliği dillerinin săglanabilirliği ile beraber belitleştirilmiştir. Son olarak,

belirli algoritmalar için d̈uzenli olarak tanımlanmış soyut hesaplama modellerinin

güç tüketimininin alt limitinin belirlenmesindeki evrensel bir işlecin varlı̆gınınönemi

vurgulanmıştır.

Anahtar Kelimeler: Durum dĕgişikliği dilleri, sonluözdevinirler, soyut g̈uç tüketimi,

kapalılıközellikleri, karar verilebilirlik, belitleştirme.
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CHAPTER 1

INTRODUCTION

Models of computation are mathematical abstractions of computational devices. They

are usually used to study the limits of computation. The samemodels, on the other

hand, can also be used to elaborate on related run-time attributes of computational

devices. Specifically, power consumption is such an attribute that can be associated

with execution of any computing device. Configuration changes during computation

can be thought as the main driver behind such consumption.

Power consumption characterization realized by working onabstract computational

models rather than on their implementations gives us: (i) anidea about power con-

sumption related limits of their implementations under certain conditions (ii) an ab-

straction to investigate possible robust classes of languages that can be identified

through the very basic idea of power consumption [1]. This inturn may lead to

identification of new abstract machines. Power consumptionbased formalization of

digital computing systems has been investigated in [2]. Related to item (ii), search

for robust classes of regular languages is known to be an old problem of theory of

computing, automata theory, formal verification and regular model checking [4][3].

In [3] for example, a robust decidable class of regular languages recognized by finite

ordered monoids, calledW, has been proposed. Other example subclasses of regular

languages identified due to the “negative result that regular languages cannot be in-

ferred from positive data only” [5] include: k-reversible languages [6], strictly regular

languages [7], regular code languages [8] and uniquely terminating regular languages

[9].

In this thesis, a simple operator that enables model level power consumption charac-
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terization of its possible implementations is proposed. Investigate about a possible

robust language class defined by the range description of themapping is given. For

the time being, we restrict ourselves to a unary mapping thatoperates on state change

behavior of finite automata model of computation. As a consequence, a new formal

language set what we call State Change Languages (SCL) is identified. Then, the

language class and closure properties of SCL are investigated. The reason behind

choosing to work on a finite automata instead of transducers [19][20] is to exploit on

the recognized language set. Note that the effort can clearly be extended to alternative

computational models by defining alternative operators.

The remainder of the thesis has the following organization.In Section 2, finite au-

tomata and regular languages are reviewed. In Section 3, theunary state change

operator, and the set SCL, obtained by the mapping, are defined. In the same section,

it has been shown that SCL is a proper subset of regular languages, and the algebraic

properties of theC operator have been discussed. In Section 4, the language proper-

ties of SCL including closure and decidability are given. In Section 5 the notion of

abstract power consumption for finite automata is discussedshortly. In Section 6, the

focus is on the logical perspective where we give an axiomatization of abstract power

consumption over finite automata, and use this formalism in the satisfiability of finite

automata properties, when given a formal specification. Thelast section includes the

conclusions and future work.
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CHAPTER 2

FINITE AUTOMATA AND REGULAR LANGUAGES

A model of computation is a mathematical abstraction of any computational device

including todays computers. Although they are not used for any practical reason,

they are important to study the limits of computation. In this section, finite automata

(FA) and its corresponding language class called regular languages (RL) are formally

reviewed in order to give the necessary background to understand the work done. The

properties of the language recognized by finite automata aregiven. Then, we give two

known results, as lemmas, which will be used later on.

2.1 Finite Automata

Finite automaton is the simplest model of computation. Informally, a finite state au-

tomaton consists of a set of states and a finite control which handles the transitions

among the states in response to external inputs. Before giving the formal description,

let us define a notation first. For any setQ we write P(Q) to be thepower setof Q.

Now we can write the formal definition of nondeterministic finite automata. We will

use, from now on, finite automata and nondeterministic finiteautomata interchange-

ably.

Definition 1. A Non-Deterministic Finite Automata(NFA) is a 5-tuple

(Q,Σ, δ,q0, F), where

Q : finite set of states,

Σ : finite set of symbols, called the alphabet,
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δ : Q× Σ ∪ {ε} → P(Q), the transition function1,

q0 ∈ Q is the start state, and

F ⊆ Q is the set of accepting states [10].

Definition 2. A language is calledregular if some finite automaton recognizes it.

Definition 3. Let A andB be two languages. We define the regular operations union,

concatenation, and star as follows:

• Union: A∪ B = {x| x ∈ A or x ∈ B}

• Concatenation:A ◦ B = AB= {xy| x ∈ A andy ∈ B}

• Star:A∗ = {x1x2 . . . xk| k ≥ 0 and eachxi ∈ A}

Regular languages are closed under the operation mentioned above along with inter-

section, complemenation, difference, reversal, homomorphism and inverse homomor-

phism. The proof can be seen in [11].

2.2 Regular Expressions

In the previous subsection we focused on abstract state machine description of lan-

guages. Now we show an algebraic way to describe regular languages. The notion

is called ”Regular Expression”. Regular expressions (RE) are the declarative way to

express strings. It is worth noting that a regular expression E is just an expression,

not the language itself. Therefore, we useL(E) to refer the language thatE defines.

Regular expressions can be defined recursively as follows.

Basis: The basis consists of,

1. ε and∅ are regular expressions, exhibiting the languages{ε} and∅ respectively.

In other words,L(ε) = {ε}, andL(∅) = ∅.

2. If a ∈ Σ, thena is a regular expression. It should be clear thatL(a) = {a}.

Induction: Inductive step consists of several parts.

1. If A andB are regular expressions, thenA+ B is a regular expression denoting

L(A+ B) = L(A) ∪ L(B).
1 ε is called theempty string.
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2. If A and B are regular expressions, thenAB is a regular expression denoting

L(AB) = L(A)L(B).

3. If A is a regular expression, thenA∗ is a regular expression denotingL(A∗) =

(L(A))∗.

4. If A is a regular expression, then so is (A) which denotes the same language as

A. That is,L((A)) = L(A).

So far we have shown two different types of expressing languages; finite automata

and regular expressions. They, in fact, represent the same language class which is the

class of regular languages. To show this formally, we need togive two lemmas that

will also be used in the next section. First lemma states thatevery language defined by

a finite automaton can also be defined by a regular expression.Second lemma states

the inverse of the first lemma. That is, every language definedby a regular expression

can also be defined by some finite automaton.

Lemma 1. If L = L(A) for some finite automatonA, then there is a regular expression

R such thatL = L(R).

Proof. Suppose thatA’s states are{1,2, . . . ,n} for some integern. Let us useR(k)
i j

as the name of the regular expression whose language is the set of stringsw such

thatw is the label of a path from statei to j in A, and that path has no intermediate

node whose number is greater thank. To construct the expressionsR(k)
i j , we use the

following inductive definition, starting atk = 0 and finally reachingk = n.

Basis: The basis isk = 0. Notice that all states are numbered 1 or above. So, the

restriction on the path is that the path must have no intermediate states. There are two

types of path that meet such a condition:

1. An arc from node (state)i to nodej.

2. A path of length 0 that consists of only some nodei.

If i , j, then only first case is possible. We must examine the FAA and find those

input symbolsa such that there is a transition from statei to statej on symbola.

1. If there is no such symbola, thenR(0)
i j = ∅.
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2. If there is exactly one such symbola, thenR(0)
i j = a.

3. If there are symbolsa1,a2, . . . ,ak that label arcs from statei to state j, then

R(0)
i j = a1 + a2 + · · · + ak.

If i = j, then the legal paths are the path of length 0 and all loops from i to itself. Such

length is shown by the regular expressionε. Then, in case (1) the expression becomes

ε, in case (2) the expression becomesε + a, in the third case the expression becomes

ε + a1 + a2 + · · · + ak.

Induction: Suppose there is a path from statei to j that goes through no state higher

thank. There are two possibilities.

1. The path does not go through the statek. Then, the label of the path is in the

language ofR(k−1)
i j .

2. The path goes through statek at least once. We can break the path into several

pieces. Then, the set of labels for all paths of this type is represented by the

regular expressionR(k−1)
ik (R(k−1)

kk )∗R(k−1)
k j .

When the expressions for the paths of the two types above are combined, we have the

expression

R(k)
i j = R(k−1)

i j + R(k−1)
ik (R(k−1)

kk )∗R(k−1)
k j

for the labels of all paths from statei to statej that go through no state higher than

k. �

We showed how to find the regular expression of any given FA. Infact, the method

shown above may get complicated when the state size gets larger. To make the con-

version more easily, we may use another method by eliminating the states of the FA.

This method seems more practical than the first one. However,we do not show this

method here. You may refer to [11] for FA to RE conversion by state elimination.

Now, we give the second lemma which will be used together withthe first lemma

later on. We now show that every languageL that isL(R) for some regular expression

R, is alsoL(A) for some FAA. The proof is by structural induction on the expression

R.
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Lemma 2. Every language defined by a regular expression is also definedby a finite

automaton.

Proof. SupposeL = L(R) for a regular expressionR. We show thatL = L(A) for

some FAA with:

1. Exactly one final state.

2. No incomming arcs to the initial state.

3. No outgoing arcs from the final state.

The proof is by structural induction onR.

Basis: The basis has three parts. These cases are shown in Figure 2.1.

eps


(a)
 (b)


(c)


a


Figure 2.1: The basis of the construction of an automaton from a regular expression.
Epsilon moves are indicated as ’eps’.

Part (a) in Figure 2.1 shows how to construct the automaton for the regular expression

ε. It it clear that the language of the automaton is{ε}. Part (b) shows how to construct

the automaton for the regular expression∅. Obviously, language of the automaton is

∅ in this case because there are no reachable paths from start state to the final state.

Part (c) shows how to construct the automaton for the regularexpressiona. In this

case, the language of the automaton consists of only the stringa.

Induction: Similar to basis, inductive step has three parts is shown in Figure 2.2.

There are four cases in the inductive step.

• If the regular expression isR+ S, we use part (a) in Figure 2.2 to construct it.
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eps
 eps


eps


R


S


R
 S

eps


R

eps


eps


eps


eps


(a)
 (c)


(b)


Figure 2.2: Induction to construct finite automaton from a regular expression.

• If the regular expression isRS, then we use part (b) to construct it.

• If the regular expression isR∗, then we use part (c) to construct it.

• If the regular expression is (R), then the automaton that definesR is used for

(R) because the parentheses do not change the language.

At the end, the constructed automaton satisfies the inductive hypothesis. �

2.3 Algebraic Properties of Regular Expressions

Regular expressions have a number of algebraic laws. In fact,they are quite similar

to the laws of arithmetic if we think of the set-theoretic operations such as union and

concatenation as addition and multiplication, respectively. A summary of algebraic

laws for regular expressions is given below.

Associativity and Commutativity:

Commutativity: Let L1 andL2 be two regular expressions. Then,

L1 + L2 = L2 + L1.

Associativity for union: Let L1, L2 andL3 be regular expressions. Then, (L1 + L2) +

L3 = L1 + (L2 + L3).
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Associativity for concatenation: Let L1, L2 andL3 be regular expressions. Then,

(L1L2)L3 = L1(L2L3).

Identity and Annihilator:

Let L be a regular expression. Then,

∅ + L = L + ∅ = L which asserts that∅ is the identity element for union.

εL = Lε = L which asserts thatε is the identity element for concatenation.

∅L = L∅ = ∅ which asserts that∅ is the annihilator for concatenation.

Distributive Laws:

Let L1, L2 andL3 be regular expressions. Then,

L1(L2 + L3) = L1L2 + L1L3, and

(L3 + L2)L1 = L3L1 + L2L1.

The Idempotent Law:

An operator is called idempotent if the result of applying itto two of the same values

as arguments is that value. An assertion can be as follows.

Let L be a regular expression. Then,L + L = L which asserts the idempotent law for

union.

Closure Laws:

Let L be a regular expression. Then, (L∗)∗ = L∗.

∅∗ = ε.

ε∗ = ε.

L+ = LL∗ = L∗L, whereL+ is defined asL + LL + LLL + · · · .

L∗ = L+ + ε.

So far regular languages, regular expressions, their modelof computation counter-

part called finite state automata, and properties of regularlanguages/expressions have

been reviewed. In the next section, we describe the unary state change operator which

manipulates the given finite automaton according to some specification. This trans-

formation introduces a new set of languages called State Change Languages (SCL),

9



hence a new model of computation counterpart called State Automata (SA). The re-

lationship between the regular set and SCL will also be shown.
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CHAPTER 3

STATE CHANGE LANGUAGES

In this section, the formal definition of the state change operator (simply we call

it the C operator) followed by an illustration is given. Then, the state change lan-

guage class, its restrictions and properties are given. Oneof the main ideas of this

section is to show that the obtained language by the transformation of the given fi-

nite automata using the C operator, is a proper subset of RL. Wealso discuss the

alphabet change due to transformation of the given FA. Beforewe start to explain the

state change operator, it is better to explain what a unary operator really means with

some examples. Unary functions are mappings with one argument. If the elements

of the domain are mapped to the elements in the same set (i.e.U : A → A), then

we call themoperators. The termfunction is more general. Typical examples of

unary functions are absolute values, logarithms, sin and cos functions. Their domain

may not be a single argument, but map to tuples or other structures. For example,

one may define a unary operatorU which gets an integer and maps it to a pair con-

sisting the number itself and its inverse. So, the domain setshould be defined as

{. . . ,−2,−1,0,1,2, . . .} which is equal to the set of integers,Z. Then, the range set

should be defined as{. . . , (−2,2), (−1,1), (0,0), (1,−1), (2,−2) . . .}. This is not lim-

ited with our example. The set can be extended to any level. Aswe will see later on,

the state change operator acts on finite state machines. Fromthe previous part, we

defined finite state machines as 5-tuples. So, our domain consists of 5-tuples such as
{

(Σ1,Q1, δ1,q01, F1), (Σ2,Q2, δ2,q02, F2), . . . , (Σn,Qn, δn,q0n, Fn)
}

. Still, the argument

is considered to be single. Here, we see the importance of discrete structures in theo-

retical computer science.
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3.1 State Change Operator and State Automata

Definition 4. A State Automaton(SA) (Q,Σ′, δ′,q0, F) is a non-deterministic finite

automaton with the following restrictions:

1. Σ′ = {0,1} is a restricted two symbol alphabet,

2. Transition function can include transition rules eitherin the form

δ′(p,0) = {p}, wherep ∈ Q or,

in δ′(p,1) = R, whereR ∈ P(Q− {p}), or both.

Now we will define theC operator, which acts on the transitions of NFA and produces

another automaton. The input to the operator is a finite automaton, and the output is

another automaton, but these two automata are related. TheC operator is defined as

follows.

Definition 5. State change operator, C, is a surjective mappingC : NFA → S A

such that, for a givenA = (QA,ΣA, δA,q0A, FA) ∈ NFA, it producesC(A) = B =

(QB,ΣB, δB,q0B, FB) ∈ S Asuch that,QB = QA, ΣB = {0,1}, q0B = q0A, FB = FA, and

for eachδA(p,a) = R,we describeδB as;

if p < R, then δB(p,1) = R

if p ∈ R, then δB(p,0) = {p}, δB(p,1) = R− {p}

being new state transition rules.

Simply, theC operator modifies the transition function of a given NFA by mapping

its input symbols to{0,1}. The transformation takesO(|Σ||Q|2) steps. To illustrate the

transformation, an example is given below.

Example 1. Let A = ({q0,q1} , {a,b} , δ,q0, {q1}) be an NFA where, the transition func-

tion δ is defined by,

δ(q0,a) = {q0}

δ(q0,b) = {q1}

δ(q1,a) = {q0}

12



start q0 q1

a b

b

a

Figure 3.1: A finite automatonA.

δ(q1,b) = {q1}

The transition diagram representation ofA is shown in Figure 3.1.

Notice that inA state change occurs either when the current state isq0 and the input

is b, or when the current state isq1 and the input isa. Then, by applyingC operator,

the given NFA is transformed by relabeling its input symbols. The transition diagram

representation of new automaton is given in Figure 3.2.

start q0 q1

0 0

1

1

Figure 3.2: State automatonB = C(A).

During the transformation, the number of states and the number of transitions are

preserved. Yet, we may have transitions that duplicate, so we simply eliminate one of

them. The output automaton, sayB, has a fixed alphabetΣ = {0,1}, which in fact may

be different than{0,1}. It could be any two symbols that represent two discrete events,

i.e. state change and no state change. Therefore, one could give {a,b}, or {∆,�},

or {λ, ∂} or any setS, |S| = 2, that is capable of representing two discrete events.

Finally, its number of states remains the same asA. Obviously,L(A) , L(B) since the

automata take their description from different domains.L(A) = {w| w ends with b},

while L(B) = {w| w has odd number of 1’s}. If we try to write their regular expression,

it will be RA = (a∗+bb∗a)∗bb∗ andRB = (0∗+10∗1)∗10∗. The state automaton describes

the state change characteristic that forms a basis for powerconsumption description

of NFA under consideration. Regarding the algebraic properties, it is easy to see that
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C is idempotent, i.e.C(C(A)) = C(A) for any NFAA. It is also clear to see thatC has

a many-to-one functional property. Therefore,C is not invertible. That is, sinceC is

surjective we cannot obtain the input from the output. It would be possible if it were

injective. For the following discussion, we give the following definition.

Definition 6. Let A and B be two alphabets. A functionf : A∗ → B∗ is called a

language morphismover languagesL(A) andL(B) such thatf (ε) = ε, and f (w) =

f (u) f (v) for all w,u, v ∈ A∗ such thatw = uvsatisfyingw ∈ L(A) and f (w) ∈ L(B).

TheC operator may not always provide a morphism of languages.

Proposition 1. Let A = (QA,ΣA, δA,q0A, FA) ∈ NFA without ε transition such that

L(A) , ∅. There exists a morphismh : Σ∗ → {0,1}∗ defined overL(A) andL(C(A)),

respectively if and only if for eacha ∈ ΣA, a transition ruleδA(p,a) = Rshould satisfy

eitherR= {p} or R∩ {p} = ∅ for all p ∈ QA.

To make the latter statement clear, consider Example 1. We show that no such mor-

phismg exists such that ifw ∈ L(A), then so isg(w) = g(x)g(y) ∈ L(C(A)) = L(B),

wherew, x, y ∈ Σ∗, andw = xy. As a counter example, consider the casew = bb ∈

L(A). If there exists a morphismg, then it should satisfy the conditions that are spec-

ified, i.e. g(bb) = g(b)g(b) must be inL(B). However,bb gets the value 10, in this

case, in automatonB. This means that we cannot assign a unique value for the symbol

b.

Introducing theC operator reveals the fact that there exists at least one interpretation

related with the syntax of finite automata, and that is the power consumption. It is

worth noting that one can apply theC operator to any model of computation, through

some extensions. The problem is that the definition of the operator must be extended

so that it precisely defines necessary parameters for each computational model. One

can see that the current definition of theC operator is not complete over Turing ma-

chines. Besides the state changes of its finite control unit, Turing machine has other

mechanics like writing on/reading from tape or moving tape head that may form ba-

sis for alternative power consumption characteristics. Itappears that theC operator

is universal for standard finite automata. That is, it is a universal operator to inves-

tigate its abstract power consumption, because there is no other option than its state
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changes which is the only implication for its power consumption. We can also say

that different computations, and models of computation as well, consume different

level of power consumption. In the following section, a new class of languages, SCL,

obtained by the surjective mapping, is introduced.

3.2 State Change Languages and Expressions

Any state expression, defining a state automaton, is also a regular expression, but

not vice versa. For example, a state expression cannot include 0k expression (i.e.

0,00,000, . . . ,00. . . 0) for any constantk > 0 in it, by definition. In other words, we

have defined a 0 transition as “no state change” which means that in any stateq, the

automaton should change its state toq again which defines an infinite loop. So, we

cannot define infinite loop with a finite number of transitions. Whenever the regular

expression of the automaton is written, it will always be as 0∗ instead of 0k.

Definition 7. A language is inSCLif some state automaton recognizes it.

Theorem 1. The set of state change languages is a proper subset of regular languages.

That is,SCL( RL.

Proof. First we have to show that every language in SCL is also in RL. This is obvious

since every state automaton is an NFA. Next, we have to show that there exists at

least one regular expressionE such thatL(E) , L(C(Ai)) for all Ai ∈ NFA. That is,

we have to show that there exists at least one regular language L(E) that cannot be

recognized by any state automaton. Consider the languageL(0) = {0}. It means that

some state automatonB must accept the input 0, and reject any other given input. In

other words,L(B) = {0} should hold. This contradicts with the fact thatB cannot hold

any transition rule such asδ(p,0) = R− {p} which is necessary for the generation of

{0}. �

Corollary 1. If there exists a state automatonA, then there exists a state expression

E, such thatL(A) = L(E).

Proof. The proof is trivial. We must show that there exists a SEE if there exist a SA

A satisfyingL(A) = L(E). Since every state change language is a regular language by

Theorem 1, we can use Lemma 1 to convertA to E. �
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Figure 3.3: Relationship among language classes involving SCL.

As shown in Figure 3.3, SCL can be classified as a subset of regular languages. Note

that SCL is an infinite set. However, not all finite languages are in SCL. For example,

the set{0} is in the finite language set, but not in SCL. On the other hand,L(0∗)

is in SCL, but not in the finite language set.L(01∗) is neither in SCL nor in finite

languages. Conversely,{1} is both in SCL and finite languages.
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CHAPTER 4

CLOSURE PROPERTIES

This section considers the closure properties of SCL. It is known that regular lan-

guages are closed under some operations including union, intersection, complement,

difference, reversal, kleene star, concatenation, homomorphism, and inverse homo-

morphism [11]. Recall that ahomomorphismis a maph : Σ∗ → Γ∗ for two alphabets

Σ, Γ, such thath(w) = h(a1)h(a2) · · · h(an) for all w = a1a2 · · · an ∈ Σ
∗, whereai ∈ Σ,

1 ≤ i ≤ n. The set of SCL is not closed under homomorpism and inverse homomor-

phism. In fact, the alphabet change in the definition is the point where the problem

arises. If we letΣ = {0,1}, andΓ = {x, y, z}, then we have a problem with representing

state changes. Remember that we only have two symbols in SCL. The third symbol is

undefined in SCL, and this results in any such string, containing three or more differ-

ent symbols, fail to be interpreted since the operator acts on state changes, i.e either

we have a state change or no state change. Similarly, SCL is notclosed under any

inverse homomorphismh : Γ∗ → Σ∗, for everyΓ such that|Γ| ≥ 3.

Theorem 2. If L andM are SCL, then so isL ∪ M.

Proof. The proof is by product construction of two state automata. If L andM are in

SCL, then there exist state automataA1 = (Q1,Σ, δ1,q1, F1) andA2 = (Q2,Σ, δ2,q2, F2)

that recognize them respectively. ForL ∪ M, we construct an automatonA that sim-

ulatesA1 andA2. The states ofA are of the form (Qx,Qy) such thatQx ∈ P(Q1) and

Qy ∈ P(Q2). Furthermore,δ of A is defined asδ : Q1×Q2×Σ→ P(Q1)×P(Q2). The

start state ofA is the pair (q1,q2), i.e. the start states ofA1 andA2. A should accept

if and only if either of the automata accepts. Therefore, thefinal states ofA consist

of pairs (Qx f ,Qy f ) such that eitherQx f ∈ P(Q1) ∩ F1 , ∅ or Qy f ∈ P(Q2) ∩ F2 , ∅,

or both. So, we defineA = (Qx × Qy,Σ, δA, (q1,q2),Qx f × Qy f ) andδ((p,q),a) =
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(δ1(p,a), δ2(q,a)). Thus, by this way,A acceptsL ∪ M. �

Let us now consider closure by intersection. It is similar toclosure by union, but with

a little modification.

Theorem 3. If L andM are in SCL, thenL ∩ M is in SCL.

Proof. Similar to closure by union, we again use product construction here. IfL

andM are in SCL, then there exist state automataA1 = (Q1,Σ, δ1,q1, F1) andA2 =

(Q2,Σ, δ2,q2, F2) that recognize them respectively. We construct an automaton A that

simulatesA1 andA2 such thatA recognizesL ∩ M. The states ofA are of the form

(Qx,Qy) such thatQx ∈ P(Q1) andQy ∈ P(Q2). We define the transition functionδ

of A asδ : Q1 × Q2 × Σ → P(Q1) × P(Q2). The start state ofA is the pair (q1,q2).

Here,A should accept if and only if both of the automata accept. So, the final states

of A consist of pairs (Qx f ,Qy f ) such that bothQx f ∈ P(Q1) ∩ F1 , ∅ and Qy f ∈

P(Q2) ∩ F2 , ∅ holds. So, we defineA = (Qx × Qy,Σ, δA, (q1,q2),Qx f × Qy f ) and

δ((p,q),a) = (δ1(p,a), δ2(q,a)). Hence,A acceptsL ∩ M. �

State automata are non-deterministic finite automata, by definition. However, depend-

ing on the input automaton, the state automaton can also be deterministic. Interest-

ingly, deterministic state automata (DSA) is less powerfulthan its nondeterministic

counterpart. Many languages that are recognized by non-deterministic state automata,

cannot be recognized by deterministic state automata. The problem is based on the

following definition.

Definition 8. A finite automatonA = (Q,Σ, δ,q0, F) is said to beincompleteif

δ(q,a) = ∅ for someq ∈ Q anda ∈ Σ. It is complete, otherwise.

If an automaton is deterministic, it must be complete. If theautomaton is incomplete,

then it is nondeterministic. However, being that an automaton is complete does not

imply that it is deterministic. So, we give the following theorem.

Theorem 4. There are state change languages that cannot be recognized by any de-

terministic state automata.

Proof. A simple counter example is the language{1}. Although it can be recognized

by some nondeterministic state automaton (NSA) whoseδ consists of a single transi-

tion δ(q0,1) = {qf }, whereq0 is the start state andqf is the final state, this automaton
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is incomplete. Hence, it is obviously nondeterministic. Ifwe try to make this au-

tomaton complete, then all states should self-loop with a 0 transition which directly

changes the language. �

We conclude the following from the above theorem.

Corollary 2. There is no conversion from NSA to DSA for all state change languages.

It is worth noting that eliminating transitions with empty string, does restrict construc-

tions for proving closure properties. It arises a philosophical question that is whether

the empty string in formal language theory really helps us toconstruct unique mathe-

matical objects, finite automata in particular, to preserveclosure properties. Allowing

empty string transitions in state automata makes things easier and brings more clo-

sure properties. That is, if we leave each epsilon transition as it is, hence add the rule

δB(p, ε) = R if (a = ε) to the definition ofC operator, obvious constructions lead us

to have more closure properties.

Another fact about the set of state change languages is that it is not closed under

complementation. Let us again consider the languageL = {1}. Then, for instance,

it must be the case that 010∈ L. But the only possible state automaton to recognize

this string must also recognize the string 1 which contradicts with the fact that 1< L.

Therefore, we say that SCL is not closed under complementation.

Unlike RL, SCL is not closed under complementation, homomorphism and inverse

homomorphism. We do not currently know whether or not they are closed under

other operations. Next, we show how closure properties change when we allow empty

string in state automata.

4.1 State Automata withε-Transitions

By definition, state automata do not include transitions withempty string. Allowing

empty string in state automata would contradict the intuitive notion of abstract power

consumption since state changes may still occur withε-transitions in any given finite

automata. That is, internal state changes caused byε-transitions in a finite automaton
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should also be considered which is already handled by theC operator. So, theC

operator treats empty string like other input symbols. On the other hand,ε-transitions

are independent from the input string which does not violatethe notion of abstract

power consumption of a finite automaton for a given particular input string. This

requires us to useε-transitions explicitly in state automata. In this case, weleave

eachε transition in a given finite automaton as it is. Therefore, the definition of state

change operator should be extended. We give the following definition for a newC

with ε moves.

Definition 9. State change operator withε moves, Cε, is a surjective mappingCε :

NFA → S A such that, for a givenA = (QA,ΣA, δA,q0A, FA) ∈ NFA, it produces

C(A) = B = (QB,ΣB, δB,q0B, FB) ∈ S Asuch that,QB = QA, ΣB = {0,1}, q0B = q0A,

FB = FA, and for eachδA(p,a) = R,

δB(p, ε) = R if (a = ε)

δB(p,1) = R if (a , ε) ∧ (p < R)

δB(p,0) = {p}, δB(p,1) = R− {p} if (a , ε) ∧ (p ∈ R)

Let us call the set of languages recognized by state automatawith ε-transitions,ε-

SCL. Clearly, every language in SCL is also inε-SCL. Obviously, usingε in state

automata gives modularity in proving the closure properties. Many of them become

trivial to construct. Union and intersection proofs are also valid in this case. Other

than these two, we give the following theorems for closure properties of state au-

tomata withε transitions.

Theorem 5. If L andM are inε-SCL, then so isL ◦ M.

Proof. Let SL = (Ql , {0,1}, δl ,qls, Fl) andSM = (Qm, {0,1}, δm,qms, Fm) be the state

automaton ofL andM respectively. The construction for the concatenation of regular

languages applies here. We construct an automatonSN = (Ql ∪Qm, {0,1}, δn,qls, Fm),

where{δl} ∪ {δm} ⊆ {δn}, with an additional transitionsδn(ql f , ε) = {qms} for each

ql f ∈ Fl.

As shown in Figure 4.1, similar to the concatenation construction for regular lan-

guages, the resulting automaton is a state automaton withε-transition. The input

string will be accepted if and only if it has an accepting computation on the automa-

tonSN which isL ◦ M. �
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Figure 4.1: State automatonSN recognizing the languageL ◦ M.

Let w = a1a2 . . . an be a string overΣ. Then, its reversal iswR = anan−1 . . . a1. For

example ifw = 00110, thenwR = 01100. We say that the reversal of a languageL is

LR =
{

wR| w ∈ L
}

.

Theorem 6. If L is in ε-SCL overΣ, thenLR is also inε-SCL.

Proof. Let A = (Q,Σ, δ,q0, F) be a state automaton, such thatL(A) = L. We define

the reversal ofA asAR = (Q,Σ, δR,q0, F). Since{p} ∈ δR(q,a) ⇔ {q} ∈ δ(p,a), we

haveL(AR) = (L(A))R = LR. �

Theorem 7. If L is in ε-SCL, then so isL∗.

Proof. Let S = (Q,Σ, δ,q0, F) be an arbitrarily given state automaton, whereF =

{qf1, . . . ,qfi } for some 1 ≤ i ∈ N. We construct another state automatonS′ =

(Q′,Σ, δ′,q′s, F
′), given in Figure 4.2, whereQ′ = Q∪ {q′s}, andF′ = {q′s}, we add the

following transitions to obtainδ′ so that{δ} ( {δ′} is satisfied:

.
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Figure 4.2: State automatonS′ recognizing the language (L(S))∗.

δ′(q′s, ε) = {q0}, andδ′(qf , ε) = {q′s} for everyqf ∈ F. The resulting automaton is

clearly a state automaton with additionalε-transitions. �

We see that constructions become trivial withε-transitions. We do not know whether

or not SCL is closed under concatenation and reversal. However, it is again worth
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noting that regardless of whether the automaton is with or without ε moves, deter-

ministic or nondeterministic, the set of state change languages are not closed under

complementation and string homomorphism.
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CHAPTER 5

DECIDABILITY OF STATE CHANGE LANGUAGES

Decidability plays an important role in theory of computability and mathematical

logic in order to define the limitations of mathematical theories. It is almost a tradi-

tion to discuss the decidability of a proposed formal language set, when given one.

In this section we consider two decision problems regardingSCL. One of them is

deciding the language emptiness, other one is the problem ofdeciding whether or not

the language of a given Turing machine is a state change language. We will see that

one of them is decidable, where the other remains to be undecidable. Before showing

these problems, let us first discuss the notion of uncomputability.

Undecidability, the opposite extreme of decidability, is also an important concept in

theory of computation and logic. We have the notion called countability in the very

heart of computability. We say that a setA is countable if it is finite or there exist a

bijection f : A → N. Every countable set is enumerable. That is we can assign a

numbern ∈ N for each element of the enumerable set. The idea of uncomputability

goes back to the work of Georg Cantor on Set Theory when he proved the existence

of uncountable sets in the late 19th century with a powerful method calleddiagonal-

ization [32]. Obviously, at that time the term computation was not known properly.

In his proof, he considered an infinite sequence of the form (x1, x2, . . .), where each

xi = {0,1}.

S1 = 1,1,0,0,1,0,1,1, . . .

S2 = 0,0,1,0,1,1,0,0, . . .

S3 = 0,0,0,1,0,1,0,0, . . .

S4 = 1,0,0,0,1,1,1,1, . . .
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S5 = 0,1,1,0,1,0,1,1, . . .

S6 = 1,1,0,1,0,0,0,1, . . .

S7 = 1,1,0,1,0,1,0,0, . . .

S8 = 1,0,1,0,1,0,0,1, . . .
...

...
. . .

Sd = 0,1,1,1,0,1,1,0, . . .

We constructSd by taking the complement of the diagonal values. However a contra-

diction occurs at the position where diagonal value meets the value inSd. Whatever

the symbol is, it should be the opposite of itself in either case, it is a contradiction. It

is like saying “This statement is false”. Therefore, one cannever present a complete

list of binary sequences.

In 1931, Kurt G̈odel [12] published his famous Incompleteness Theorems with a

breakthrough paper, On Formally Undecidable Propositionsof Principia Mathematica

and Related Systems, which became one of the most celebrated results in mathemat-

ics, logic, and of course theoretical computer science. Gödel showed that any formal

axiomatic system that is capable to represent arithmetics (such as the Peano Arith-

metic and Zermelo-Frankel), is either inconsistent or incomplete. In other words,

there will always be statements, sayG such that neitherG nor ¬G can be proved

within the system no matter how large the set of axioms is. Because if we add the un-

decidable statementG to the system, sayS, as an axiom, we obtain a new system, say

S′. So, this stronger system again has the same sickness. In fact, Gödel used the idea

of liar paradox, and diagonalization which was introduced by Cantor. He assigned

a specific number, called G̈odel number, to each formula and proof. Gödel showed

the unachievability in terms of provability in formal axiomatic systems. Alan Turing,

then introduced Turing machines which are assumed to have equivalent power to re-

cursive functions. In a point of view of theoretical computer science, G̈odel’s result

says that there are undecidable problems which cannot be solved by any reasonable

model of computation. As a fundamental reason, there are more languages than Tur-

ing machines. So, the timeline of undecidability starts with Cantor who introduced

infinite sets and uncountability. Then, Gödel showed the unprovability of mathemat-

ical statements. With Turing machines we define uncomputability by the problem
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known as the halting problem.

Now, after this introduction, we show two decision problemsrelated to SCL. One

of them is decidable where the other remains to be undecidable. The membership

problem is also decidable for SCL although a particular section it not dedicated for it.

5.1 Emptiness Checking

This part focuses on the decision problem called the emptiness checking of state

languages. In fact, the problem is deciding whether or notL = ∅. The answer is

obvious. ∅ is empty and all other state languages are not. If we are givena state

automaton, we can think of the problem as graph reachability. Simply, if a final state

is reachable from the start state then we say that the language is not empty, and it is

empty otherwise.

Proposition 2. For any given SAS, determining whether or notL(S) = ∅ is decid-

able.

Proof. First, let us define the reachability recursively as follows:

Basis: The start state is reachable from the start state.

Induction: If a stateq is reachable from the start state and there exist a transition

from q to p, thenp is reachable.

Complexity of state reachability for a given state automatonis O(n2) for n states. If

we are given a state expression then we have to convert the expression to its equivalent

state automaton, then apply the process given above. Though, we can apply the fol-

lowing recursive rule to check if the given state expressiondenotes empty language.

Basis:∅ is the empty language. Nothing else is empty language.

Induction: SupposeS is a state expression.

1. If S = R+ M, thenL(S) is empty iff bothL(R) andL(M) are empty.

2. If S = RM, thenL(S) is empty iff eitherL(R) or L(M) is empty.

3. If S = R∗, thenL(S) is not empty because kleene star includes the empty string

ε.

4. If S = (R), thenL(S) is empty iff L(R) is empty. �
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It is again worth noting that the set of SCL is decidable and sinceSCL( RL. That

is, given a stringw and a state automatonA, determining whether or notw ∈ L(A)

is decidable. Furthermore, it is also decidable that given any expression in any form

whether or not it is a state expression. By constructing a pushdown automata, we can

decide this problem.

5.2 Language of the Turing machine

In this part, we consider the problem of deciding whether or not the language of

the given Turing machine is a state change language. We show that this problem is

undecidable. Let us call this problemS for the time being. We will use the notion

of reducibility here. We will reduce an undecidable problemH to S. By reduction,

we will have the fact that the solution to the problemS implies the solution to the

problemH. Since there is no solution toH, we deduce the fact thatS must also be

undecidable. Proving undecidability always involve the following logical argument.

1 S→ H premise

2 S assumption

3 H MP; 1,2

4 ¬H premise

5 ⊥

6 ¬S RAA; 2-5

First, let us give the definition of reducibility which playsan important role in theory

of computation used in classifying the decidability and computational complexity of

problems.

Definition 10. Let A andBbe two languages. We say thatA is reducibleto B, denoted

asA ≤ B, if there is a computable function1 f : Σ∗ → Σ∗, such thatw ∈ A⇐⇒ f (w) ∈

B for all w.

Let L1 andL2 be two languages. IfL1 ≤ L2, thenL2 is at least hard asL1. The direction

of reducibility is important. We usually reduce from specific to general which allows

1 A function f : Σ∗ → Σ∗ is said to becomputableif it halts on a Turing machine for every inputw ∈ Σ∗.
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us to infer that ifL1, which is a subset ofL2, is undecidable, then we guarantee that

so isL2.

in
 in


not in

not in


Figure 5.1: Reduction fromL1 to L2. The solution ofL2 is the solution ofL1.

5.3 An Undecidable Problem

In this part, we prove the fact that given a Turing machineM, determining whether or

not the language ofM is a state change language, is undecidable. One may wish to

know whether or not a given Turing machine is equivalent to some state automaton.

This problem can be regarded as a type of minimization problem. Given a Turing

machineM, determine whether or not it can be minimized to some state automatonS,

such thatL(M) = L(S). In other words, the same given language can be recognized by

some state automaton instead of by a Turing machine, to ensure that the computation

would take less theoretic power for all instances, if computational model complexity

is proportional to abstract power consumption. This problem is no different than the

problem of determining whether or not the language of a givenTuring machine is a

state change language. There is a theorem [22] which says that there is no solution to

this problem.

Definition 11. A language isrecursively enumerableif it can be recognized by some

Turing machine.

Theorem 8 (Rice’s Theorem). Every nontrivial property of the recursively enumer-

able languages is undecidable.

The undecidability of language related problems regardingTuring machines, in fact,

has shown to be common. In Rice’s theorem, nontrivial properties refer to the ques-

tions related to language (or some other functional property) of the Turing machine.
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Even the problem of determining whether or not the language of the given Turing

machine is finite, has been shown to be undecidable. So, consider the problem of de-

termining given a Turing machine, whether the language of the Turing machine is in

SCL or not. Let us call this problemST M, and represent the string encoding of Turing

machines with the notation〈M〉. More formally, the following set is undecidable.

ST M = {〈M〉 | M is a TM andL(M) is in SCL}.

Before proving the undecidability ofST M, let us first prove the undecidability of the

following problem. The problem is called the halting problem on empty tape. Let us

call this problemBT M which is defined as

BT M = {〈M〉 | M is a TM and halts onε}.

Lemma 3. BT M is undecidable.

Proof. We reduce the halting problem toBT M. Let M be the Turing machine which

decides whether or not it halts on the given inputw. We construct a Turing machine

Mw which writesw on its tape when it is started on the empty tape, then simulates

M. If the computation halts, thenaccept, ttherwise,reject. Note thatMw halts on

w⇐⇒ Mw halts when started on empty tape. �

So far, we have shown how to prove problems to be undecidable by reductions. Now,

we prove the problemST M to be undecidable by using a similar reduction.

Theorem 9. ST M is undecidable.

Proof. The proof is by reduction fromBT M. Given〈M〉, we construct another Turing

machineM′, such that it simulatesM on ε. If the computation halts, then the uni-

versal Turing machine runs the Turing machineM′ on any stringw ∈ N, whereN is

some non-state change language. Notice thatM′ halts either onw or on no strings,

depending on whetherM halts onε or not. But there is no Turing machine that de-

cides whetherM halts onε. This implies that there is no Turing machine that decides

whetherL(M) = ∅ which is a state change language, orN which is a non-state change

language. �
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Obviously, this is a consequence of Rice’s theorem. The problem may not look im-

portant by itself, but once it is related with the notion of abstract power consumption

it becomes more interesting. The next section discusses abstract power consumption,

uncomputable numbers, and a related undecidable problem.
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CHAPTER 6

ABSTRACT POWER CONSUMPTION

Abstract mathematical models of computation have different resource consumptions.

Two important and known resources are space and time. This concise chapter con-

cerns with another important resource,energy.

6.1 Abstract Power and Complexity

In this concise section, the notion of abstract power consumption for finite automata is

discussed. It has been mentioned that theC operator maps the given finite automaton

to its state automaton, i.e. to its state change description. In fact, we consider state

changes as a cost in terms of abstract power on finite automata. For this purpose we

give the following.

Definition 12. A finite automatonF consumes aunit abstract powerduring its com-

putation∆ = q0a1a2 · · · an ` qka2a3 · · · an ` · · · ` qf ε, whereqk ∈ Q, qf ∈ F, and

a1,a2, . . . ,an ∈ Σ, if qk , qk−1 (i.e. the state at the computational stepn differs from

that at stepn − 1). Total abstract power consumption of Fis the number of state

changes in a run, and given by the expression
∑n

i=1 di f (qi ,qi−1), wheredi f (qi ,qi−1) is

1 if the states are different atith computational step from thei − 1th computational

step.di f (qi ,qi−1) is 0, otherwise.

Finding the minimum total abstract power consumption of a given state automaton

is nothing but to find shortest run (or path) fromq0 to any of the final statesqf ∈ F,

that can be computed in polynomial time. Clearly, Definition 11 is not limited to finite

automata. One can extend the operator for Turing machine. Anexample work is done
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by authors in [23], in which a Turing machine variant is constructed to model energy

consumption at algorithmic level in wireless systems. A more hardware treatment of

energy complexity is given in [24]. The critical thing is that the operator or variant

should be universal. In general, for any reasonable model ofcomputation, including

quantum Turing machine, deciding on a lower bound for their total abstract power

consumption would be interesting in their own right.

We may define a new complexity notion,power complexity. The power complexity

of finite automata is certainly bounded above by its time complexity. We may have

three fundamental complexity notions then: time, space, and power. The three notions

consider, respectively, how much time does the machine taketo compute something,

how much memory does it require to perform the computation, and how much energy,

in principle, does it require to perform the computation. Inthe next section, we give

a problem which is strongly undecidable in its own right.

6.2 An Uncomputable Number

Now, we show that there is a particular mathematical object,which is a real number

related with a problem about abstract power consumption, happens to be undecidable.

First, let us give the following definition about computablenumbers which goes back

to the work of Alan Turing [21].

Definition 13. A real number iscomputableif, given an integern, there exists a

computable function that outputs the firstn digits of its decimal expansion.

Some real numbers can be computable. For example Pi is computable. The way it is

computeed is that by just calculating it. Our result, in fact, is a consequence of Rice’s

theorem, and Gregory Chaitin’s [13] work of irreducible structures in algorithmic in-

formation theory [25][26]. Chaitin, inspired from G̈odel’s incompleteness theorems,

showed that there are mathematical truths which are true forno reason, i.e. has no

structure or irreducible. Usually, mathematical structures can be reduced to a more

compact form which are deducible from it, such as a set of axioms in a formal system.

As Leibniz said, if something is true it is true for a reason which we call it as the proof

of the fact. However, Chaitin, as well as Gödel, showed that there are constructible,
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but uncomputable information that has no structure. In fact, what Chaitin meant was

the source of undecidability is the randomness in mathematics, as well as the lack of

structure. For example, irreducible information may look like an independent tosses

of a fair coin. Consider a binary string of lengthn. If the string cannot be represented

simpler than itself, then the program to compute the bits of that string should haven

bits of axioms. There is a particular real number called the Chaitin’s Omega Number,

or simplyΩ. Chaitin considered Turing’s halting problem, then he constructedΩ,

also called the halting probability, which represents the probability that a randomly

chosen program will halt. He showed thatΩ is uncomputable. That is, there is no al-

gorithm that enumerates its digits. TheΩ number relies on the existence of prefix-free

universal computable functions [27]. LetPF be the domain of a prefix-free universal

computable functionF. The omega number is defined as,

ΩF =
∑

p∈PF

2−|p|

Now consider the problem of determining whether or not the language of a given Tur-

ing machine is a regular language or not. If the language of the Turing machine was

really some regular language, then it would be possible to construct a finite automaton

accepting the same language. Let us think about the consequences.

Definition 14. A computational modelM is said to beabstract power minimizableif

L(M′) = L(M) by someM′ such thatM′ consumes less abstract power thanM for all

inputs.

The above definition may sound a bit far fetched, but it is crucial to understand the

following problem. We may say that descriptional complexity [33] of a model of

computation is nothing but its own mechanical complexity. It is reasonable to say

that Turing machine is more complex than a finite state machine. It seems that recog-

nizing a larger set of languages requires more complex mechanisms. If descriptional

complexity and the abstract power consumption are proportional, then this problem

can be seen as abstract power minimization. This indirectlymeans that the same

functionality can be done with less abstract power. Insteadof Turing machine, we

can recognize the same language by some finite automaton which is something that

consumes less abstract power and has less descriptional complexity than any Turing
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machine, by hypothesis. In fact this problem is strictly undecidable.

We can almost construct another instance ofΩ related with the fact about Turing

machines that are abstract power minimizable or not. Think about an infinite binary

sequence where each bit represents thei th Turing machine in size order.1 We construct

our real number as follows: If thei th Turing machine is abstract power minimizable,

then we put 1. Otherwise, we put 0. This number is uncomputable. Given some

integern, there exists no finite procedure that enumerates its digits. The number

cannot be compressed smaller than it is. Forn bits, we needn bits of axioms. This

is anotherΩ number that we can almost construct in some way, but uncomputable.

So, if we believe that descriptional complexity is proportional with abstract power

consumption, then our problem is undecidable.

1 The set of all Turing machines is countably infinite, we can obviously enumerate them.
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CHAPTER 7

AXIOMATIZATION OF ABSTRACT POWER CONSUMPTION

At the beginning of our discussion, we said that formal languages such as regular lan-

guages or its subclasses were widely used in model checking.For example the authors

in [17] presented an encoding for bounded model checking forregular properties as

specification model. Usingω-regular languages which are recognized by Büchi Au-

tomata is the most common case in model checking of real time systems, especially

with specifications represented in temporal logic formulaswhich is where timed au-

tomata [18] are considered. We will not consider such case inthis work. Rather,

we consider satisfiability on state automata, i.e. those always halt. Also we do not

focus on B̈uchi automata since nondeterministic/deterministic conversions may lead

to problems.

In this section, we give the logical description ofε-SCL generally. We also give an

axiomatization of abstract power consumption over finite automata. Then, we use this

formalism to ensure whether the given abstract power consumption property of a finite

automaton satisfies the formal specification, represented in first-order predicate logic,

which is a property of another finite automaton that we are looking an equivalent

model for with respect to the specification.

7.1 Logical Description of SCL

Formal languages which are nothing but sets, can be described by models of com-

putation, algebraic structures, and logical formulas [28][29][31]. Furthermore, all

descriptions define the same set of languages. That is, no descriptional method is
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more or less powerful than other in most cases. Here, we give ageneral description

of state change languages withε-transitions, shortlyε − SCL, in terms of first-order

logic. The logical description of SCL withoutε-transitions is far more complex since

we do not know whether it is closed under concatenation, kleene star, etc. For the

alphabetΣ = {0,1, ∗, (, ),+}, the set of simplified state expressions is described by the

predicate logic formula,

φ = ¬∃x∃y(y = x+ 1∧ Q(0, x) ∧ ¬Q(∗, y)).

where we define the relation on the predicateQ(∆, x) as: at positionx, the expression

contains the symbol∆. Then, the predicate logic formula says, expressions do not

contain 0 without∗ next to it. For any given alphabetΣ where|Σ| = 2, a bijection

f : Σ → {0,1} for loading semantics to symbols, where 0 represents no state change,

and 1 means state change, we say that there exists a pushdown automatonP with an

alphabetΣ′ = {0,1, ∗, (, ),+} that decides whether the expression is in SCL.

7.2 Formulas, Models, and Theories

In this part, we give some important definitions related to formal systems and formal

theories which will be used later on. Formalism is the idea ofmaking a notion precise

by using symbolic logic so that everyones agree on it. The logic itself is the system

that allows us to formalize theories, deduce sentences fromthe axioms to obtain new

theorems, etc. This is what we callformal systems. A formal system has the following

components:

• analphabetof symbols,

• agrammar,

• a set of sentences, theaxioms,

• a finite set ofdeduction rules.

A well-formed formulais a syntatically correct expression in a formal language orin

a formal language class. For example, if we consider the set of regular expressions as

the set of all well-formed formulas over regular languages,then we can say that each
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expression is a well-formed formula over the regular set. Wewill use this notion later.

Regarding models in propositional logic, letφ be a propositional logic formula. Then,

a modelM is a true/false valuation on propositional atoms such thatM satisfiesφ

which is denoted byM |= φ. In general, a model is an interpretation which makes the

sentence true. A sentence issatisfiableif it has a model, and it is tautology, i.e. valid,

if it is true in all models. Then, given a modelM , the set of sentences for which

M |= φ1, φ2, . . . , φn is called thetheory ofM , denoted asTh(M ). M is called the

axiomsof Th(M ). Given a theoryT, if some sentenceS is provable inT, we denote

it by T ` S. A theory T is consistentif there exists no sentenceA ∈ T such that

bothT ` A andT ` ¬A holds. We sayT is inconsistentotherwise. An example of

an inconsistent set would be{S,¬S}. A formal theory is said to becompleteif every

true sentence is provable. IfG andT are two formulas andG |= T, thenG∪ ¬T |= ∅,

i.e. inconsistent (or contradiction). LetG = {φ1, φ2, . . . , φn} be a set of well formed

formulas. Finally, a theoryT is decidableif for any given sentenceA it is possible

to determine whether or notA ∈ T. In propositional logic, given a formulaφ we can

decide whether or notφ is satisfiable by writing the truth table for the formula. For

n atoms, we therefore have 2n, hence finite, possible valuations. Before giving the

adequacy theorem [15] for propositional logic which statesthat for any sentenceS, if

S is a theorem thenS is a tautology, and ifS is a tautology thenS is a theorem, let us

give two lemmas first.

Lemma 4. If S andS→ T are both tautologies, thenT is a tautology.

Proof. Assume thatT is not a tautology. Then, given the fact thatS andS → T are

tautologies, there must be a model such thatv(S) = >, v(S→ T) = >, andv(T) = ⊥
1. If v(S→ T) = >, thenv(S) = ⊥ or v(T) = > or both. Ifv(S) = ⊥, this contradicts

with v(S) = >. If v(T) = >, then it contradicts withv(T) = ⊥. In either way we get a

contradiction. Therefore,T must be a tautology. �

Lemma 5. Let S be any sentence and letS1, . . . ,Sn be the propositional variables

of S. Let v be any model. Then, ifv(Si) = > let S′i be Si while if v(Si) = ⊥ let

S′i be¬Si. Also let S′ be S if v(S) = > andS′ be¬S if v(S) = ⊥. Then we have

{S′1, . . . ,S
′
n} ` S′.

The adequacy theorem is often called as soundness and completeness. Soundness
1 For some variablep, v(p) means the logical value ofp. >means true, and⊥means false.
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means every provable statement is true. Completeness means every true statement is

provable. Now we give the proof of soundness, than later on completeness, thus we

get the proof of the adequacy theorem.

Theorem 10. (Soundness)For any sentenceS, if ` S then|= S.

Proof. If S is a theorem, then there is a sequenceS1, . . . ,Sn with Sn = S such that

the sequence is a proof ofS. If S is an axiom, then there is nothing to prove since its

truth value is known to be true and can be shown in a straightforward manner. IfS is

not an axiom, then we can have an induction on the length of theproof ofS. If n = 1,

thenS is an axiom, soS is a tautology. Ifn > 1, then we assume that all theorems

with proofs of length less thann are tautologies. So, eitherS is an axiom or the proof

of S contains two sentencesSi andS j, with i, j < n, such thatS j is, say, (Si → S).

Si andS j are tautologies by hypothesis, and by Lemma 4,S is a tautology too which

completes the proof. �

Theorem 11. (Completeness)For any sentence, if|= S then` S.

Proof. Assume that|= S. Let S1, . . . ,Sn be the propositional variables inS. By

Lemma 5 we know that, for any model,{S′1, . . . ,S
′
n} ` S. Note thatS′ is S since

|= S, so for any modelS is true. Therefore, we have{S′1, . . . ,S
′
n−1,Sn} ` S and

{S′1, . . . ,S
′
n−1,¬Sn} ` S. Using the deduction theorem we have{S′1, . . . ,S

′
n−1} ` Sn→

S and{S′1, . . . ,S
′
n−1} ` ¬Sn → S. Since we can shoẁ (Sn → S) → ((¬Sn → S) →

S) we have, using Modus Ponens twice,{S′1, . . . ,S
′
n−1} ` S. By repeating this process

n− 1 more times we have that` S as required. �

Assigning true false valuations to variables is not the casein predicate logic. First

let us define the elements of predicate logic. A language of predicate logic based

on 〈P,U, F〉, denoted asL(〈P,U, F〉), is defined by the alphabet consisting ofcon-

nective symbols{¬,→,∧,∨,↔}, a set ofquantifier symbols{∀,∃} where∀ is the

universal quantifier and∃ is the existential quantifier, a set ofpunctuation symbols,

a setP = {P1,P2, . . . ,Pn} of n − ary predicates, a universe(also callednamesset

U = {a1,a2, . . .}, and a setF = { f1, f2, . . . , fn} of n − ary function symbols. We also

have a set ofvariablesused in the formulas. For instance, inφ = ∀xP(x), x is a

variable bounded by the universal quantifier, andP(x) is the scope of it.

Definition 15. A variablex in a formulaφ is freeif x is not bounded by any quantifier.

37



We said that true false valuations do not give us the truthness of the predicate logic

sentence. Rather, we have interpretations. At this point we should consider the se-

mantics of well formed formulas in predicate logic. In predicate logic aninterpreta-

tion of a languageL = L(〈P,U, F〉) over a universeU is a pairI L
U = 〈φU , ψU〉

L where,

ψU : Pn → <Un maps, for eachPn ∈ P, then − ary predicate symbols ton − ary

relations overU.

φU : Fn→ (Un→ U) maps, for eachFn ∈ F, then−ary functions symbols ton−ary

functions over the universe.

An assignment(also called model) is one instance of an interpretation, and we have

the following properties:

Let S andG be any formulas. Then,

1. M |= ¬S iffM 6|= S,

2. M |= (S ∧G) iffM |= S andM |= G,

3. M |= (S ∨G) iffM |= S or M |= G, or both,

4. M |= (S→ G) iffM |= (¬S ∨G),

5. M |= (S↔ G) iffM |=
(

(S ∧G) ∨ (¬S ∧ ¬G)
)

,

6. M |= ∃xS iff there is an elementa ∈ U such that there is some assignment that

makesS true.

7. M |= ∀xS iffM |= ¬∃x¬S. That is, there is no assignment that makes¬S

true.

It is now worth giving the following definition.

Definition 16. A predicate logic formulaφ is satisfiableis there is some modelM

such thatM |= φ. A formula is valid if it is true for every model. A formula is

unsatisfiableif there is no model that makes it true.

One important question about the predicate logic is regarding the validity of a given

formula. That is, given a predicate logic sentenceS, is S valid? It is crucial to

note that this is an undecidable problem. This is one of the most fundamental results
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in mathematical logic. In propositional logic, the answer to this question is easy.

We browse all possible valuations and see whether one of themsatisfies the given

sentence. However, this is not the case in predicate logic since there are infinitely

many models.

7.3 The Axioms

In this section, an axiomatic treatment to abstract power consumption over finite au-

tomata and SCL is given, based on state expressions. Formalization of these notions

are required both for a better understanding, and for the next section related with the

satisfiability. We have several elementary axioms. But first let us define the language

of this theory.

Let Σ be the set of all state expressions in the correct form that are generated from

{0,1,+, ◦, ∗, (, )}∗. The symbol+ is an commutative and associative binary operator

for union of two state expressions,∗ is a unary operator for kleene star, and◦ is

an associative binary operator for the concatenation of twostate expressions. For

convenience, we do not write the concatenation operator explicitly. We use first-

order logic, and we defineU = Σ ∪ N ∪ Γ ∪ {0,1} as the set of universe, whereΓ

is the set of all finite automata structures, and0,1 are constant symbols intrepreted

as state change and no state change, respectively. They should not be confused with

the numerals inN. We defineI (E,a), Q(E,a, i), > (A1,A2), M(E1,E2), wherea ∈ Σ,

E ∈ U, andi ∈ N as relations, i.e. predicates.I (E,a) is interpreted as; the expression

E includes the symbola. Q(E,a, i) is interpreted as; theith position of the expression

E is the symbola. We interpret> (A1,A2), shortly> as; the minimum abstract power

consumption of the automatonA1 is more than that of the automatonA2. M(E1,E2)

means,E1 contains more 1’s than thatE2, whereE1 andE2 are state expressions. We

defineA(E) andS(E) as functions.A(E) gives the automaton structure whose state

expression isE. Finally, we interpretS(E) as the number of states of the automaton

whose state expression isE.

1. Axiom of distinction: 0, 1. 0 and 1 symbols are not equal in either syntactic

or semantic (i.e. constraint of at least one of the symbols should stand for state
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change, and the other one opposite) meanings.

2. Axiom of equality:∀x∀y(M(x, y)⇐⇒ A(x) > A(y)). This axiom states that the

abstract power consumption ofA(x) is greater than thatA(y) if and only if x has

more 1’s thany has.

3. Axiom of non-zero:¬∃x( j = i+1∧Q(x,0, i)∧¬Q(x, ∗, j)). This statement says

the similar thing that we have said about the restrictions ofstate expressions.

There is no such state expression that contains a star-free 0symbol. This axiom

is not known to be true for standard SCL description, but true for ε-SCL.

4. Axiom of transitivity: ∀x∀y∀z((M(x, y) ∧ M(y, z)) → M(x, z)). That is, if x

has more 1’s thany, andy has more 1’s thanz, thenx hasx has more 1’s than

z which means, by axiom of equality, the abstract power consumption of the

the automaton whose state expression isx is greater than the abstract power

consumption of the automaton whose state expression isz.

5. Axiom of succession:∀x∃y(A(y) > A(x)). This axiom states that there is always

some finite automaton which consumes more abstract power than any other

finite automaton.

6. Axiom of singularity:∀x(I (x,1) → S(x) > 1), where> is the usualgreater

thanoperator defined over numbers. We say that for any state expressionx, if

x contains the symbol 1, then the automaton whose state expression isx has at

least two states.

7. Axiom of uniqueness:∃!x¬I (x,1). That is, there exists a unique state expres-

sion such that it does not contain any 1. Consequently, this expression is 0∗.

We now give two definitions in order to say something about thedecidability of the

relations used in the axioms, given above.

Definition 17. A total functionis a function f : ∆ → Γ which maps every element

of x ∈ ∆ to exactly one corresponding valuef (x) ∈ Γ. We say that therangeof the

function f : ∆ → Γ is { f (x) | x ∈ ∆}, i.e. the set of elements inΓ that are the values

of f for arguments in∆.
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Definition 18. An n-ary relationR(a1,a2, . . . ,an) is effectively decidableiff there is

an algorithmic procedure that could decide, in a finite number of steps, whether the

relation applies for any given case.

Definition 19. A total function f : ∆ → Γ is effectively computableiff there is an

algorithmic procedure that could calculate, in a finite number of steps, the value of

the function,f (x), for any givenx ∈ ∆.

The termeffective is important here. An effective procedure [16] involves execut-

ing an algorithm that successfully terminates for all instances. Since we can think

of algorithms as Turing computable functions, by Church-Turing Thesis, an effec-

tive procedure is one that a Turing machine computes. So, effective decidability or

computability does not depend on the architecture. That is,algorithmic decidability

and computability is architecture independent. Before we discuss the satisfiability of

state change expressions on abstract power consumption, let us first give the follow-

ing definitions on enumerability. We say that a set is enumerable if it is possible, in

principle, to enumerate its elements. That is, there must besome function that counts

its elements in some order. For example the set{0,1,2, . . . ,9} is clearly enumerable

because it is finite. So, every finite set is enumerable. If a set S is infinite, such as

the set of all integers, then we must find a function which mapsevery element ofN to

some element inS. In this case,S is calleddenumerable. If no such mapping exists,

then the set is callednonenumerableor simplyuncountable. We have already given

an uncountable set, that is the set of all binary sequences, in Section 5. Note that the

set of real numbers is also uncountable. Hence, we give the followings.

Definition 20. A setΣ is enumerableif and only if eitherΣ is empty, or there is some

surjective functionf : N→ Σ.

Definition 21. A setΣ is effectively enumerableif and only if eitherΣ is empty, or

there is some effectively computable function that enumerates it.

Note that enumerability and effective enumerability are different. Every effective enu-

merable set is clearly enumerable. But not every enumerable set is effective enumer-

able. There are infinite sets that are enumerable, but cannotbe effectively enumerated

such as the set of arithmetical truths. In fact, this is Gödel’s First Incompleteness

Theorem [16].

41



7.4 Axiomatized Formal Theories

Mathematical logic is concerned with some philosophical questions. What is logic?

Why do we need formal axiomatic systems? Why do we need formalism at all? In

logic classes, we are asked to translate arguments into an appropriate formal lan-

guage, and then find formal proofs from given premises. The purpose of using formal

languages is because natural languages contain redundancies and ambiguities. Using

an artificial language can eliminate these problems and as well as the contradictions

in mathematics. This was what David Hilbert proposed as a goal at the beginning of

the twenieth century in a lecture given at the InternationalCongress of Mathemati-

cians. Eliminate all the problems and contradictions in mathematics by formalizing

all of mathematics using a formal axiomatic system with an artificial grammar, a set

of axioms and etc. G̈odel and Turing, however, showed that it could not be done.

That is, there is no complete and consistent formal axiomatic theory which can cap-

ture all truths in mathematics. The failure of Hilbert’s programme surprisingly led to

the creation of theoretical computer science. In a sense, computers are the instances

of formal systems. This isomorphism can be explained as follows [14].

Formal System Digital Computer

Alphabet of the language bits of 1’s and 0’s

Well-formed formulas Bytes (8-bit strings)

Grammar of the language Instruction format

Axioms Input

Deduction rules Program

Theorems Output

Proof Computation

Notice that proofs really correspond to computations. Therefore, limits of provability

implies limits of computation. However, we can say that provability refers to a larger

class. A universal Turing machine is one that is capable of simulating any other

Turing machine. Because of the universality, computabilityis a complete theory. But

this is not the case in mathematics. There is no complete universal formal system for

mathematics. Even the most powerful theory of mathematics which is considered to
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be the Zermelo-Frankael Set Theory, cannot prove the set of all arithmetical truths.

We said that formal systems consist of a formal language, a set of axioms, and de-

duction rules. We will focus on the decidability issues. First of all, for any formal

axiomatized theory, we must be able to effectively decide whether or not a given ex-

pression is a well-formed formula. We are using first-order logic as the language of

the theory. The given expressions is finite. Therefore, one can check if it is in the

correct form or not. Secondly, we must be able to effectively decide whether or not a

given well-formed formula is an axiom. In our case, the set ofaxioms is finite which

makes this property decidable. This property does not rule out theories with infinitely

many axioms, because one may have a set of axioms in a certain form. That is, if one

asks that given a well-formed formulaφ, whether or notφ is an axiom, it is decidable

if the axioms are in a certain form. So, one can just check its syntactic form, and de-

cide the problem. An axiomatized formal theory also needs some deduction rules. As

it can be seen, we use state change expressions combined withthe first-order logic.

Finally, in formal axiomatized theories when we are given a true sentence, sayφ,

which is also called a theorem, it can be traced back to the setof axioms. That is, if

we have a formal axiomatized theoryT, and if we deduce a sentenceφ, we say thatφ

is a theorem of the theory, and it is provable. We indicate this asT ` φ. We are now

ready to give a simple example to illustrate some of the definitions that we have given

related to formal systems and formal axiomatized theories.

Example 2. Consider two formal theoriesT1 andT2, whose language consists of the

set of propositional atoms{p,q, r} together with all the well-formed formulas that

can constructed from them using the propositional connectives and operators, whose

logic is a standard natural deduction system for propositional logic, and whose sets of

axioms are{¬p} and{¬p,q,¬r}, respectively. Therefore,T1 andT2 are both formal

axiomatized theories. Both theories are consistent. That is, it is not the case that

we proveS and¬S from the theory, whereS is an arbitrary sentence in the theory.

Moreover, both theories are decidable. That is, given a sentence which belongs to

the language of that theory, we can determine whether or not it follows from the

axioms. One important thing is that althoughT1 is a decidable theory, this does not

mean that it decides every well-formed formula. For instance,T1 does not decide the

well-formed formula (q∧ r). Because the axioms ofT1 do not entail either (q∧ r) or
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¬(q∧ r). So, completeness of a theory, and the capability of checking mechanically

what a theorem is, are different from each other. On the other hand,T2 is a complete

theory, i.e. we can prove, for any given sentenceφ in the language ofT1, eitherT ` φ

or T ` ¬φ.

Now there is one last thing we should discuss about the enumerability of formal the-

ories. We next show that every axiomatized formal theory hassome properties, and

we state this fact with the following theorem.

Theorem 12. If T is an axiomatized formal theory, then (i) the set of well-formed for-

mulas, (ii) the set of proofs constructible inT, (iii) the set of theorems are effectively

enumerable.

Proof. (i) If T is a formal theory, then it has a finite set of alphabets, sayΣ. We can

have an algorithm that generates all possible strings, i.e.Σ∗ in a lexicographic order.

That is, first strings of size 1, then 2, and so on are generated. It is clearly countable

infinite. Let us call the set of all well-formed formulas asW. Obviously,W ⊆ Σ∗. By

definition of formalized languages, there is a mechanical procedure to check which

of the strings count as well-formed formulas. So, for everyw ∈ Σ∗ we check whether

w is a well-formed formula or not. By this way we can effectively enumerate the set

of all possible well-formed formulas, i.e. the setW.

(ii) Similar to enumerating the set of possible well-formedformulas, we can enu-

merate all proofs in the language ofT in size order. Since proof is a finite sequence

of well-formed formulas, the set of all proofs inT is countable infinite. In a brute-

force fashion, we enumerate all possible finite sequences ofwell-formed formulas.

By definition of axiomatized theory, there is an algorithm to check whether or not a

sequence of well-formed formulas is a valid derivation (proof) from the axioms ofT.

So, we can select those are valid derivation which eventually gives us the effective

enumeration of the set of all possible proofs in the languageof T.

(iii) In this part, we start by enumerating the set of all possible well constructed

proofs, then check if the conclusion is satisfiable by the axioms. �

It is important to note that effective enumerability of the theorems in an axiomatized

formal theory does not imply the theory is decidable. Given an arbitrary formulaφ,
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if φ is really a theorem in a formal axiomatic theoryT, then it will eventually appear

on the enumeration list. However, we may not able to decide the other way.

The relations and functions, used as non-logical symbols inthe axiomatization of ab-

stract power consumption, are decidable. There is an effective procedure that always

halts. Moreover, the theory of abstract power consumption is complete. It is complete

due to the fact that, in first-order logic, the theory of any structure is a complete and

consistent set of sentences [30].

Theorem 13.For any structureM in the language of the theory,Th(M) is a complete

and consistent theory.

Proof. We have to show that for any structureM, and for any sentenceφ; either

φ ∈ Th(M) or ¬φ ∈ Th(M) but not both. It would be inconsistent otherwise. Since

¬, ∧, and∃ are universal symbols for first-order logic and are capable to define other

logical symbols, we assume thatφ does not contain any symbols other than¬, ∧, and

∃. The proof is by induction on the total number of occurences of ¬, ∧, and∃ in φ.

Basis: If φ contains none of the universal symbols, then this implies that φ has the

form R(t1, . . . tn) or t1 = t2 wheret1, . . . , tn are terms defined in the language of the

theory. Simply,φ is atomic. Sinceφ is a sentence, it is variable-free. That is,φ is

not bounded by any quantifier. Since,M is a structure defined by the language of the

theory and eachti is a variable-free term,M interprets eachti as an elementai of the

universeU of M. By the definition of|=, M |= t1 = t2 if and only if a1 anda2 are

the same element ofU. Similarly, M |= R(t1, . . . , tn) if and only if (a1, . . . ,an) is in

the a subset ofUn that the interpretation ofM assigns toR. In each cases,M |= φ or

M |= ¬φ but not both. This completes the basis case.

Induction: Our inductive hypothesis is that we assume for any sentence containing

at mostmoccurences of¬, ∧, and∃, this property holds. Suppose thatφ has the form

¬ψ or ψ ∧ θ. Then, by inductive hypothesis, the property holds for bothψ andθ. By

the semantics of¬ and∧, the property also holds forφ. Finally, suppose thatφ has

the form∃ψ(x). Similarly, by the semantics of∃, M |= φ if and only if MC |= ψ(c) for

some constantc in the language ofMC. By inductive hypothesis the property holds

for ψ(c). Therefore, it also holds forφ which completes the proof. �
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Here, our structure is a two tupleA = 〈U,Ψ〉 whereΨ is the interpretation that was

given. Due to the above theorem, we say thatTh(A) is complete.

7.5 Satisfiability of Finite Automata Properties

In this part, we show that the formalism that we have constructed can be used in the

satisfiability of state expressions, when given a formal specification related to abstract

power consumption along with a finite automaton or regular expression. The given

formal specification, in first-order logic, and regular expression which is converted

to its state expression is tested to satisfy another expression under that specification.

So, we show how to satisfy the properties of state expressions under given formal

specification. For example, if one has a simple computational model that exhibits a

state change characteristic, and want to find similar models, we define a formal spec-

ification, which has to be the property of that computationalmodel, then test whether

another given candidate model satisfies the property. By thisway, we conclude the

equivalence of two abstract models with respect to the givenformal specification.

This means that, both models have the same behavior according to our specification.

It is worth to note that the domain set that we are working on isa countable set.

Let us define state expressions as the set of all well-formed formulas in SCL. Call this

setΨ. Then,

Ψ =

∞
⋃

i=1

Li = L1 ∪ L2 ∪ · · ·

Notice thatΨ is countably infinite, hence it is denumerable. That is, we can assign a

unique natural number to each state automaton or its equivalent state expression. The

enumerability of well-formed formulas is usually called Gödel numbering which is

originally used in the proof of G̈odel’s incompleteness theorem. Suppose we are given

a regular languageR (that we want to find a model for), a state change languageM ,

and a formal specificationΓ written in first-order logic. Then, we can decide whether

or not M satisfiesR under the formal specificationΓ, we write asM |=Γ R. The

question is “does the given candidate modelM satisfy our state automatonLi = C(R),

henceR, with respect to the specificationΓ”? We say thatM |=Γ Li iffM |= Γ and
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Li |= Γ. That is, if both the state expression of a given finite automaton and the

given candidate modelM satisfy the specificationΓ, then we say thatM satisfies the

state expression of the given finite automaton underΓ. Now, we give the following

definition.

Definition 22. A languageM is equivalentto Li ∈ Ψ, denoted asM �Γ Li with

respect to a specificationΓ, wheneverM |=Γ Li.

Consider the following example.

Example 3. For convenience let us give a simple one. Suppose that we are given a

finite automatonA = ({q0,q1}, {a,b}, δ,q0,q1), whereδ(q0,a) = {q0}, δ(q0,b) = {q1},

δ(q1,b) = {q1}. Then,F = C(A) = ({q0,q1}, {0,1}, δ,q0,q1) such thatδ(q0,0) = {q0},

δ(q0,1) = {q1}, δ(q1,0) = {q1}. Clearly,L(F) = 0∗10∗. Let us define our specification

as follows:

Γ = ¬∃x∃y(y = x+ 1∧ Q(1, x) ∧ Q(1, y)).

It consists of the set of all finite automata that do not changetheir state consecutively

on any input. Then, one may give a candidate modelM = 10∗10∗. We can conclude

that M |=Γ F, becauseM does not change its state consecutively. Hence, we say that

M �Γ F. However, ifM = 110∗1, thenM 6|=Γ F.

To summarize; the aim is to check the abstract power consumption relation between

two given finite automata. We must define a formal specification Γ expressed in first-

order logic, along with a finite automatonA such that the property about abstract

power consumption forA is satisfied byΓ. We are given another finite automatonB

to be checked whether the property ofB is also satisfied byΓ. Then, we conclude

that the properties ofA andB are both satisfied byΓ. Hence, we say thatA andB are

equivalent with respect toΓ.

This method is one formal approach to satisfy the property interms of abstract power

consumption of some finite automaton, when given a formal specification written in

first-order logic. This simple formal method can be used, as explained before, to

infer about the abstract power consumption relationship between two computational

models, particularly to find equivalent models under the given specification.
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Note that this method should not be confused with model checking. In model check-

ing, we have a sentence and we look for some valuation or interpretation, depending

on the logic, which makes that sentence true. Here, althoughthe specification is

written in the form of first-order logic, the state expression is not an interpretation.

Instead, it is a mathematical object that has the property ofwhat formal specification

expresses.
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CHAPTER 8

CONCLUSIONS

A new proper subset of regular languages, called state change languages, is defined

and related descriptions: state expressions and automata are given in this thesis. The

language generated by the output automaton can be considered as an“internal” lan-

guage defined by state transitions of input automaton duringits computation. The

obtained class is shown to be closed under union and intersection, but not under com-

plementation. From our language morphism result, one can talk about the existence

of a language morphism between RL and SCL. Then, the decidability of SCL is dis-

cussed. We also introduced the notion of abstract power consumption which we think

is an important concept for defining lower bounds for the abstract energy needed for

the computation of some model, particularly finite automata, for all inputs. Then,

we related Chaitin’s work on irreducible structures to our problem of constructing a

particular uncomputable number. We then gave an axiomatization of the notion of

abstract power consumption over finite automata with an application to satisfiability.

This thesis has two results. The work in this thesis is the first step towards a universal

analysis on algorithmic energy complexity of models of computation. Second result

is the existence of a relationship between the formal language set of the model of

computation to which the operator is applied, and the language of the output descrip-

tion. One open problem is the algebraic characterization ofstate change languages

in which we expect a similar result as that of the case inW-languages. More impor-

tantly, in the future, one can define such an operator, exhibiting the abstract power

consumption characteristic of the abstract model, for other computational models, es-

pecially those which are not well defined physically, in order to have an idea about

their lower bounds on power consumption characterized by their mechanics. Such
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an example is the lower bound for abstract power consumptionof quantum Turing

machine. It would be invaluable if one can specify a lower bound for some core com-

putations used in algorithms such as quantum fourier transform, etc. Although some

algorithms require a polynomial time, they may require enormous amount of energy.

To define lower bounds for algorithmic energy complexity, one must define a uni-

versally accepted operator for quantum Turing machine to encode its abstract power

consumption characteristic in order to deduce a formal result.
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